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1. Introduction

In 1999, Molodtsov [7] initiated soft set theory as a completely generic
Mathematical tool for modelling vague concepts. In soft set theory there is no limited
condition to the description of objects, so researchers can choose the form of parameters
as they need, which greatly simplify the decision making process and make the process
more efficient in the absence of partial information. In 2011, Alkhazaleh et al. [1] as a
generalization of Molodtsov's soft set, the definition of a soft multiset, its basic operations
such as complement, union and intersection etc., are introduced.

In 2011, Cagman et al. [3] introduced soft topology. Topological structure of soft
set was introduced by Sabir and Naz [8]. They defined the soft topological spaces which
were defined over a initial universe with a fixed set of parameter. Tokat and Osmanoglu
[10] introduced soft multi topology. In 2013, Anjan Mukherjee et al. [2] introduced

topological structure formed by soft multi sets and soft multi compact space. Recently

Tantawy et al. [9] introduced separation axioms on soft topological spaces (X, T, E) and
study some of their properties. Separation axioms studied in some researchers [5] [6].
In this paper, we introduce separation axioms T; (i = 0, 1, 2) on a soft multi

topological space ((U,E), T) and study their properties.

2. Preliminaries

Definition 2.1 [1]: Let U be an initial universe and E be a set of parameters. Let P(U)
denote the power set of U and A be a nonempty subset of E. A pair (F, A) is called a soft
set over U, where F is a mapping given by F: A ™ P(U).
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In other words, a soft set over U is a parameterized family of subsets of the
universe U. For € € A, F(&) may be considered as the set of € - approximate elements of
the soft set (F,A).

Definition 2.2 [2]: Let {U;: i € I} be a collection of universes and such that N;c; U; = @
and let {Ey, : €I} be a collection of sets of parameters. Let U = [lie; P(U;) where P(U)

denotes the power set of U, E =[];¢; Ey,and A C E. A pair (F, A) is called a soft
multiset over U (briefly SMS(U,E)), where F is a mapping given by F: A —~ U.

Definition 2.3 [6]: A soft multi set (F, A) € SM S(U, E) is called a soft multi point in
(U, E), denoted by ey, if for the element e € A, F (e)# @ and V'€ A — {e},
F(e') = Q)

Definition 2.4 [6]: A sub family T of SMS(U, E) is called soft multi topology on (U, E), if

the following axioms are satisfied:

(0): 8, EET,

(O,): The union of any number of soft multisets in T belongs to T , ie. for any
{(F, A ) kEKIE T Upey (B, A)ET,

(0,): If (F, A), (G, B) € T, then (F, A)N (G,B) € T.

Example 2.5: Let us consider there are three universes U,, U, and U,. Let
U, = {h;, hy, hy, hy}, U, = {c}, ¢, i} and U, = {v, vo}. Let { Eyy;, Ey,, Ey, } be a collection
of sets of decision parameters related to the above universes, where Eyy, = {ey, 1=
expensive, €, , = cheap, e, 3 = wooden, €, 4 = in green surroundings}, Ey, = {
€y, 1 = expensive, ey, , = cheap, ey, 3 = sporty}, Ey, = {ey,,1 = expensive, e, ;=
cheap},
Let U = H?:lp(Ui): E= Hi3:1 EUL" A, = {e; = (ey,,1) Cu,y 1> Cuy1)s € = (Byy 1 Cuyp2s
eu3,1)} and A, = {e, = ((eul,l' €u,,1> eu3,1)’ € = (eul,z' €u,,3> eu3,1)}
Suppose that
(Fi, Ay) ={(ey, (fhy, by b, {c, & 1 {vi D), (&5 (fhs, by by {ep, 65 1 {v, D)L
(Fp Ay) ={(e;, ({hy, hy }, {cy, 3 15 {vi, v D))s (&5, (fhy, hy b {e 60 ) v D))
(Fy Az ) =(F, Ay) v (Fy Ay)

