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1. Introduction

Graphs discussed in this paper are undirected and simple graphs. For a graph G, let
V(G) and E(G) denote its vertex set and edge set respectively. A clique partition of G is a
collection C of cliques such that each edge of G occurs in exactly one clique in C. The clique
partition number cp(G) is the minimum size of a clique partition of G. The Line graphs,
Middle graphs, Total graphs and Quasi-total graphs are very much useful in computer
networks.

Whitney[16] introduced the concept of the line graph L(G) of a given graph G in 1932.
The first characterization of line graph is due to Krausz. The Middle graph M(G) of a graph
G was introduced by Hamada and Yoshimura [5]. Characterizations were presented for
middle graphs of any graph, tree and complete graphs in [1]. The concept of total graphs
was introduced by Behzad [2] in 1966. Sastry and Raju [15] introduced the concept of quasi-
total graphs and they solved the graph equations for line graphs, middle graphs, total graphs
and quasi-total graphs. This motivates us to define and study other graph operations.

The points and Lines of a graph are called its elements. Two elements of a graph are

neighbors if they are either incident or adjacent. The total graph T(G) of G has vertex set

V(G)UE(G) and vertices of T(G) are adjacent whenever they are neighbors in G. The quasi-
total graph [9] P(G) of G is a graph with vertex set as that of T(G) and two vertices are
adjacent if and only if they correspond to two nonadjacent vertices of G or to two adjacent
edges of G or to a vertex and an edge incident to it in G. The middle graph M(G) of G is
the one whose vertex set is as that of T(G) and two vertices are adjacent in M(G) whenever
either they are adjacent edges of G or one is a vertex of G and the other is an edges of G
incident with it. Clearly, E(M(G)) = E(T(G)) - E(G).
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The corona G, ©G, of two graphs G,;and G, is the graph obtained by taking one copy

of G, of order n and n copies of G,, and then joining the i vertex of G, to every vertex in
the i copy of G,.
For any graph G, let V(G) and E(G) denote the vertex set and edge set of G respectively.

The Boolean function graph B(K_p,L(G),INC,NINC) of G is a graph with vertex set V(G)

U E(G) and two vertices in B(K_p,ﬁ,INC,NINC) are adjacent if and only if they
correspond to two nonadjacent edges of G or to a vertex and an edge incident to it in G,
or to a vertex and an edge not incident to it in G, where L(G) is the line graph of G. For
brevity, this graph is denoted by BE, (G) .

For any graph G, let V(G) and E(G) denote the vertex set and edge set of G respectively.
The Boolean function graph B(E,L(G),INC,NINC) of G is a graph with vertex set V(G)

U E(G) and two vertices in B(K_p,L(G),INC,NINC) are adjacent if and only if they

correspond to two adjacent edges of G or to a vertex and an edge incident to it in G, or to
a vertex and an edge not incident to it in G, where L(G) is the line graph of G. For brevity,
this graph is denoted by BE,(G).

In this paper, upper bounds for the clique partition numbers of the Boolean function graph
BF,(G) and BF;(G) for some standard graphs are obtained. For unexplained terminology

and notations, [4] is referred.

2. Clique partition of BF,(G)

In the following, clique partition number of path, cycle, star and wheel graphs are found.

Theorem 2.1:
3n’+2n-1
— ifnisodd.
4
For the path P, on n vertices (n > 6), cp(BE (P )) = ,
3n +2n
—  ifniseven.
4

Proof:
Let v, v, V3 ..., v, be the vertices and e, e,, ..., e, be the edges of P,

where e, = (v;, vi,1), (1 < i<n-1). Then v, v;, Vs, ..., Vi €5 €5, .. €, € V(BE(P)), [V(

BE (P ))|=2n-1and [E(BE (P ))| = [E(L(P))| + n(n - 1)

(n -1(n-2)
= ——— -(n-2)+n(n-1)
2
3n°~7n +6
- 5 )

n
The clique number of BE (P ) is —.
2
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F|: n (n-1).

