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Abstract: A subset D of the vertex set V(G) of a graph G is said to be a dominating set if every vertex
not in D is adjacent to at least one vertex in D. A dominating ser D is said to be an eccentric
dominating set if for every v V=D, there exists at least one eccentric vertex of v in D. Let p > 4 be a
positive integer. The circulant graph Cy(1, 2) is the graph with vertex set {vo, v1, v, ..., vp.1} and edge
set {{vy, vigf: €0, 1, 2, ..., p=1} and jel1, 2}}. In this paper, we initiate the study of domination
number, eccentric domination number and restrained eccentric domination number in the circulant
graphs Cy(1, 2).
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1. Introduction

Let G be a finite, simple, undirected (p, q) graph with vertex set V(G) and edge
set E(G). For graph theoretic terminology refer to Harary [5], Buckley and Harary [3].

The concept of domination in graphs is originated from the chess games theory
and that paved the way to the development of the study of various domination parameters
and its relation to various other graph parameters. For details on domination theory, refer
to Haynes, Hedetniemi and Slater [8]. Janakiraman, Bhanumathi and Muthammai [6]
introduced Eccentric domination in Graphs. Bhanumathi, John Flavia and Kavitha [1]

introduced and studied the concept of Restrained Eccentric domination in Graphs.

Definition 1.1: Let p = 4 be a positive integer. The circulant graph Cp<1, 2> is the graph

with vertex set {v,, v}, v;, ..., v, ,} and edge set {{v;, v;,;}: i€{0, 1, 2, ..., p—1} and jE{1, 2}}.

Definition 1.2: Let G be a connected graph and v be a vertex of G. The eccentricity e(v) of

v is the distance to a vertex farthest from v. Thus, e(v) = max{d(u, v) : u € V}. The radius
r(G) is the minimum eccentricity of the vertices, whereas the diameter diam(G) = d(G) is
the maximum eccentricity. For any connected graph G, r(G) < diam(G) < 2r(G). The
vertex v is a central vertex if e(v) = r(G). The center C(G) is the set of all central vertices.

For a vertex v, each vertex at a distance e(v) from v is an eccentric vertex of v.

Eccentric set of a vertex v is defined as  E(v) = {u € V(G) / d(u, v) = e(v)}.
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Definition 1.3: A graph G is called a m-eccentric point graph if each point of G has

exactly m = 1 eccentric points.

Definition 1.4 [4, 8]: A set D C V is said to be a dominating set in G, if every vertex in
V—D is adjacent to some vertex in D. The minimum cardinality of a dominating set is

called the domination number and is denoted by Y(G).

Definition 1.5 [5]: A set D C V(G) is a restrained dominating set if every vertex not in

D is adjacent to a vertex in D and to a vertex in V—D. The cardinality of minimum

restrained dominating set is called the restrained domination number and is denoted by

Y(G).

Definition 1.6 [6]: A set D C V(G) is an eccentric dominating set if D is a dominating

set of G and for every v€E V—D, there exists at least one eccentric vertex of v in D. The

minimum cardinality of an eccentric dominating set is called the eccentric domination

number and is denoted by V.4(G).

Definition 1.7 [1]: A subset D of V(G) is a restrained eccentric dominating set if D is a

restrained dominating set of G and for every vEV—D, there exists at least one eccentric
vertex of v in D. The minimum of the cardinalities of the restrained eccentric dominating

set of G is called the restrained eccentric domination number of G and is denoted by

Yred(G)'

Theorem 1.1 [8]: For any graph G, I_p/(1+A(G))—| <Y(G) < p—A(G).

2. Domination, Eccentric Domination, Restrained Domination and

Restrained Eccentric Domination.

In this section, we determine the eccentric domination and the restrained

eccentric domination number of circulant graphs G = Cp<1, 2), for any integer p > 4.

