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Abstract: Among topological descriptors topological indices are very important and they have a
prominent role in chemistry. In this paper, we compute the first and second Multiplicative Zagreb
indices, the first and second multiplicative hyper-Zagreb indices, first and second Multiplicative
modified Zagreb indices, the multiplicative First and second Zagreb polynomial, multiplicative ABC
index, multiplicative GA index, ~multiplicative GAs, multiplicative ABC, and multiplicative
Augmented Zagreb (wAZI) index for Dutch Windmill Graph.
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1. Introduction

A graph is a collection of points and lines connecting a subset of them. The points
and lines of a graph also called vertices and edges of the graph, respectively. If e is an edge
of G, connecting the vertices u and v, then we write ¢ = UV and say "u and v are adjacent”.
A connected graph is a graph such that there is a path between all pairs of vertices. A simple
graph is a non-weighted, undirected graph without loops or multiple edges. A molecular
graph is a simple graph such that its vertices correspond to the atoms and the edges to the
bonds. Note that hydrogen atoms are often omitted.

Molecular descriptors play a significant role in chemistry, pharmacology, etc.

Among them, topological indices have a prominent place [1]. One of the best known and

widely used is the connectivity index, introduced in 1975 by Milan RandiC [2], who has
shown this index to reflect molecular branching. Consider the simple graph G, with the set
of the following vertices V = {Vl,VZ,Vg' Vn}. If u € V, the number of the edges ending in
u is defined as the degree of vertex u and is denoted by deg(u) or simply by dg(u) or dy.
A large number of such indices depend only on vertex degree of the molecular graph. One
of the oldest and well known topological indices is the first and second Zagreb indices, was

first introduced by Gutman et al. in 1972 [4], and it is defined as
M;(G) = Yyev dg(V)? = Zuvere)ldg (W) + dg(V)] (1)

M;(G) = Xuvers) de(Wdg(v) )
The first Zagreb PolynomialM;(G,X) and second Zagreb Polynomial M,(G,X) are

defined as:
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M, (G X) = ZUVEE(G) X[dutdy] (3)

M, (G, X) = Yyver(g) X/ 9u*] (4)
The properties of M; (G, X), M, (G, X) polynomials for some chemical structures have been
studied in [5].The modified first and second Zagreb indices [6] are respectively defined as

1
™M, (G) = ZuEV(G)m (5)
m _ 1
MZ (G) - ZUVEE(G) dG(u)dG(V) (6)

In [7], Shirdel et al. introduced the first hyper-Zagreb index of a graph G, which is defined
as

HM; (G) = Yuver(g)lde(w) + dg(v)]? (7)
In [8], the Second hyper-Zagreb index of a graph G is defined as

HM;(G) = Xuver)[de(Wdg(v)]? (8)
In [9], M. Eliasi introduced the Multiplicative first and second Zagreb Indices defined as

1" (G) = [Nuvere)lde (W) + dg(V)] ©)

12 "(G) = [Nuvers) de(Wdg (V) (10)

The Geometric-arithmetic index, GA(G) index of a graph G was introduced by D. Vukicevic
et al. [10]. and it is defined as

2,/dudy
GA = ZuveE(G)m (11)

The fifth Geometric-arithmetic index, GA5(G) was introduced by A.Graovac et al. [11] in
2011 which is defined as

2/5.5y
GA5(G) = ZuVEE(G) SuSy (12)

where S, is the sum of the degrees of all neighbors of the vertex u in G, similarly for S ,.
The Atom-bond connectivity (ABC) index, proposed by Estrada et al. [12] and is defined

as:

dytdy—2
ABC(G) = ZUVEE(G) dydy (13)

This index provides a good model for the stability of linear and branched alkanes as well as
the strain energy of Cyclo alkanes [12,13]. Details about this index can be found in [14-16].
The fourth Atom bond connectivity index, ABC,(G) index was introduced by M.
Ghorbani et al. in 2010.It is defined as
Su+Sy—2

ABC4(G) = ZuVEE(G) SuSv

where S, is the sum of the degrees of all neighbors of the vertex u in G, similarly for S .
Further studies on ABC,(G) index can be found in [17].