j=1

E(BE(P)) = E(TPH))U F, where F :O(U(Vj’ei)) ;
Casel: n is odd

The edge set of BE (P ) is decomposed into K, _, , K; and K,'s. Vertex sets of K,_,

2 2
are listed as elements of the sets A, and A,, where A, = {e;, e, ..., e,,} 3 A,={ey e, ..o,
e <A > = < A> = K, __, . Vertex sets of K;s are given by

E
n-3 n-3
A;={{v, e, ey, ), foreachi, 1< i <— }L<A;>= — K,
2 2

(n—5)

2

A= U B,where B, ={{v,e,e,;}1=2,3,...,n-4,B,={{v,e,e,5}5i=2,3 ...,

i=1

n-65,B={{vye,¢,,}5Li=2,3..,n-8L.,B _ ={{v, _..e€,4n 45i=23}and

2 2

n’-8n+15
hence < A, > £ —K;.
4
e n—6n+9
These cover all the edges of L(P) and —————— edges of F. The remaining
2
n'+4n -9 ,
edges of F are covered by K, 's.
2
N 2
n-6n+9 n +4n -9
Therefore, BE (P ) =2K  _, U — K, U — | K, and hence
: 4 2
n'-6n+9 n’+4n -9 3n°+2n-1
cp(BE(R)) = 2+ . -
4 2 4

Case2: n is even

The edge set of BE (P ) is decomposed into K, K _,, K; and K,'s. Vertex sets of
Py

K, , K, _, are listed as elements of the sets C, and C,. C, ={e}, e;, ..., e,,}; C, ={e, e,

2 2

(1)
2
woetand <C > = K, ,<C,> Z K, _,. Vertex sets of K)’s are given by C;= U D,
— i=1

2 2

where D, ={{v,e,e.,;}1=1,2,3,...,n-4}, D, ={{v,, e,¢e,5:},i=1,2,3,...,n -6},
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Di={{vs,e,e.,},1i=1,2,3,..,n-8},...D = {v,_,>e €. .@u.»}i=1,2}and hence

~ n—6n+8
<Cp>=| ——— | K.
4
n—6n+8 n'+4n-8

These cover all the edges of L(P ) and ————— edges of F. The remaining
2 2

2 2

edges of F are covered by K, 's.

2
n-6n+8 n +4n-8
Therefore, BE, (Pn) =K, U K U (—j K, U — |K, and hence

2 2 4 2
n’—6n+8 n’+4n-8 3n’+2n
cp(BE(P)) = 2+ ¥ =
4 2 4
3n"+2n-1
— ifnisodd.
4
Therefore, cp(BE (P ) ) = s
3n +2n
R if niseven.
4
Theorem 2.2:
3n2 +6n-1
—— ifnisodd.
4
For any cycle C, on n vertices (n 2 6), cp(BF,(C,)) = 5
3n +4n+ 8 .
—— ifniseven.
4

Proof:

Let v; (1 <1i < n) be the vertices of C,. Let ¢, = (v;, v;,;), (1 £i<n-1)and e, = (v,, v).

Then V(BE,(C,)) = V(C,) U E(C,)), [V(BE,(C,)| = 2n, |E((BE,(C,)| = [E(L(C,))| + n® =

Sn(n —1) n+1
—~ 7 |. The clique number of BF,(C,) is .
2 2

F|= n

j=1

E(BE(C,)) = E(L(C_))U F, where F =U(D(Vj,ei)) ;

Casel: n is odd
The edge set of BF,(C, ) is decomposed into K, _, , K; and Kzls.

2

Vertex sets of 2K _, are listed as elements of the sets A; and A,, where

2
~ ~/
A ={e,e;..oenh; Ay={ene,..eq ) <A>=<A,>=K,__,.