Cleary, G is a 4-regular graph on p vertices.
It is obvious that C,(1, 2) = K, and C(1, 2) = Ks. So  Y(C(1, 2)) = Y.i(C(1,

2)) = YCAL 2)) = Y €L 2)) = 1 and Y(C(L, 2)) = Yua(Cs(L, 2)) = YuCLL, 2)) =
Yred(C5<1, 2>) = 1. For p = 6 we have the following results:
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Example: 2.1

Vy

G=C(1,2)

Figure 2.1

In Figure 2.1,

D, = {vy Vs, vy} is a dominating set of G and is also a restrained dominating set of G.

Therefore, Y(G) = V.(G) = 3.

D, = {vy, V3, Vg Vo, Vp,} is an eccentric dominating set of G and is also a restrained eccentric

dominating set of G. Therefore, Y 4(G) = V,.4(G) = 5.

Lemma 2.1: Let G = CP<1, 2> be a connected graph then for any integer p = 6, Y(G) =
1@ =lpsl

Proof: Let G = Cp<1, 2> and let vy, v, vy, ..., Vi be the vertices of G. From Theorem 1.1,
[pra+AG) 1< y@).
That is, |_p/5—| <Y(G). e (1)
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Case (i): p = 5k+1, k = 1.

In this case, S = {v,, vs, Vg, ..., Voo VP,4}is a dominating set of G.

Hence, Y(G) < |_p/5—|.

Case (ii): n = 5k+2, k >1.

In this case, S = {Vy, Vs, Vigs -..» V10 Vp.5}is @ dominating set of G.

Hence, Y(G) < I_p/S_I.

Case (iii): n = 5k+3, k > 1.

In this case, S = {vy, Vs, Vig» ..., V5 V1 }is @ dominating set of G.

Hence, Y(G) < |_p/5—|.
Case (iv): n = 5k+4, k > 1.
In this case, S = {vy, Vs, Vig» ..., V75 V,,,}is @ dominating set of G.

Hence, Y(G) < |_p/5—|.

Case (v): n = 5k+5, k = 1.

In this case, S = {v,, vs, Vg, ..., Vg VP,S}is a dominating set of G.
Hence, Y(G) < |_p/5—|.
So in all the cases, Y(G) < |_p/5—|. e (2)

From (1) and (2), Y(G) = |—p/5—|.
In all the above cases, S is also a restrained dominating set of G. Therefore, V.(G) = Y(G).

Lemma 2.2: Let G be a connected graph. Let u€V(G) is eccentric to atmost m vertices,

then |—p/(1+m)—| < Yea(G).

Proof: Let S be a Y 4-set of G. A vertex in G is eccentric to atmost m vertices.

Hence, |—p/(1+m)_| < Yea(G).

Theorem 2.1: Let G = Cp<1, 2> be a connected graph then for any integer p = 6,
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Ve Co{1, 2)) = 3 = Voo €1, 2))
Proof: Let G = Cp<1, 2> and let vy, v;, V5, ..., v,,; be the vertices of G.
When G = C9<1, 2>. G is a 2-self centered graph. The vertices

v v are the eccentric vertices of vi(i =0, 1, 2, ..., p—1). S = {v,, v, vg} is

\' Vv
23, Voo Vea Voo |
2 2 2

a minimum eccentric dominating set of G. S is also a minimum restrained eccentric

dominating set of G. Thus, ¥ 4(G) = V,.a(G) = 3.

Case (i): p = 12k, k2 1.

In this case, G is a (g )-self centered graph. The vertices Vo, V, V,, are the

—+, —+, ——+i
2

eccentric vertices of v; (i = 0, 1, 2, ..., p—1).Therefore, G is a 3-eccentric point graph.

Hence, by Lemma 2.2, % < Yea(G). e (1)
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S = {Voavwvsr--:vmavwan+4+4a---th} is an eccentric dominating set of G (where m is
2 2
the multiple of 4 such that m is the largest integer less than or equal p/2 and t is of the

form %4+4n such that t < p—1). | S| = g if pTM is a multiple of 4, otherwise | S| = %
+1.
_p . _p
Thus, V.4(G) = Z , otherwise Y 4(G) = Z +1. ... 2)

From (1) and (2), V.(G) = %OI’%-I—I.

Case (ii): p = 12k+1, k = 1.

In this case, G is a ( )-self centered graph.

