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1. Introduction:

The concept of soft set theory as a new mathematical tool was initiated by Molodtsov
[9]. M. Shabir and M. Naz [13] introduced soft topological spaces and the notions of soft
closed sets, soft open sets, soft closure, soft interior and soft neighborhood of a point.
Levine [8] initiated the study of generalized closed and open sets in topological spaces.
Noiri [11] introduced the notion of generalized m-closed (briefly gm-closed) sets and tried
to unify certain types of modifications of g-closed sets. Boonpok [1] introduced
biminimal structure spaces and studied m'ym’.-closed and m'ym’c-open sets in
biminimal structure spaces. Recently, in 2015, Gowri and Vembu [4] introduced and
studied soft minimal and soft biminimal spaces.

In this present study, we discuss soft g*-closed and soft g*-open sets in soft minimal

spaces and obtain the basic results and properties.

2. Preliminaries:

Definition 2.1 [9]: Let U be an initial universe and E is a set of parameters. Let P (U)

denotes the power set of U and A is a nonempty subset of E. A pair (F, A) is called a soft

set over U, where F is a mapping given by F: A—> P (U).

In other words, a soft set over U is a parameterized family of subsets of the universe U.

For E€A. F (€) may be considered as the set of €- approximate elements of the soft set
(F, A).

Definition 2.2 [4]: Let X be an initial universe set, E be the set of parameters and A be the

soft subset of E (A :C E).Let F, be a nonempty soft set over X and P (F,) is the soft
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power set of F,. A subfamily 7 of P (F,) is called a soft minimal over X if Fp € 71 and
F,Em.
(Fa, 171) or (X, M, E) is called a soft minimal space over X. Each member of M is

said to be M - soft open set and the complement of a 771- soft open set is said to be 1 -

soft closed set over X.

Example 2.3:

Let U = {u,,u,}, E = {x,, %, X3}, A = {x;,%,} £ E and

Fy = {(x;{u;, u,}), (x,{u;, u,})}. Then

Fa = {a{u D)}, Faz = {(xi{uph)} Fas = {(xfuy, wohl,

Fus = {Ga{u D)} Fas = {({wph)} Fas = {(x{u, wohl,

Fy = {xi{ud), Gofuh)} Fas = {(afugd), (o{uph)}

Fuo = {(x;{u}), ({uy, uhh Fuyp = {(x1{u,}), (x{u;H}

Fan = {(x{w}), Go{wh}h Farp = {(xi{u,}), (x{uy, wph)}
Fais = {(xi{up, ), ({uh}h Fary = {(ifuy, u2}), (x{u,})}
Fais= Fu Fa= FO are all soft subset of F,

Soft minimal (M) = {F® F41, Fa3 Fan Faip Fais Fale

Definition 2.4 [4]: Let (F,, /1) be a soft minimal space with nonempty soft set F, is said to
have property B if the union of any family of soft subsets belonging to 711 belongs to 7

Definition 2.5 [4]: Let (F,,7) be a soft minimal space over X. For a soft subset F; of F,

the M -soft closure of F; and i-soft interior of Fy are defined as follows:
(1) MCL (Fy) = M {Fou : Fy & Fa, Fy- Fo € 71,
(2) Milnt (Fy) = U {Fp: Fg & Fy, FRE 7).

Lemma 2.6 [4]:

Let (F,,7M) be a soft minimal space over X. For a soft subset F; and F(, of F,, the following
properties hold:

(1) MCI (F, - F;) = F, - MlInt (F;) and MInt (F, - Fy) = F, - MCl (Fy),

(2) If (F, - Fp) € M, then MCl (Fp) = Fy and if F; € M, then MInt (Fy) = Fy

(3) mCl (Fo) = Fo, MmCl (F,) = F,, mInt (Fp) = Fep and MInt (F,) = F,,

(4) If Fy C F.. then iiCl (Fy) & 1iCl (F.) and filnt (Fy) & mCl (Fo),

(5) Fy & mCl (F) and fiilnt (Fy) C Fy,

(6) MCl (MCl (Fg)) = MCl (F) and Mint (MInt (Fy)) = ilnt (Fy).
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Lemma 2.7 [4]: Let F, be a nonempty soft set with a soft minimal 7ion F, satisfying

property B. For a soft subset F; of F, the following properties hold:
(1) F; €m if and only if MInt (F;) = Fy
(2) If Fy is soft M-closed if and only if MCl (Fy) = Fy

(3) MiInt (Fy) € M and MCI (Fy) is soft M-closed.