2
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(n-3)
2
Vertex sets of K,’s are given by A; = B, where B, = {{v,,e,e,5},i=1,2,3,...,n -3},

i=1

B,={{vy,e,e.,:}i=1,2,3..,n-5,B={{v,e,¢e,,}L1=1,2,3 ...,n-7}...,

n’'-4n+3
B .= {{v,,,epe,m.nbi=12}andhence<A,> = | — | K.
Y : 4
2 2
n-4n+3 —_— n-4n+3
These cover | —— | edges of L(C ) and | ———— | edges of F. The
2 2
-3 _— Il2 +4n-3 r
remaining —— edges of L(C_)and | ——— |edges of F are covered by K, s and in
2
2
n +5n-6
total there are | ——————— Kzls.
2
n -4n+3 n'+5n-6
Therefore, BE (C ) =2K,_, U — K U — | K, and hence
- 4 2
- 4n+3 n'+5n-6 3n"+6n-1
cp(BE(C )) =2+ + =
4 2 4

Case2: n is even
The edge set of BE (C ) is decomposed intoK  , K; and K,'s. Vertex sets of 2K _
B B
are listed as elements of the sets D, and D,.

~ ~
D,={e e ....e,1} D,={ey e, ...,e,and<D,;> = <D,> = K

Vertex sets of K,’s are given by

n -4 n -4
}and < D;> = K,
2 2

D, ={{v, e, ey, .}, foreachi, 1< i <

(n—4)
2
D,= U Dj,i where D;;={{v,e,e.,:51=2,3,..,n-3},D,;={{v,e,e.5}i= 2,3,

=t

won-5L Dy ={{vse,e,,Li= 2, 3,...,n—7},...,Dn_4 ={{v, . & €.in.5hi= 2,3}

i
2 2

n’-6n+8
and<D,>=| ———
4
— n'-4n n’-4n
These cover all the edges of L(C_) and ———— edges of F. The remaining ———— edges
2 2

of F are covered by K,'s.
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n - 4n n’+4n
Therefore, BE (C )=2K, U — |K, U — |K, and hence
3 2 2
n - 4n n’+4n 3n’+4n+8
cp(BE(C )) =2+ + =
2 2 4
3n’+6n-1
— ifnisodd.
4
Therefore, cp(BE (C ) ) = ,
3n +4n+ 8
—  ifniseven.
4
Theorem 2.3:
For the star K, , on n vertices (n = 3), cp(BF,(K, ,)) = n(n +1).
Proof:
Let v be the central vertex and v, v,, v, ..., v, be the pendant vertices and e, e,,

..., e, be the edges of K, , where e; = (v, v)), (1 <i<n).
Then v, v, V5, V3, ..o, Vo, €1, €5, ..., €, € V(BE,(K, ,)) and [V(BF,(K, ,))| = 2n + 1 and
|E(BF,(K, ,))| = n(n +1) and the clique number is 2. Since BF,(K, ,) is C;, free and edges of

BF,(K, ,) can be decomposed into K,'s only. The edge sets of n(n +1)K, are denoted as A,

and A, are given as

A ={(v,e):1<i<n}and A, = LnJ(

=1

U(Vj’ei)) A =15 A ] = 0 A + |Ay] = n(n +1).

i=1

Therefore cp(BF,(K, ,)) = n(n +1).

Theorem 2.4:
For the wheel W_,; on (n+1) vertices (n = 6),
11n’-2n-1

if nisodd.

4
cp(BE (W, )) =

11n’- 4n+ 8
——  ifniseven.
4

Proof:
Let v be the central vertex of W, and v,, v,, v;, ..., v, be the vertices of cycle
C,. Letg=(v, v, 1 <i<nandj= (i + 1)(mod n) and f, = (v, vj), 1< i < n. Then

V(BE(W ) =VW,,)UEW,.).
[V(BE(W , ))|=(+1)+(2n) =3n+ L
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7n° —3n n+1
|[E(BE (W, ))| = [E(L(W,, )| +2n(n + 1) = —— and the clique number of is
2

. Then E (BE(W ,)) = EL(W,.)) UF U H, where F =U

j=1\ i=1

(LnJ {(Vj,ei)(vj,fi)}) and

F|=2n’ |H|=2n.