The  vertices Vos Vo Vo, V,,, are the  eccentric  vertices of
ot oyt

vi(i=0,1,2, .., p—1). Therefore, G is a 4-eccentric point graph.
Hence, by Lemma 2.2, |_p/5—| < YVui(G). e (3)

S = {VO,V5 2Vigseees Vi ,vpj,vpjﬁ ,...Vt}is an eccentric dominating set of G (where m is
2 2
the multiple of 5 such that m is the largest integer less than or equal p/2 and t is of the

form pT+5 +5n such that t<p—1). ‘ S| = |_p/5—|.

Thus, V.4(G) < |_p/5—|. e (4)
From (3) and (4), Y(G) = |—p/5—|.
Case (iii): p = 12k+2, k > 1.

2
)-self centered graph.

In this case, G is a (

The vertex v _ is the eccentric vertex of v; (i = 0, 1, 2, ..., p—1). Therefore, G is a
=i

self centered unique eccentric point graph.

Hence, ¥ 4(G) = g e (5)
S = {Vo» Vo Vis ++0s Vi Vi Vo) 18 an eccentric dominating set of G.
Thus, V.4(G) < g .o (6)

P

From (5) and (6), Y.4(G) = 3 .
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Case (iv): p = 12k+3, k > 1.

1
)-self centered graph. The vertices vp_1+i V,, are the

L S L
2

In this case, G is a (

eccentric vertices of v; (i = 0, 1, 2, ..., p—1). Therefore, G is a 2-eccentric point graph.

Hence, by Lemma 2.2, g < Yea(G). e (7)
S ={Vop V3, Ve -+0> Vpo Vo Vp3} I8 an eccentric dominating set of G.
Thus, V¥.4(G) < g . e (8)

From (7) and (8), Y.4(G) = gp
Case (v): p = 12k+4, k >1.

In this case, G is a (g )-self centered graph. The vertices Vo, V, V,, are the
—H, —+H, ——+i
27 2

eccentric vertices of v; (i = 0, 1, 2, ..., p—1). Therefore, G is a 3-eccentric point graph.

Hence, by Lemma 2.2, % < Yea(G). e (9)
S = VO,V4,V8,...,Vm,Vp;4,Vp;4+4,...,vt is an eccentric dominating set of G (where m
2 2

is the multiple of 4 such that m is the largest integer less than or equal p/2 and t is of the

form %4 +4n such that t < p—1). | S| = g if pTM is a multiple of 4, otherwise ‘ S| = % +1.

Thus, V.4(G) = %, otherwise Y 4(G) = £+1. .....(10)

From (9) and (10), Y.«(G) = gor % +1.

Case (vi): p = 12k+5, k >1.

In this case, G is a ( )-self centered graph.

The vertices v (= v (= v (=8 v b3, are the eccentric vertices of v;(i=0,
2 7 2 7 27 2

L, 2, ..., p—1). Therefore, G is a 4-eccentric point graph.

Hence, by Lemma 2.2, I_p/5—| < Yea(G). e (1)
S =9V Vs,Vigses Vi Vs sVipys sees Vg s an eccentric dominating set of G (where m
— —+5
2 2

is the multiple of 5 such that m is the largest integer less than or equal p/2 and t is of the
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form pT+5+5n such that t < p—1). |S| = I_p/5—| if pTJrSis a multiple of 5, otherwise

sl =[pss 141

Thus, V.4(G) = |—p/5—|, otherwise Y 4(G) = |—p/5—| +1...... (12)
From (11) and (12), Y4(G) = |_p/5—| or I_p/5—| +1.

Case (vii): p = 12k+6, k 0.

In this case, G is a ( )-self centered graph. The vertex v_ is the eccentric

i
2
vertex of v; (i = 0, 1, 2, ..., p—1). Therefore, G is a self centered unique eccentric point
graph.
p

Hence, ¥V 4(G) = —. e (13)
S ={Vo, V2 Vi -+0» V6o Vi Vpo} I8 an eccentric dominating set of G.

Thus, V.4(G) < g . e (14)

From (13) and (14), Y4(G) = g .