Inspired by work on the ABC index, Furtula et al. [18] proposed the following
modified version of the ABC index and called it as Augmented Zagreb index (AZI):

dudy_\?
AZL = Fverco) (55 (15)

utdy—2
In [20], M.Eliasi introduced the Multiplicative first and second Zagreb Indices defined as

(14)
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.7 (G) = (G) = [luverelde (W) + dg(v)] (16)
1,°(G) = (G) = [luver(c) dg(Wdg(v) (17)

In [19], V.R. Kulli introduced the multiplicative atom-bond connectivity index and
multiplicative Geometric-arithmetic indices which are defined as

dy+dy-2

2/dydy
GAT[(G) = HUVEE(G) du+dv (19)
Now we introduce ,
(i) The multiplicative first Zagreb polynomial M;T(G,X) and second Zagreb

polynomial M, (G, X) which are defined as
M;71(G, X) = [Tuyer(g) X[dutdv] (20)
M, (G, X) = [Tuver(g) X4 (21)

(ii) The multiplicative fifth Geometric-arithmetic index TGAg(G) is defined as

2/SuSy
GAsm(G) = HuveE(G) Su+Sy (22)
(iii) The multiplicative fourth atom bond connectivity index, ABC,(G) index is defined
as
Sut+Sy—2
ABC,m(G) = HuVEE(G) SuSy (23)

(iv) The multiplicative Augmented Zagreb index AZITt(G) is defined as

3
AZIN(G) = [uver(o (55) (24)

utdy—2

2. Computing multiplicative topological indices of some special
graphs

In this paper we calculate the first and second Multiplicative Zagreb indices

( m,*(G) and 1,* (G)), the first and second multiplicative hyper Zagreb indices HM; 1(G)

and
HM,n(G), first and second Multiplicative = modified ~ Zagreb

indices <mM 1(G)and mM, (G) >, Multiplicative atom-bond connectivity

index (ABCT[ (G)), Multiplicative ~ Geometric-arithmetic ~ index (GAT[(G)), the
Multiplicative first Zagreb Polynomial and second Zagreb polynomial (M; (G, X) and
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M, (G, X), Multiplicative ABC,1(G) index, Multiplicative GAgT(G) index and the
Multiplicative Augmented Zagreb index (AZIT(G)) of Dutch Windmill Graph.

3. Dutch Windmill Graph:
The Dutch windmill graph is denoted by D, (Mand it is the graph obtained by

taking m copies of the cycle C,, with a vertex in common. The Dutch windmill graph is also
called as friendship graph if n = 3 . i.e,, friendship graph is the graph obtained by taking m
copies of the cycle (3 with a vertex in common. Dutch windmill graph Dn(m)contains (n

—-1)m +1 vertices and mn edges as shown in the Figures 1-3.

Figurel: D3 ) Figure 2: D5(5) Figure 3: D4 )

Figure 4: Dn(m)

Now we shall compute the first and second  Multiplicative Zagreb
indices( 1;"(G) and m,*(G)) , the first and second multiplicative hyper Zagreb
indices (HM;m(G) and HM,mt(G) ), first and second Multiplicative modified Zagreb

indices(mM1(G)and mMz(G)>, Multiplicative ~ atom-bond  connectivity ~ index
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(ABCT[(G)), Multiplicative Geometric-arithmetic index (GAT[(G)), the multiplicative
first Zagreb polynomial and second Zagreb polynomial((M;m(G,X) and
M, 1(G, X), Multiplicative ABC,1(G) index , multiplicative GAsTt(G) index and the
multiplicative Augmented Zagreb index (AZIT[ (G))of Dutch windmill graph D, ),

Theorem 3.1:
Let us consider the Dutch windmill graph G = D, (™) then
i) m (D (m)) 4]m(n-1) [m +1]2m
e (Dn(m)) = 4MM % q2m
(i) HM; (D, ™) = 16Mm"~1) x [m + 1]4™
HM,m(D, ™) = 16" x m*™

(ii)) "My (D) = (n-1)/16m

™M, (D,™) = 47" x m~2m

(iv) M, (D™, X) = [4]mC7) x [m + 1]72™
M, (D, ™, X) = 471 x m~2m

(v) AZIn(D,™) = g

(vi) ABCrt(D, ™) =272

(viD)GAT (D, ™) = 2(m™)(m + 1)2™
( m(n-4)

HIR [4(2rr+1T1)]m % [4(mg+1)]m'if" =4

(viii)ABC4m (D, ™) = {

(2m+1) . _
2(m+1)2 [4(m+1)] ,ifn=3
2m 2m
R = R
(ix)GAsﬂ(Dn(m)) = 2m
2{2m(m+1) . =3
k [ (3m+1) ] jifn=
Proof:
Consider the following table based on degrees of edges.
Edges of the type E(q, a,) Number of edges
E(Z,Z) (Tl - 2)7?’1
E(Zm,Z) 2m

Table 1: Edge partition based on degrees of end vertices of each edge

For the Dutch windmill graph Dn(m), We partition the edges into edges of the type
E (4, a,)where uv is an edge.In Dn(m) we get edges of the type E(;2) and  E(om2).
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The number of edges of these types are given in the Table 1. Any Dutch windmill
graph D, (m) contains(n — 1)m + 1 vertices and mn edges. Let d, denote the degree of the
vertex u. We partition the edges of Dn(m) into edges of the type E* (s, ¢ y where uv is an
edge and S, is the sum of the degrees of all neighbours of vertex u in G. In other words,S;, =

Yuver ) dv » Similarly for S,

Case (1):
If n>4: In D,™ we get edges of the type E”(44), E"(42m+2)and E¥ 2mi2.4m) -
Edges of the type E”(4,4), E” (4,2m+2)aNd E™ 2m42,4m) are as shown in the figure [1]. The

number of edges of these types are given in the following table

Edges of the type Number of edges
E™ 44, (n—4m
E” 42m+2) 2m
E* 2m+2,4m) 2m

Table 2: Edge partition based on degree sum of neighbours of end vertices of each edge.