H= iL:Jl{(v,ei)(v,fi)} ;

Casel: n is odd
The edge set of BF,(W, ., ) is decomposed into K, _, , K; and K2's.

2

Vertex sets of 2K, _, are listed as elements of the sets A, and A,, where

2

A={e e, et A={epe,.nen b <A > = < A> ZEK,,.
2
Vertex sets of K,'s are given by
(n=2)
2
A,= U B where
i=1

B, = { Vi, €5 €43 },i=1,2,3,...,n- 3}

BZ = {{ Vy €5 €45 }, i= 1, 2, 3, P § B 5}.
By={{vs,e,e,,},1i=1,2,3,...,n-7}

2
n -4n+3
B73={{Vn_3,ei,ei+(n,2)},i=1,2}and<A3>% 5
= . 4
2
A, ={{v.f,e,,};1<i<n,e, =¢}tand <A, > = nK,.
2
n -2n+3 n —4n+3
These cover all the edges of H, —————— edges of L(W_ ) and ———— edges of
2 2
5n° —n-6 ,
F. The remaining ———— edges are covered by K, 's.
2
2 2
n+3 5n -n-6
Therefore, BE (W , )=2K | U K, U — [ K, and hence
; 4 2
) 2 2
n+3 5n -n-6 1In - 2n-1
cp(BE(W  ))= 2+ + =
4 2 4

Case 2: n is even

The edge set of BE (W __ ) is decomposed intoK , K; and Kzls.

2
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Vertex sets of 2K are listed as elements of the sets C, and C,.

2

C ={e,ep..oe ) s Co={eyep..oefand<Ci>= <C,> EK

Vertex sets of K;’s are given by

n -4 n -4
tand < C;> =
2 2

C,={{v,e,ey,, )}, foreachi, 1< i < K..

(n—1)
2
C,= U D ,whereD, ={{v,e,e,:},i= 2,3 ..,n-3L,D,={{vy,e,e,5}i= 23, ..,

i=1

n-5,D,={{vs,e,¢e,,}5Li=2,3 ..,n-7}L..., D ={{Vn74,ei, €.m-.3 1= 2,3}and

) 2
n - 6n+8
<Cp>ZE| ——— |K..
4
c={{v.f,e,,s1<i<n,e,, =¢}and < C;> = nK..
2 2
n -n —_— n -4n
These cover all the edges of H, edges of L(C ) and edges | ——— | of F.
2 2
5n° - 2n ,
The remaining [ — | edges of F are covered by K, 's.
2 2
n 5n - 2n
Therefore, BE (W, )= 2K, U — K, U — | K, and hence
3 4 2
o’ 5n° - 2n 11n" - 4n+8
cp(BE(W _ ))=2+| — [+ =
4 2 4
1In’-2n-1
—  ifnisodd.
4
Therefore, cp(BE (W, )) = ,
1ln -4n+ 8
—  ifniseven.
4

In the following clique partition number of P 0K and C ©K are found.

Theorem 2.5:
9n’- 6n+ 3
—  ifnisodd.
2
For the graph P oK, (n 2 6), cp(BE (P oK )) = ,
9n - 7n+ 8
— if niseven.

2
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Proof:
Let v; (1 < i < n) be the vertices of P, with v, and v, as pendant vertices and let
e;= (v, vi, 1), (1 <1< n-1) be the edges of P,. Let u; be the pendant vertex adjacent to
v; 1<i<n)andlet f,=(v,u), (1<i<n).
V(BE (P °K,)) = V(P ok,) JE(P, oK)
Therefore [V(BE (P °K ))|=2n+2n-1=4n- 1.