Definition 2.8 [5]: A soft subset Fy of a soft minimal space (F,, /) is said to be soft

generalized M-closed (briefly sgfi-closed) if MCl (Fy) C U, whenever F, & Uy and Uy is
soft 7-open. The complement of soft generalized 7i-closed set is said to be soft

generalized Mopen (briefly sgii-open)
3. Soft g*-closed sets in soft minimal space

Definition 3.1: A soft subset F; of a soft minimal space (F,,7M) is said to be soft g*mi-

closed set (briefly sg*m-closed set) if MCl (Fy) C Uy whenever Fy, & U, and Uy is sgim-

open.

Example 3.2: Let us consider the soft subsets of F, that are given in Example 2.3. Let
(FA,T?l) be a soft minimal space where U = {u,, u,}, E = {x;, x,, X3}, A = {x,, X,} gE and
Fy = {(xifupu), (u{u, uh)}. Then 7t = {Fo, Fug Fag Fany Fal, M€ = {Fo, Fus, Faip, Far
E,

sgim - closed sets are F®, Fy 1, Fag, Fas, Fas Fas Faos Faros Farzs Fars Faw Fa and

sg*MM-closed sets are Fd, Fu, Fay, Fas, Fas Fas Fargr Fars Fa

Theorem 3.3: Every soft M-closed set is sg*/-closed set.
Proof: Let Fybe soft i-closed set in (F,,7) and Uy is sgii-open such that FB:CUB. Then
iiCl (Fy) = Fzand so MCl (Fy) C Uy Hence Fy be sg*Mm-closed set.

Theorem 3.4: Every sg*fi-closed set is sgii-closed set.

Proof: Let Fy be sg*-closed set in (F,,/1). Let Fy :CUB where Uy is soft fi-open. Since
every soft 7-open set is sgiM-open set. Since Fy is sg*fi-closed set then we have 711-Cl

(Fy) & U, Hence Fy is sgim-closed.

Remark 3.5: From the above observation we get the following implication

Soft M-closed set —> sg*Mi-closed set —> sgim -closed set
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The reverse implications are not true from the following example

Example 3.6: Let us consider the soft subsets of F, that are given in Example 2.3. Let
(Fa» m) be a soft minimal space where U = {u,, u,}, E = {x;,x,, x5}, A = {x,,X,} :CE and

F, = {(xi{u;, u,}), (x,{u;, u,})}. Then M = {F®, Fuq Fug, Faro Fo}. See Example 3.2. F, is
sg*M-closed but not soft 711 -closed and F,,, is sgii-closed but not sg*/7i-closed.

Theorem 3.7: If Fy and Gy are sg*fi-closed sets in (F,,) then their union Fy U Gy is
also sg*M-closed sets in (F,,71)

Proof: Suppose Fy and G are sg*‘ffl—closed sets in (F,,Mm). Let Uy sgii-open of (F,,m)
such that F; U G, §UB. Since F; U Gy §UB, we have Fy §UB and G, EUB. Since
Fy and Gy are sg*fi-closed, we have mcl (Fp) § U; and MCl (Gg) :C U;. Therefore
MCLF, U Gy) & MCl (Fy) U iCl (G;) & U, Hence Fy \U G is also sg*m-closed

set.

Remark 3.8: The intersection of two sg*fi-closed sets are need not be sg*fi-closed as seen

from the following example.

Example 3.9: Let us consider the soft subsets of F, that are given in Example 2.3. Let
(Fa» m) be a soft minimal space where U = {u,, u,}, E = {x;,x,, x5}, A = {x,,X,} :CE and
Fy = {(a{u, w), (x{uy, uy)}. Then M = {Fo, Fyy, Fay, Fas, Far Fag Fap Fa}. Then Fyy = Fyg

and G = F are sg*mi-closed but Fy; M G; = F,; is not sg*/i-closed set.