Case (2):
If n=3,In Dn(m) we get edges of the type E™(2m42 2m+2)
E” (2m+2,4m) - The number of edges of these types are given in the following Table .

Edges of the type Number of edges
E*(2m+2 ,2m+2) m
E*(2m+2,4m) 2m

Table 3: Edge partition based on degree sum of neighbours of end vertices of each edge.

We know that, from table 1
(i) T[l*(Dn(m)) = HquE(Dn(m))[dG(u) + dG(V)]
= | E(2,2)| [Tuve E22) [dg(u) + dg(V)] X

—

dg(w) + dg(v)]

2 + 2]=2D™ x [2m + 2]?™ = [4]=2D™ x [2(m + 1)]*™
4_](n—2)m+m X [m + 1]2m — [4]nm—2m+m % [m + 1]2m
4]m=D) x [m + 1]2m

| E(Zm,2)| Huve E(2m,2)

—

—
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“2*(Dn(m)) = HuveE(Dn("‘)) dg(w)dg(v)
E(z,z)l [Tuve E(Z’z)[dG(u)dG(V)] X | E(Zm,z)l [Tuve E(Zm‘z)[dc(u)dG(V)]

= [2 x 2]=2m x [2m x 2]?™
— [4](n—2)m+2m % [m]Zm — [4]nm—2m+2m % [m]Zm = 4nm mZm

(i) HM; (D0 ™) = Ty p, omy[de (W) + de(v)]?
= | E2)| Tuve Eialde(W) +de(M)]? x | Eam,2)| Muve Egmaylda(W) +de(M)]?
— [(2 + 2)2](n—2)m X [(2m + Z)Z]Zm — [4_](n—2)2m+2m % [m + 1]4m
— [4]2nm—2m x [m + 1]4m = 16mn-1) [m + 1]4m

HM,1(G) = [Tuver(e)lde(Wdg(v)]?
= | E(2,2)| [Tuve E(z_z)[dG(u)dG(V)]z X
| E(Zm,z)l [Tuve E(Zm’z)[dG(u)dG(V)]z
= [(2 x 2)?]=2m x [(2m x 2)2]?™
— [4](n—2)2m+2m X [4m]4m — [4_]2nm—2m X [4_m]4m
= 16" x m*™

1
(i) ™M, (D, ™) = Muev(p, ™) goanz = (= D")/4-4m?

=(n—1)/16m

1

"M,(G) = [Tuver(s) de(Wda(™)

= | E(Z,Z)l Hqu E@2) m %

| Eama2)| Huve EGm2) 3o da(y)
1 (n-2)m 1 12m
a [E] [ZmXZ]
- [4]—(n—2)m—2m X [m]—Zm — [4_]—nm+2m—2m X [m]—Zm
= 4~mn y m—2m

(l'l?) Mln(G;X) MlTL'(Dn(m),X) = HquE(G)X[du+dv]

X [dy+dy] X

| E(Z,Z)l Huve E(2,2)

| E(Zm,2)| Hqu E(ijz) X[du+dv]

_ (X[2+2])("_2)m y (X[2m+2])2m

— y4m?+am o yanm-8m _ y4m?+am+inm-8m _ y4m(m-1+n)

Also MZT[(G'X) = MZT[(Dn(m)’X) = HuveE(G)X[dude]

= | E(z’z)l HuUE E(Z,Z)X[duXdV] X

| E(Zm,z)l Huve E(Zmlz)X[dude]

_ (X[sz])("‘z)m % (X[mez])zm
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= x8m? y y4nm-8m _ y8m’+anm-8m _ y4m(2m-2+n)
3
(m)y — dydy
(v) AZIn(D,*™) = HuveE(G) dytdy—2

g dydy, \3
= | (2,2)| [Tuve E(z,2) (du+d,,—2) %

o dydy, \3
| (2m,2)| [Tuve E(2m,2) (du+d,,—2)

n-2)m 2m
[T )]

n-2)m 2m
@D e -

gnm-2n 5 g2m _ gnm

i) ABC(Dy ™) = Mper(p,m) |~

_ dy+dy—2
= | E(2,2)| [Tuve E(z.z)\/ dydy

dy+dy—2
X | E@ma| Muve Eema2) | dyud,

(n— 2)m
_ 2+2 2 2m+2-2
- 2 2mx2
—nm

[w]nm " [f] SRR
dydy

quE(Dn(m)) dy+dy,

(i) GAT(D,,™) =]

