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Abstract: For any graph G, let V(G) and E(G) denote the vertex set and edge set of G respectively. The
Boolean function graph B(G, L(G), NINC) of G is a graph with vertex set V(G) U E(G) and two
vertices in B(G, L(G), NINC) are adjacent if and only if they correspond to two adjacent vertices of G,
two adjacent edges of G or to a vertex and an edge not incident to it in G. For brevity, this graph is
denoted by Bi(G). In this paper, Split edge domination numbers of Boolean Function Graphs of some
standard graphs are obtained.
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1. Introduction
Graphs discussed in this paper are undirected and simple graphs. For a graph G, let
V(G) and E(G) denote its vertex set and edge set respectively. A subset D of V is called a

dominating set of G if every vertex not in D is adjacent to some vertex in S. The

domination number Y(G) of G is the minimum cardinality taken over all dominating sets

of G. The open neighborhood N(v) of v in V is the set of vertices adjacent to v, and the set
N[v] = N(v)\U{v} is the closed neighborhood of v. An edge e of a graph is said to be

incident with the vertex v if v is an end vertex of e. In this case, we also say that v is

incident with e.
A subset F C E is called an edge dominating set of G if every edge not in F is adjacent
to some edge in F. The edge domination number Y’(G) of G is the minimum cardinality

taken over all edge dominating sets of G. An edge dominating set F C E of a connected

graph G is a split edge dominating set, if the induced subgraph < E(G) - F > is

disconnected. The split edge domination number 'YS,(G) of G is the minimum cardinality

of a split edge dominating set. The maximum order of a partition of E into edge

dominating sets of G is called the edge domatic number of G and is denoted by d'(G). The
concept of edge domination was introduced by Mitchell and Hedetniemi [8]. Jayaram [6]
studied line (edge) dominating sets and obtained bounds for the line (edge) domination
number and obtained Nordhaus-Gaddum results for the line domination number.
Arumugam and Velammal [1] have discussed edge domination number and edge domatic

number. The complementary edge domination in graphs is studied by Kulli and Soner [7].
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For graph theoretic notations and terminology, we follow Harary [2]. Janakiraman et al,,

introduced the concept of Boolean function graphs [3 - 5]. For a real x, I_XJ denotes the

greatest integer less than or equal to x.
Theorem 1.1: [6]. For any (p, q) graph G, 'Y' < |_p/2J

Theorem 1.2: [6]. For any (p, q) graph G, Y’ <gq- Bl + o where Bl is the edge

independence number and q, is the number of isolated edges in G.

Theorem 1.3: [6].For any (p, q) graph G, 'Y' < q- A', where A’ denotes the maximum
degree of an edge in G.

Observation. [3].
1.4. G and L(G) are induced subgraphs of B,(G).

1.5. Number of vertices in B,(G) is p + q and if d; = deg(v;), v, € V(G), then the number
of edges in B,(G) is q(p -2) + l/zzlg< d?

i<pdi
1.6. The degree of a vertex of G in B,(G) is q and the degree of a vertex of L(G) ¢ in
B,(G) is degL(G)(e') +p - 2. Also if d*(e') is the degree of a vertex e of L(G) in B,(G), then
0 < d*(e) < p + q - 3. The lower bound is attained, if G = K, and the upper bound is
attained, if G = K, for n > 2.

Theorem 1.7: [3] B,(G) is disconnected if and only if G is one of the following

graphs: nK,, K,, 2K, and K,\UnK,, for n > 1.
In this paper, Split edge domination number of Boolean Function Graph B(G, L(G),
NINC) of some standard graphs and its bounds are obtained.