Case (viii): p = 12k+7, k >0.

In this case, G is a ( )-self centered graph. The vertices Vo, Vv are the

+H, p—“ﬂ
2

eccentric vertices of v; (i = 0, 1, 2, ..., p—1). Therefore, G is a 2-eccentric point graph.

Hence, by Lemma 2.2, |_p/3—| < Yea(G). ..... (15)

S = {VO,V3,V6,...,Vm ’VL”’VL”H ,...Vt} is an eccentric dominating set of G (where m is
2 2
the multiple of 3 such that m is the largest integer less than or equal to p/2 and t is of the

form pTH +3n such that t < p—1). | S| = |—p/3—|.

Thus, V.4(G) < |—p/3—|. ..... (16)
From (15) and (16), V4(G) = |_p/3—|.

Case (ix): p = 12k+8, k >0.

In this case, Gis a (g )-self centered graph. The vertices v b2, v£+i \Y; b2, are the
2 727 2

eccentric vertices of v; (i = 0, 1, 2, ..., p—1). Therefore, G is a 3-eccentric point graph.
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Hence, by Lemma 2.2, % < Yea(G). . (17)

b b
m> ¥ p+d> T prd

S = {VO,V4,V8,...,V Y v 4,...,Vt} is an eccentric dominating set of G (where m
2 2

is the multiple of 4 such that m is the largest integer less than or equal p/2 and t is of the

form %4+4n such that t < p—1). | S| = gif pTM is a multiple of 4, otherwise ‘ S| = % +1.

Thus, V.4(G) = %, otherwise ¥ 4(G) = £+1. ..... (18)

From (17) and (18), Y4(G) = §0r§+1.

Case (x): p = 12k+9, k = 1.

In this case, G is a ( )-self centered graph.

The vertices vp;3+i vfn VL”+i VL+3+i are the eccentric vertices of v, i = 0, 1, 2, ..., p—1).
2 7 2 7 2 7 2

Therefore, G is a 4-eccentric point graph.
Hence, by Lemma 2.2, |_p/5—| < Vea(G). ... (19)
S= {VO,V5 B VP Vi ’VL+5’VL+5+5 ,...Vt}is an eccentric dominating set of G (where m is

2 2
the multiple of 5 such that m is the largest integer less than or equal to p/2 and t is of the

form pTJrerSH such that t < p—1). | S| = |_p/5—|.
Thus, V.4(G) < |—p/5—|. ... (20)
From (19) and (20), V.4(G) = |_p/5—|.

Case (xi): p = 12k+10, k = 0.
+2

In this case, G is a ( )-self centered graph.

The vertex v, is the eccentric vertex of v, (i = 0, 1, 2, ..., p—1). Therefore, G is a
—+i
2

self centered unique eccentric point graph.
P
Hence, ¥ 4(G) = E ... (21)
S =1{Vy, Vo Vi ++0s Vg Vi Vpo} 18 an eccentric dominating set of G.

Thus, V.4(G) < g . e (22)
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From (21) and (22), Y4(G) = g .

Case (xii): p = 12k+11,k = 0
+1

In this case, G is a ( )-self centered graph.

The vertices Voo Voo
+H, i

are the eccentric vertices of v, i = 0, 1, 2, ..., p—1).
2
Therefore, G is a 2-eccentric point graph.

Hence, by Lemma 2.2, |_p/3—| < Vea(G). e (23)
S=9Vy,V5, Ve,V ,Vp;rS,Vp;r3+3 ,--.V; ¢is an eccentric dominating set of G (where m is
2 2

the multiple of 3 such that m is the largest integer less than or equal p/2 and t is of the

form pTH +3n such that t < p—1). | S| = |_p/3—|.

Thus, Yu(G) < | p/3 | o (28)

From (23) and (24), V(G) = |_p/3—|.
In all the above cases, S is also a restrained eccentric dominating set of G.

Therefore, Y,.4(G) = Va(G).

Conclusion:

Here we have studied eccentric domination and restrained eccentric domination

in circulant graph Cp<1, 2>, and also studied a bound for the eccentric domination

number of a connected graph.
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