LetF=U U{(vj,ei),(u,.,ei)} andH=U U{(vj,ﬁ),(uj,ﬂ)}

|E|= 2n(n - 1) ; |H|= 20> . Then E (BE (P oK )) = E(L(p, ok ) UF U H.

n—l1
|E( BE (P °K)) |= 6n” - 8n + 5. The clique number of BE (P oK) is

2
Casel: n is odd

Vertex sets of K _ are listed as elements of the sets A}, A,, A; and A,.
2

A ={e,e; .., el Ay={eney, ... e )

A, ={f, §, ..., T Ay ={f,f, ..., f1}

Vertex sets of K;’s are given by

(=3)

A; =

i

B, where

I Ce

1

B, ={{v,e,e,;},i=2,3,...,n-4}.
B,={{vy,e,e,s},i=2,3,...,n-6}
By;={{vs,e,e,,}i=2,3,...,n-8}.

n’-8n+ 15
B _5={{Vn,5,ei, €im.ghi= 2,3} and < A;> = —— [K..
2 2 4
(n—3)
2
A= U C where
i=1
C=f{u,f,f,5}i=12,3,...,n-3}
C,={{u,f,f,;},i=1,2,3,...,n-5}
C3={{ ll3,fi,fi+7},i= 1, 2, 3,...,n—7}.
2
n -4n+3
C_3={{un73,fi,fi+(n,2)},i=1,2}and<A6> Z| — |K..
= 4
2

2
A, ={{v, f, £, s 1<i<n f, =f}and < A,> = nK,.
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n -3 n -3
Ag={{v;, e, ey,,}, foreachi, 1< i < land < A, > = K.
2 2
2n" - 7n +9 _ n’-6n +9
These cover | —— [edges of L(P °K) and | —— |edges of F and
2 2
n’ +3 8n’- 3n-11 .
edges of H. The remaining | —————— | edges are covered by K, 's.
2 2
n’-3n+6 8n’-3n-11
Therefore, BE (P 0K ) =4K, _, U|—— |k, U | ———— |K,and hence
- 2 2
n’-3n+6 8n’- 3n-11 9n’ - 6n+3
cp(BE(P oK ))= 4+ + =
2 2 2

Case2: n is even

Vertex sets of K, K, _, are listed as elements of the sets D,, D,, D; and D,, where

2 2
D,={e e ....e.1}.
D, ={e, €4 ..., €.}
D,={f,f; ...} .
D,={f,f,...f}and<D;> = <D,> = <D,> = K _;<D,> =K

2 2
Vertex sets of K,'s are given by
(n=4)
2
D,= U E, where

i=1
E,={v,e,e,5},1=1,2,3,...,n -4}
E,={{vye,e,s},1=1,2,3,...,n-6}.
E;={{vse,e,,},i= 12,3, ...,n-8}L

n'-6n+8
E _4:{{vn_4,ei,ei+(n_3)},i=1,2}and<D5>E — |K..
. 4

D= U J , where

]lz{{ulrfpfi+3},i= 2,3,...,11-3}.
]2:{{u27fisfi+5})i: 2,3,-..,n—5}.
J3={{u3)fi)fi+7},i= 2,3,...,[1-7}.
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n'—6n+8
=, ffwyhi=23and<De> | ——— |K,.
- 4

2 2
n—4 n—4
}and < D,> =
2 2
Dy={{v;, f, £, s 1<i<n,f,, =f}and <Dy > = nK,.

D, ={{u, f;, f;, .1 1<i< K.

e —— n n’-2n+8
These cover n® - 3n + 3 edges of L(P ©K ) and —edges of F and [—j edges

2 2
8n'-4n-4 ,
H. The remaining | ———— |edges are covered by K, 's.
2
2 2
n -3n +4 8n -4n-4
Therefore, BE (P oK )= 3K | U K., U — K U — K,
o > 2 2
n - 3n+4 8n' - 4n-4 9n’ - 7n+8
and hence cp(BE(P °K )) = 4+ | ——— |+ =
2 2 2
9n’- 6n+ 3
—  ifnisodd.
2
Therefore, cp(BE (P, °K )) = .
9n - 7n+ 8§
— ifniseven.
2
Theorem 2.6:
9n’- 6n+ 3
— ifnisodd.
2
For the graph C ©K (n > 6), cp(BE (C °K))) = ,
9n - 7n+ 8
—  if niseven.
2

Proof:
Let v; (1 <i < n) be the vertices of C, and let u; (1 <i<n) be the pendant vertex

adjacent tov;. Lete;= (v, v;,)), (1<i<n-1),e,= (v, v)and f, = (v, u;);(1 <i<n).
V(BE,(C, °K,)) = V(C, oK ){JE(C_ ©oK)). Therefore | V(BE,(C, °K,))|= 4n.