Theorem 3.10: For each element (x,u) € (F,, 71) then singleton {(x,u)} is sgm-closed or

{(x,u)}¢ is sg*iM-closed set.

Proof: Let (x,u) € (F,, M) and the singleton {(x,u)} is not sgifi-closed. Then {(x,u)}® is
not sgifi-open set and F, is the only sgifi-open set which contains {(x,u)}° and {(x,u)} is

sg*Mm-closed set.

Theorem 3.11: Let (F,, 1) be soft minimal space. If F; is sg*Mi-closed, then MCl (F)-Fy
contains no nonempty sgini-closed.

Proof: Let Fy is sg*mi-closed set. Let Hy is a sgii-closed subset of MCl (Fy) - Fy. That is
H, C Cl (Fy)-F. Then F, & H,, H, Cis sgifiopen and hence, MiCl (Fy) & H,C.
Therefore, we have H, ¢ [MCl (F5)]€ and hence Hy & iCl (Fy) M [MCl (Fy)]C = Fo.

Hence Hy= F@. Therefore mMCl (Fp)-F; contains no nonempty sgifi-closed.
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Corollary 3.12: A soft minimal 771 on a nonempty soft set F, satisfying property B. If Fy is
sg*M-closed in (F,,/M), then Fy is soft 7 - closed if and only if 7 Cl (Fp)-Fj is sgii-closed.
Proof: If Fy is soft M-closed, then MCl (Fy) = F. That is MCl (F;) - F; = Fd and hence
MCl (F) - Fy is sgifi-closed.

Conversely, if MCl (Fy) - Fyis sgﬁi—closed, then by Theorem 3.11, MCl (Fy) - Fy = Fo.

Since Fy is sg*Mi-closed. Therefore, Fj is soft 77 — closed.

Theorem 3.13: If Fy is sg*fi-closed in (F,,7) and Fy & G, CMCl (Fy), then Gy is sgrm-
closed.

Proof: Suppose that Fy is sg*/-closed set in (F,,1) and Fy CGy & mCl (Fy). Let Gy &
Uy and Uy is sgii-open in (F, 7). Since Fy EGB and G, §U3> we have Fy EUB. Since F,
is sg*m-closed, we have MCl (Fy) CU,. Since G, & MCl (Fy), we have MiCl (Gy) & MCl
(Fp) :CUB. Therefore Gy is sg*M-closed set.

Definition 3.14: A soft subset F; of a soft minimal space (F,,Mlis said to be soft g*i-open
(briefly sg*/i-open) if its complement is sg*-closed.

Theorem 3.15: A soft subset Fy of a soft minimal space (F,,7) is sg*fi-open if and only if
H, C fiiInt (F;) whenever H, C Fj and Hy, is sgim-closed.

Proof: Suppose that Fj is sg*f-open. Let Hy be a sgii-closed set such that Hy C Fy Then
F,¢ C H,C and H,C is sgifi-open, we have F,C is sg*ffi-closed. Hence, MCI(F;)¢ & H,C.
Consequently, [ilnt (Fy)]¢ & H,C. Therefore, Hy, C mint (Fy).

Conversely, assume that Hy gﬁilnt (Fg) whenever Hy EFB and Hj is sgim-closed. Let
F,.C C Uy and Uy is sgii-open. Then U,C & Fy and U,C is sgifi-closed. By our
assumption, we have U, C fiilnt (Fy). Hence, [ilnt(Fy)] ¢ & Uy Therefore, MCI(Fy)©

EUB Consequently, F;° is sg*ficlosed. Hence, Fy is sg*fi-open.

Theorem 3.16: If F; and G are sg*/i-open sets then F, (M Gy is also sg*Mopen set.