={(ey > ({hy, hy, ha}, {ey, €5, €5}, {vi, va}))s (e, (fhs, b)) feis e} (2 1) S

(e5 (thy, hy }, {ep, oo} {v, DL

(Fy Ay) = (F, A) N (Fy A)
={(ey> ({hy 1 {coh, {vi D), (&3, ({hg, hy b feis 65h {v2 1) 5 (63, (T, Dby {ey, 60 1 (o))}
Where A, = A, = A/UA, = { e = (ey,1) €up1s usn)s & = (€y 15 €uy2s €us1)s
€= (eul,z' €u,,3> eu3,1)}
Then we observe that the subfamily T, = { @ JE, (Fj, A, ), (F,, Ay), (Fs, Aj), (Fy, Ay} of
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SMS(ULE) is a soft multi topology on (U, E), since it satisfies the necessary three axioms
(0y), (O,) and (O;) and ((U, E), T, ) is a soft multi topological space.

Definition 2.6 [6]: As every soft multi topology on (U, E) must contain the sets @ and E,
so the family I = (@ , E} forms a soft multi topology on (U, E). This soft multi topology is
called indiscrete soft multi topology and the pair ((U, E), I) is called an indiscrete soft

multi topological space.

Definition 2.7 [6]: Let D denote family of all the soft multi subsets of (U, E). Then we
observe that D satisfies all the axioms for soft multi topology on (U, E). This soft multi
topology is called discrete soft multi topology and the pair ((U,E), D) is called a discrete

soft multi topological space.

Definition 2.8 [6]: Let (U, E), T,) and ((U, E), T,) be two soft multi topological spaces. If
each (F, A) € T, = (F, A) € T,, then T, is called soft multi finer (stronger) topology than
T, and T, is called soft multi coarser (or weaker) topology than T, and denoted by T, c
T,

Definition 2.9 [6]: Let ((U, E), T) be a soft multi topological space over (U, E). A soft
multi subset (F, A) of (U, E) is called soft multi closed if its relative complement (F, A)" is

a member of T.

Definition 2.10 [6]: Let T be the soft multi topology on (U, E). A soft multiset (F, A) in
SMS(ULE) is a neighbourhood of a soft multi set (G,B) if and only if there exists an T -
open soft multi set (H,C) i.e. (H, C) € T such that (G, B) & (H, C) & (F, A).

Definition 2.11 [6]: Let ((U, E), T) be a soft multi topological space on (U, E) and (F,A)
be a soft multiset in SMS(U,E). Then the union of all softmulti open sets contained in
(F,A) is called the interior of (F,A) and is denoted by int(F,A) and defined by

int(F, A) = U {(G, B) : (G, B) is a soft multi open set contained in (F,A)}.

Definition 2.12 [6]: Let (U, E), T ) be a soft multi topological space on (U,E) and (F,A)
be a soft multiset in SMS(U,E). Then the intersection of all soft multi closed set containing
(F,A) is called the closure of (F,A) and is denoted by cl(F,A) and defined by

cl(F, A) = N {(G, B) : (G, B) is a soft multi closed set containing (F,A)}
Observe first that cl(F,A) is a soft multi closed set, since it is the intersection of soft multi

closed sets. Furthermore, cl(F,A) is the smallest soft multi closed set containing (F,A).
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Definition 2.13 [6]; Let ((U, E), T) be an soft multi topological space on (U,E) and (F,A)
be an soft multi set in SMS(U,E). Then the soft multi topology

T(Fa) = {(E, A) N (G, B) : (G, B) € T} is called soft multi subspace topology
and ((F, A), T(F'A)) is called soft multi topological subspace of (U, E), T ).