Then E(BE (C_°K)) = L((C, °K ))UF,

where F = O{CJ(Vj,ei),(Vj,fi),(ui,ei),(uj,fi)}; F|= 4n?.

=1 {i=1
| E(BE,(C, °K,))|= 6n’ - 4n.
Casel: n is odd
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The edge set of BE (C_©K ) is decomposed into K, _, , K; and K,'s.

n
2

Vertex set of K _, are listed as elements of the sets A}, A,, A; and A,, where

2
Al={e,ey e Ay={e,e, .., e )
Ay ={f, f,, ... £ Ay ={f, f, ... £}
Vertex sets of K,'s are given by
()

2
As= U B, where

i=1

B,={{v,ese,s}i=123,...n- 3}
B,={{vye,e,s},1i=1,2,3,...,n-5}
By={{vs,e,e,,}i=2,3,...,n-7}

n'—4n+3
B 73={{Vn_3>e1’ ei+(n72) },i: ]., 2} and<A5> ; _— K3,
o . 4
(n-3)
2
A= U C where
i=1
C1={{u1,fpfi+3},i=1,2,3,...,n-3}.
C,={{u,f,f,;},i=1,2,3,...,n-5}
Ci={{u,f,f,,},i=1,2,3,...,n-7}
2
n -4n+3
c_ =Hu,_, . fif nyhi=L2kand<A>= | —— | K,
= 4

2 2

A, ={{v, £, f;,,};1<i<n,f,, =f}and <A, > = nK,

These cover n* - 3n + 3 edges of L(C_©K ) and n’ - 2n + 3 edges of F. The remaining 4n’

+1n - 6 edges are covered by K, 's.

n’-2n+3
Therefore, BE (C ©K )=4K U | ——— K, U @n? + n - 6)K, and hence
S 2
n’-2n+3 9n" -1
cp(BE(C 0K ))= 4+ | ——— |+ (@n*+n-6) =
2 2

Case2: n is even

The edge set of BE (C_©K) is decomposed into edges of K, K;, K,'s.

2
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Vertex sets of 4K are listed as element of the sets D,, D,, D, and D,, where

2
D,={ey, €5 ....e.. D,={ey e, ..., €.}
D,={f,f;,....f.}y D,=1{L, £, ....f}.

Vertex sets of K,'s are given by

n-4 n-4
D;={{v;, e}, 5., 1<i < }and<D;> = | — | K;.
2

()
Dg= U E, where

i=1

Elz{{vlsei)ei+3},i 2,3,...,1‘1-3}.
E,={{vye,e,s}1i= 2,3, ...,n-5}
E;={{v;e,e,,},i= 2,3 ...,n-7}L

~

E o {{Vn_4aep €itim-3) },i=2, 3} and <D6> =

n2 ; 4
()
2
D,= U J where
i=1
]1:{{ upfiafi+3})i: 2, 3,-..,n—3}.
L={{u,f,f,s},i= 2,3 ...,n-5}
]3:{{ us;, fiafi+7})i: 2, 3, -..,n—7}.
) _4={{u"_4)eia €.+ 3 i=2,3land, <D, > =
> BN
n-4 n-4
Dg = {{u, f}, £, .} 1<i < }and<Dg> = — K,
2 2

Dy={{v, f, i, };1<i<n,f,, =f}and <Dy > = nkK,.
These cover n* - 2n edges of L(C_©K ) and n* - 2n edges of F.