2. Main Results

In the following edge domination number of B,(P,), B,(C,), B,(K,,) are found.
Theorem 2.1:

For the path P, on n (n > 6) vertices, 'YS'(BI(P,,)) < 2(2n-7)

Proof: Let v;, v,, ... , v, be the vertices and e,, ey, ..., €,,, be the edges of P, where
€riv1=(VpVi,)i=1,2,...,n-1. Then v,, v, ..., V,, €15 €33, ..., €15 € V(B(P,)).
B,(P,) has 2n - 1vertices and n*- n - 1 edges.
Let Fi= {(v) €n.10)> (Vi> €23)> (V3 €105 (Vi Vir)s (€23 €30)}
F,= UIZH{(v;, e12) (i, €23 )b
Fy= US{(V noy, €ii+1)) and By = UT{(V n, eji41))
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dnd let D =F, U F, UF, UF4QE(B1(PH)).|D|=5+2(n—5)+n—5+n—4=
2(2n - 7). D is an edge dominating set of B,(G) and <V((B,(P,)) - D> is disconnected

with two components, one of the components being K, induced by the edges (v, e,), (v,

€,)s (Va1 €23)> (v, €53). Therefore D is a split edge dominating set of B,(P,) and hence

7B, <| D =20n0-7.

Remark 2.1: ¥, (B,(P,)) =2

Let vy, v,, v; be the vertices and e,,, e,;, be the edges of P;. Then v, v,, v; ey, €, €
V(B,(P;)). D = {(v}, e5), (v5 e)} is a minimum split edge dominating set of B,(P;).
Therefore, YS'(BI(P3)) = 4.

Remark 2.2: ¥, (B,(P,)) = 4
Let v, v,, v; v, be the vertices and e,,, e,5, €5, be the edges of P,. Then vy, v,, v5 v,,
e €3 €54 € V(Bi(P)). D = {( vy v3), (viy €53), (vi€34), (€5, €3)}is @ minimum split edge

dominating set of B,(P,). Therefore, 'Ys'(Bl(P4)) = 4.

Remark 2.3: 7, (B,(P;)) = 6

Let v, v,, V5, v, V5 be the vertices and where e;,,, ,= (v, v;, ;) i=1,2,3,4,5 be the
edges of P,. Then vy, v,, V5 V4, Vs €15, €3, €34 €45 € V(B(Ps)). The set D = {( v, vy), (v}, €3),
(Viess)> (Vs epy) (Vs esy), (e, €s3,)} is a minimum split edge dominating set of B,(P;).

Therefore, YS'(BI(PS)) =6.

Theorem 2.2:
For the cycle C, (n 2 6) on n vertices, 'Ys'(Bl(Cn)) < 2(2n -6) = 4(n-3).

Proof: Let v, v,, ... , v, be the vertices and e,,, e,3, ..., ,.;,, be the edges of C, where e, ;, =
vovi,)i=12,..,n-1and e, = (v,,v). Then v, v,, ... , v, €5, €3, ..., €1,y €1 E
V(B,(Cn)). B,(C,) has 2n vertices and n* edges.
Let Fy = {(v}, €010)5(Vis €23)5(V3 €12)s (Vi Vit)s (€25 €34)s(V i €01)5 (€125 €01)}

-2
F,= UiZi {(vie12) (vi, e23)h

-3 -2
F;_ U?:3 {v n-1, ei,i+1)} and F, = U?:s {(v n, ei,i+1)}

andlet D=F \UF, UF, UEFE,C E(B,(C,). D|=7+2(n—5)+n—5+n—4=4n—

12 = 4(n - 3). D is an edge dominating set of B,(C,) and < V(B,(C,)) - D > is

disconnected with two components, one of the components being K, Therefore D is a

split edge dominating set of B,(C,) and hence ’Ys'(Bl(Cn)) < | D | =4(n - 3).
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Remark 2.4: YS'(BI(C3)) =14

Let v,, v,, v; be the vertices and e,,, ;5 e,; be the edges of C,. Then v, v,, v; e}, ;5
e, € V(B(G,)). D = {(vy, V3 ),(Vy, €33), (v, e13), (e, €53)} is a minimum split edge
dominating set of Bl(C3).Therefore,’ys'(Bl(Q) = 4.

Remark 2.5: ’Ys’(Bl(C4)) =6

Let vy, v,, v5 v, be the vertices and e,,, e, €,3, €5, be the edges of C,. Then v, v,, v,

Vi €12, €14 €3, €34 € V(B,(Cy). D = {(Vl, Va)s (Vyy V3), (V3, e1y)> (Vg €33), (elz, e1s)s (e23, es,)}is a

minimum split edge dominating set of B,(C,). Therefore, ys'(Bl(C4)) = 6.