,/dudv

= | E(22)|HW‘E E@2) a,+d, X

2 /dud,
| Eom2)| TTuve E(sz) dytdy

(n-2)m 2m
2V2X2 2v/2mx2 2\/4m _ m —om

- [ 242 ] [ 2m+2 ] =1x [2(m+1) =2(m™)(m + 1)
Now from Table:2 and Table:3 we calculate GA 57T(Dn (m)) and

ABC47T(Dn(m)) as follows:
(ii0) ABC4m(Dn ™) = Iypepn, )

Case (1):If n = 4,then
Syu+Sy—2

ABC4TL'(Dn(m)) = |E *(4.4).| HuveE*(4,4), SuSy

. Su+Sy—2
|E (4,2m+2)| HquE*(4,2m+2) m

. Sy+Sy—2
|E (2m+z,4m)| HuveE*(2m+z,4m) SuSy

n—-4)m
_ 4+4-2 % 4+(2m+2)-2
(]| =

Su+Sy—2
SuSy

2m
X
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m(n—4)
4+2m em
[
2m+2)+4m-2
(2m+2)x4m
m(n—4) 2m 2m m(n—4)
_ 3] =2 2+m 12 3 2 _ [3] =2
a [8] ><[4(m+1)] x[4(m+1)] o [8] X

sl % il

Case (2): If n = 3, then

SutSy—2
AB C47T(Dn(m)) = HquE(Dn(m)) SuSy

’S +S,-2
= |g* SutSy=2
= |E (2m+2,2m+2)| HuveE*(ZmHIZmH) 5.5, X

|E* | H SyutSy—2
(2m+2,4m) UVEE™ (2m+2,4m) SuSy

r m 2m
_ 2m+2)+(2m+2)-2 % (2m+2)+4m-2
- (2m+2)><(2m+2) (2m+2)x4m
2m
_ 4m+4
- (2m+2)2 [ 8m2+8m]
_ [22m+1D)]2 Tm _ [(@m+1) % 3 m
- _4(m+1)2] X [4(m+1)] - [2(m+1)2] X [4(m+1)]
. 2./SuSy
(lv)GAsn(Dn(m)) = HquE(Dn(m)) StS,
Case (1):If n = 4,then
(m) 2y SuSy
GAST[(Dn " ) |E (4,4), | HuveE (44), S,+S,

2/SuSy
Su+Sy
2./SuSy
Su+Sy

|E (4, 2m+2)| HquE (4,2m+2)

|E (2m+2,4m) | HquE*(zmﬂAm)

_ [2\/4><4 ](" 4)m [2 ax(2m+2) rm y

4+4 4+(2m+2)

2m
2/ (2m+2)x4m
[ (2m+2)+4m ]

_ 2\/8 +] [ +8]°

- 2m+6 6m+2

B m(n z 2/8(m+1) am s [2EmmD) am
- 2(m+3) 2(3m+1)
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— p4m [,/2(m+1)]2m % [,/2m(m+1)|2m
(m+3) (3m+1)
Case (2): If n = 3, then
GAsn_(Dn(m)) — l—[ 2‘/Su517 _

weE (D, ™) s ¥s,

* 255
= |E (2m+2,2m+2)|HquE*(2m+2‘2m+2) Su+Sy
* 255,
|E (2m+2,4m)| HuUEE*(2m+2’4m) Su+Sy
_ [2/C@m+2)x(2m+2) m 2,/2m+2)x4m am
- [ 2m+2)+(2m+2) ] x[ (2m+2)+4m ]

3 [z@m y [z«mrm
4m+4 em+2
_ [4(m+1)]m y [zmrm _ [ZWZ’”
4(m+1) (3m+1) (3m+1)

4. Conclusion

We have found the first and second Multiplicative =~ Zagreb
indices( 1;*(G) and m,*(G)) , the first and second Multiplicative hyper Zagreb
indices (HM; (G) and HM,7t(G) ), first and second multiplicative modified Zagreb

indices(li (G)and mM, (G)), multiplicative Atom-bond  connectivity

index (ABCT[ (G)), multiplicative =~ Geometric-arithmetic ~ index (GAT[(G)), the
multiplicative first Zagreb Polynomial and second Zagreb polynomial
((M;7t(G, X) and M, (G, X)), multiplicative ABC,m(G) index , multiplicative GAgTt(G)
index and the multiplicative Augmented Zagreb index (AZITt(G)) for Dutch Windmill
Graph.

In future we shall find the comparative study of certain topological indices of Dutch
Windmill Graph.
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