Proof: Suppose that F; and Gy are sg*fiopen sets. Let Hy is sgificlosed set and Hy CFyN
Gy. Since Hy :CFB M Gy, we have Hy § Fy and Hy EGB. Since Fy and Gy are sg*i-
open sets, we have Hj :C?ﬁ-lm (Fg) and Hyg § mint (Gg). Therefore Hj § mint

(Fy) N fiilnt (Gy) & Ailnt (F; M Gg). Hence Fy M Gy is sg*fM-open set.

Remark 3.17: The union of two sg*/i-open sets need not be sg*i1i-open set as can seen

from the following example.
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Example 3.18: Let us consider the soft subsets of F, that are given in Example 2.3. Let
(Fa» M) be a soft minimal space where U = {u;, u,}, E = {x;,x,, X3}, A = {x,,%,} :CE and

F, = {(x;{up uy}), (x,{u;, u,})}. Then M = {Fd, Fyy, Fasy Fags Farzs Fal. Then

sgim-closed sets are F®, F,;, Fop, Fag Faz Fas Fags Fatr Fars Fas F4 and

sg*Mm-closed sets are Fd, F41, Fag, Faz Fags Fargr Fars Fa-

sg*M-open sets are Fd, Fu 15, Fas, Farp, Faz Fag Fass Fa.

Here, F,, and F,gare sg*f-open sets but F,, \U F,, = F,,, is not sg*/i-open.

Theorem 3.19: Let F; and Gy be soft subsets of a soft minimal space (F,,7) such that
fiilnt (Fy) & Gy & Fy. If Fy is sg*M-open, then Gy is sg*Mopen in (F,,M).

Proof: Suppose that Fy and Gy be soft subsets of (F,,7). Let Fy is sg*f-open set in
(F,,/) such that Ailnt (Fy) & Gy & Fy. Let Hy be a sgim-closed such that Hy C Gy Since
H; & Gy, and Gy C Fy, we have Hy C Fy. Since Fy is sg*f-open set, we have H,C lnt
(Fp). Since, mmnt (FB)g G, we have T?llnt(ﬁ'llnt(PB))g T?llnt(GB). Therefore,

filnt(Fy) & mInt(Gy). Consequently, Hy & fiilnt (F;). Hence Gy is sg*M-open.

Theorem 3.20: If a soft subset Fj, of a soft minimal space (F,,/M) is sg*M-closed, then

MCl (Fy) - Fy is sg*Mi-open.

Proof: Suppose that Fy is sg*fi-closed in (FA,m). Let H, :Cr’?lCl (Fp) - Fy and Hy is ng?l-
closed. Since Fy is sg*fi-closed, we have MCl (F;) - F; does not contain nonempty
sgiiclosed by Theorem 3.11. Consequently, Hy = Fo. Therefore Fo CMCI(Fy)- Fy Fo Yo
Mlnt(mCI(Fy)- Fy), we obtain H, C MInt{fiiCl(Fy)- Fy). Hence MMCl (Fy) - Fy is sg*fii-

open.

Theorem 3.21: If a soft subset Fy is sg*/i-open in a soft minimal space (F,,/M), then Gy
=F, whenever Gy is sgffi-open and M Int (F;) \U Fy Gy

Proof: Suppose that Fy is sg*fopen in a soft minimal space (F,,71) and Gy is sgifi-open
and filnt (Fy) U Fy & Gy implies G,° & iCl (F©) -F,C. Since F,Cis sg*fii-closed and
Gg© is sgimi-closed. Therefore, MCl (Fy°) -F;© contains no nonempty sgifi-closed set (By

Theorem 3.11). Consequently, G;“ = Fo and hence Gy, =F,.

Remark 3.22: The converse of the above theorem 3.23 is not true in general as can seen

from the following example.

Example 3.23: In Example 3.20, if we take Fy = F,,, then 7 Int (Fy) U Fy EFA, F, is
sgi-open, but Fy = F,, is not sg*i-open.
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4. Conclusion:

In the present work, we have introduced soft g*-closed and open sets in soft minimal
spaces which are defined over an initial universe with a fixed set of parameters. We have
explored some basic properties of these concepts. Also, we have established several
interesting results and presented its fundamental properties with the help of some
examples. In future, these findings may be extended to new types of soft generalized closed

and open sets in soft minimal spaces.
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