Remark 2.6: 7V, (B,(Cs)) = 8

Let v,, v,, v5 v, V5 be the vertices and e,, e,;, e;, e,;; e;; be the edges of C;. Then

Vis Vas V3, Vs Vs €15 €33, €34 €45 €15 € V(B,(P5)). The set D = {(v;, €,5), (Vz, v3)s (Vg Vs), (Vz, €34)

(vy, €15), (Vs ep), (ey5 €3), (€34 €45)} is @ minimum split edge dominating set of B,(C;).

Therefore, ’Ys’(Bl(C5)) =8.

Theorem 2.3:

For the star K, , on (n + 1) vertices, ’Ys’(Bl(Kl,n)) <n(n-1), n=2.

Proof: Let v,, v,, ... , be the vertices of K, with v, as the central vertex, where

n+l

e=(vyv;), i=2,3,...,n+ L Bi(K,,) has (2n+1) vertices and n (3n -1) / 2 edges. Then
Vs Vo eee 5 V€15 €55 000 ene V(Bl(Kl,n))'
E(B,(K,,) = E(K,, ) UEK,) U {(v,e) /1< 1<n,1 <j<n,i#jh

LetD:{(vi,ej)/ISiSn, ISan, i #j} and |D| =n(n - 1). Then D is an edge
dominating set of B,(K,,). V(B,(K;,)) - D is disconnected with the components K, , and

K, Therefore, D is a split edge dominating set of B,( K, ,). Hence, YS'(BI(KLH)) < | D | =
n(n-1)

Theorem 2.4:

For any connected graph G, ys’(Bl(G)) < p+q - (BI(G) + BIV(G) + 1), where
B (G) and Bl'(G) is the independence numbers of G and L(G) respectively.
Proof: Let D' and D'’ be edge independent sets of G and L(G) respectively, such that
| D’ | = BI(G) and | D" | = BI’(G). Lete = (u, v)E D’ and let wEV(G) be adjacent to
v. Then (w, e) € E(B,(G)). Let D" = {(w, e)} and D = (B,(G)) - ®'U D" U D).

Then D is an edge dominating set of B,(G) and <D> is disconnected, one of the
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components being K,. Therefore, D is a split edge dominating set of B,(G) and hence
V. BGNE | D] =0+ - Buc) + B +D).

Equality holds G = P,. BI(P3) =1, BI,( P;) = 1 implies that
VS Bi(P)=(p+q)-3=3+2-3=2.

Theorem 2.5:

For any connected graph G, ys'(Bl(G)) <q
Proof: Let v;, v, ... , v, be the vertices of G and let ¢; €E(G) be not incident with v, i = 1,
2, .., p.- Let D = {(v;, e), i = 1,2,... p}. Then D' = V(B,(G)) - D is an edge dominating set
of B,(G) and <D'> = pK,. Therefore, D' is a split edge dominating set of B,(G) and
Y. (B,(G) < | D' | =p+q- | D | =p+q-p=gq

Equality holds if G = K, ,, P,.

Theorem 2.6:

Let G be a connected (p, q) graph. Then Y, (B,(G)) < 2(q - OG)-1)+p
Proof: Let e € V(L(G)) be a vertex of maximum degree in L(G). Then e € E(G).
Let e = (u, v) € E(G) and let deg;(u) = m and degs(v) = n. Then deg e = m+ n - 2.
Let D' and D'’ be the sets of edges not incident with u and v respectively. Then | D’ | =
q - m and | D" | = q - n. Let D'’ be the set of edges of G adjacent to e. Therefore

nr |

| D = deg; e. Let S be the set of vertices in G adjacent to none of u and v.

Let 8’ = {(w, e)weS }. |8'| = p - (degeu + degev) < p - 28(G). 1f D = D'U D'V

A

D'""U S, then D C E(B,(Q)) is an edge dominating set of B,(G) and e is an isolated edge
in < V(B,(G)) - D > and hence D is a split edge dominating set of B;(G) and

’YS'(BI(G)) < | D | <q-m+q-n +deg e+ p- 20(G)
=2q - (deg e +2)+deg ge+p- 20(G) = 2q + p - 20(G) -2.
Equality holds if G = C,.

3. Conclusion

In this paper, split edge domination numbers of Boolean Function Graph B(G, L(G),
NINC) of path, cycle, stars and bounds are obtained.
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