3. Separation Axioms in Soft Multi Topological Spaces

Definition 3.1: A soft multi topological space ((U, E), T) is said to be soft multi T, -space
€1ty ay) (Where (f;, a,) € (F,, A;) and

(f,, a, ) € (F,, A,)) such that (f;, a,) # (f,, a,) there exists G; € T such that €11 an) € Gg,
&€ H;.

if for every two soft multi points €151 ap)’

& Gy or there exists Hg € T such that €15, ay) €EH

el(fz, az) B el(fb a)

Definition 3.2: A soft multi topological space ((U, E), T ) is said to be soft multi T,-space
s @1f, ) (Where (f;, a, ) € (F,, A, ) and
(f,, a, )€ (F, A, )) such that (f,, a;) # (f,, a,) there exists G;, Hy € T such that
€ GE’ el(vaaZ) e GE and el(foaZ) € HE’ & HE .

if for every two soft multi points €151 ap)

€11 ar) €11 an)

Example 3.3: Let us consider there are three universes U, , U, and U,. Let U, = {h;, h,, h,,
h,}, U, = {c;, ¢, ¢;} and U, = {v}, v,}.
Let { Ey, Ey,, Eyg } be a collection of sets of decision parameters related to the above
universes, Where Ey, = { €y, 1 = expensive, €, , = cheap, €,, 3 = wooden, &, 4 = in
green surroundings}, Eyy, = { €, 1 = expensive, e, = cheap, ,,3 = sporty }, Ey, = {
€y, 1 = expensive, €, - = cheap },
Let U =[I7_; P(U;), E= [I}-; Ey;» and A = {e; = (ey, 1, €uyp1> Cuza)s & = (€yy 1,
€u,2> Cuy1)}

T={8,E, (F, A), (Fy A), (F;, A), (E,, A)}
Suppose that
(Fi, A) = {(e}, (fhy, ho}, {c), &5}, {vi}), (er ({hs, hys {eys e} (D))
(F» A) = {(e}, ({hy, s}, {e, c3} {vi, vab))s (e (Thy, By, {e, 6o} o))}
(F, A) =(F,A)U (F,A)

= {(e}, ({hy, hy, hy}, {c, ¢, 63}, {vi, vo}))s (e, (hy, hs, by}, {c, G, o ()}
(F, A) =(F,A) N (F,A)

={(ep, ({hy} {eo}, {vi}))s (e ({hyhs {ei}s fv2 D}

Then ((U, E), T ) is a soft multi T, space because for the soft multi points

€1 an’ Gl an (Where (f,, a, ) € (F, A) and (f,, a, ) € (F,, A)) such that

(f,a, ) # (f,, a, ) there exists (F,, A) € T such that €151 ay) € (F;, A) but €15, ay) & (F,

A) and for the soft multi points €214 as) > €2(fa an) (Where (f;, a;) € (F,, A) and
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(f, a,) € (F,, A)) such that (f;, a; ) # (f, a, ) there exists (F,, A) € T such that
eZ(f3’a3) € (an A), but e2(f4., as) $ (FZ’ A)
Theorem 3.4: A soft multi subspace topology of a soft multi T, space is soft multi T,

space.
Proof: Let ((U, E), T) be a soft multi T, space and ((F, A),T(F,A)) be the soft multi
subspace of ((U, E), T). Let €151 ap) and €15, ay) (Where (f}, a, ) € (F}, A) and (f,, a, ) €

(F5 A)) are two distinct points in (F,A). Since ((F, A), T(¢ a)) C (U, E), T ), then there
exists  (Gy, B)) € T(g 4), such that €151 ap) € (G, B,), €15, ap) & (G,, B)) or there exists
(G,, B, € T(F,4) such that €151 ay) € (G, B, ), €15, ap) € (G,, B, ). Hence, ((F, A),

T(F,4)) is a soft multi T, space.

Theorem 3.5: A soft multi subspace topology of a soft multi T, space is soft multi T,
space.

Proof: The proof is similar to the proof of Theorem 3.4.

Theorem 3.6: If the soft multi point e; 0 is a closed soft multi set V e; € E, then ((U, E),

T) is a soft multi T, space.
Proof: Let €151 ap) and €1ty ay) (Where (f}, a, ) € (F;, A) and (f,, a, ) € (F,, A)) be two
soft multi points over (U, E) such that (f, a, ) # (f,, a, ). From hypothesis e; (Frap) and

are closed soft multi sets. So €151 ap) = (@. Then €151 ap) €

€1(t3.a2) 1(t3.a2)
(el(leaz))C and €1ty ay) € (el(f1.a1))c' Since €151 ap) and €1ty a, € two closed soft
multi sets. Then (el(fl.al))c’ (el(leaz) ) are two open soft multi sets.

Now €10y oy S (€1p, 000 )% C1ippayy E (Capy 0y ) and er () S (€1 4 )5
€1, ap) < (el(fpal) )°. Hence ((U, E), T ) is a soft multi T, space.

Remark 3.7: The converse of the above Theorem is not true.

Example 3.8: Let us consider the soft multi topological space, T = { ?,E, Fp, Gg }
where F; , G; : EUL._) P (U, ) such that

Fy ey, = {{th,, hy}, {c,}, B}

Fg €2 = {{h;, hy}, {c,, ¢;}, {v,} and

Gg 1) = {thy, ha}, {cy ci}s {vo}

Gg €2 = {{hy, hy}, {c;}, B}

Now e4 (frap)’ are soft multi points.

€lirr a2’ C2(r1a1) > C2¢r0.a2)

For the soft multi points €11 ap) > Clify an’ We have €151 ap) EF;,

€ Gy, & Gy.

€1ty ay & F;and

€1y az) €1(r1an)
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For the soft multi points €21 ap) ° We have €21 ap € G,

€2(r2.a5)° €200 & Gr
and ez(leaz) € Fy, ez(fl.al) & Fp. Then ((U, E), T) is a soft multi T, space but el(f, a) is

not soft multi closed set.

Theorem 3.9: A soft multi topological space ((U, E), T) is a soft multi T, space if and only
if €11 ap) = n{GE (e): GL ET, €is o € Gy} for every soft multi point €1 o in (U,E).
Proof: Let (U, E), T) is a soft multi T, space and let e; G @ be a soft multi point.
cn : ,

Then €1fy ay) = {Gr(e): GLET, €iif o € Gg}

we prove that n{GE (6,): G ET, € o € G.JC { el(fl-al)}

Indeed, let (h, a) € n{GE (6,):GLET, €iis o € Gg} and (f, a) # (h, a).
Since ((U, E), T ) is a soft multi T, space there exists H; € T such that €1t a € H; and
€ H;.
Hence (h, a) € H(e, ) and therefore (h, a) & m{GE (e,) : GLET, €is € Gg},

which is a contradiction.

€1¢, o

Conversely, let e; (foap) and e (. a2) be two soft multi points such that (f;, a,) #
(f,, a,). Suppose that for every G; € T with €151 ap) € G; we have €1(t, ay) € Gg.

Thene;, . € N{Gye) : G €T, € o €Ge } = } which is a

€14, ay
contradiction. Therefore, there exists G € T such that e; (foap) € Gg and e; (o 22) € Gy.

Theorem 3.10: Every soft multi T, space is a soft multi T, space.

Proof: The proof is straightforward.

Remark 3.11: The following example shows that the soft multi T, space may not be a soft

multi T, space.

Example 3.12: Let us consider the soft multi topological space T = {(5 ,E, (F,, A}
as in example 3.3, where, (F;, A, ) = {(e;, ({hy, hy}, {¢;}, {(viD))}

Then ((U, E), T ) is a soft multi T, space but not soft multi T, space. Since
€101 a1y €1ry ) (Where (f, a, ) € (F,, A, ) and (f,, a, ) € (F,, A,)) are two distinct soft
multi points, and the only open soft multi set which containing €1(fy ap) 1S (U,E) also
contains e, (frap)”

Hence ((U, E), T ) is not a soft multi T, space. On the other hand it is a soft multi

T, space. Since for each two soft multi points e (frap)’ and open soft multi set

(By A) (€1, o) € (B A)bute; & (Fy Ay).

€1 a2)
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Theorem 3.13: If ((U, E), T) is a soft multi T, space, T < T * (T coarser than T*) then ((U,

E), T) is a soft multi T, space
Proof: The proof is straightforward.

Definition 3.14: A soft multi topological space ((U, E), T) is a soft multi T, space if for

every two soft multi points €151 ap)’ (Where (f, a, ) € (F, A, and

€1(t5 a2
(f, a,) € (F, A,) such that (f, a,) # (f, a,) there exists G, Hy € T such that

€1, oy € Hyand G, Ny, =@

Theorem 3.15: Every soft multi T, space is a soft multi T, space.

Proof: The proof is immediately follows from the definitions of 3.2 and 3.14.

Theorem 3.16: A soft multi topological space ((U, E), T ) is a soft multi T, space if and
only if €1t ap) = m{FE (e; ) : Fy is soft multi closed neighbourhood of e a)}.

Proof: Let (U, E), T) is a soft multi T, space and let e; ¢ @ be a soft multi point.

Then e ¢ a c m{FE (e;) : Fy is soft multi closed neighbourhood of €, a)}. We prove

)
that m{FE (e;) : Fy is soft multi closed neighbourhood of € o 1 € {el(f a)}.

Indeed let (f,, a,) € QFE (e : Fg is soft multi closed neighbourhood of e, o a)}
and (f,, a,) # (f,, a,). Since ((U, E), T) is a soft multi T, space, there exists G;, H; € T

such thate; . - € G;, € H; and G; N H; = (. Then there exists HE € T

€1(r,az)
such that €101 an) € Hf and €1ty ay) € HE. Hence (f,, a,) € Hi(e, ) and therefore (f,,
a,) € r]{FE (ep) : Fg is soft multi closed neighbourhood of e; o a)}. This is a contradiction.
Letey , .. €1y o, (Where (£, a)) € (F, A, ) and (f,, a, ) € (F,, A, )) be two soft
multi points such that (f;, a;) # (f,, a, ). Then €1 ap = N {Fg (e) : Fg is a soft multi
closed neighbourhood of €if o ) It follows that, there exists a soft multi closed set Fg
el(fl'al) e FE‘ AISO, el(fz»az) E (FE ) (1)

Since Fy is a soft multi closed neighbourhood of e; (frap)’ then by definition of soft multi

such that €1¢f) ay & Fg (e)),

neighbourhood there exists G; € T such that €1, al)E GeCFe (2)
From (1) and (2) we get Gg, (Fg )° € T such that €101 an) € G, € (Fg ) and

Gg n(F;} )¢ = @ Hence ((U, E), T ) is a soft multi T, space.

€1 a2)

Theorem 3.17: Every finite point set in a soft multi T, space is soft multi closed set.

Proof: It suffices to show that everyone soft multi point {31( 1 a1)} is closed. If {31( fo az)}

is a soft multi point of ((U, E), T ) different from {el(f1 a1)} then {el(f1 a1)} and
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{el( £ az)} have disjoint neighbourhoods of F; and Gg respectively. Since Gy does not
intersect the soft multi point {e; (1 a1)}’ the soft multi point {31( £ az)} cannot belong to
the closure of the soft multi point set {e; (1 a1)}' Then by definition of soft multi closure
space, the closure of the soft multi point set {€; (o a1)} is {eq (o a1)} itself. So that it is soft

multi closed set.

Conclusion:

Recently, many scientists have studied the soft multi set theory which is initiated
by Alkzhaleh et al and easily applied to many problems having uncertainties from social
life. In the present work, we investigate more properties of separation axioms on soft
multi topological spaces. In the end, we must say that, this paper is just a beginning of a
new structure and we have studied a few ideas only, it will be necessary to carry out more

theoretical research to establish a general framework for the practical applications.
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