The remaining 4n> edges are covered by K, 's.
n'-2n
Therefore, BE (C oK )=4K, U

2

2

n'-6n+8

K, U @n?) K, and hence
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n-2n 9n’ - 2n+4
cp(BE(C 0K ))= 4+ | ——— |+4n’ = ————.
2 2

9n’- 1
if nisodd.
Therefore, cp(BE,(C_°K))) = s
9n - 2n+ 4
—— ifniseven.
2

3. Clique partition of BF;(G)
In the following, clique partition number of path, cycle, star and wheel graphs are found.
Theorem 3.1:
For the path P, on n vertices (n > 5), cp(BE, (P,) ) = n’*-2n + 2.
Proof:

Let vy, v,, V3, ..., V, be the vertices and e}, e, ..., e, be the edges of P,
where € = (v;, vi,,), (1 £ i<n - 1). Then vy, v, v, ..., V,p, €5, €5, .., €,y € V(BE (P)) and
[V(BE (P ))| =2n- 1. |[E(BE (P ))| = |[E(L(P,))| + n(n-2)=n*-2n+2.
The clique number of BE (P ) is 3.

Uve)

i=1

E(BE (P)) = E(L(P,) UF, whereF=U( Fl=n (n-1).

1
The edge set of BE (P ) is decomposed into K; and Kz's.

Vertex sets of K3's is given by B = {{e;, e;,;, €;,,}, for each i, 1 < i < n- 2}.
These cover all the edges of L(P,, ) and 2(n - 2) edges of F. The remaining
(n®- 3n + 4) edges in F are covered by K, 's.

Therefore, BE (P ) = (n - 2)K; U (n*- 3n + 4)K, and hence
cp(BE(P))=n - 2+n’-3n+4 = n*-2n+2.

Theorem 3.2:
For the cycle C, on n vertices (n 2 5), cp(BE/(C )) = n’ - n.
Proof:
Let v,, v,, Vs, ..., v, be the vertices and e}, e,, ..., e, be the edges of C,
where e, = (v, v;,;), for (1< i< n-1)and e, = (v, vy).
V(BE,(C)) = V(C,) UE(C,). Then |V(BE (C ))|=2nand
|E(BF,(C_))| = |[E(L(C,))| + n* = n®+ n. The clique number of BF,(C ) is 3.

LHJ(V},,G:i )), |F|=n2.

i=1

E(BE(C,)) = E(L(C,)) U F, where F = L"J(

=1
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The edge set of BF, (C ) is decomposed into K; and K;,’s.

Vertex sets of K, 's is given by

C={{e, e, Vi) foreachi, 1 <i<n, v, =v, e=e}

These sets cover all the edges of L(C,) and 2n edges of F. The remaining n(n - 2) edges are
covered by Kz’s. Therefore BE (C ) = nK; U (n(n - 2))K, and

hence cp(BF(C )) = n+n(n-2)=n’> - n.

Theorem 3.3:
3n"+ 14n- 1
— ifnisodd.
4
For the star K, , on n vertices (n > 6), cp(BF;(K, ,)) = ,
3n + 12n+ 8
—  ifniseven.
4
Proof:
Let v be the central vertex and v, v,, v;, ..., v, be the pendant vertices and e, e,,

..., e, be the edges of K, ,, where e, = (v, v)), (1 <i<n).
Then v, vy, vy, V5, <0y Vi, €1, €5, .., €, = V(BE;(K, ) and |[V(BF,(K, ,))| = 2n + 1 and

n(3n + 1) n
|E(BF,;(K, )| = E(L(K, ,)) + n(n + 1) = — and the clique number is —.
2 2

E(BF,(K, ,)) = E(L(BE,(K, ) U F U H, where

EJ(Vi,ei )) . |F|= n and |H|= n’

i=1

F={(vye): 1 <i<n)H-= CJ(

=1

Casel: n is odd.
The edge set of BF,(K, ,)is decomposed into K__ , K, and K,'s.

n
2

Vertex sets of 2K _, are listed as elements of the sets A, and A,, where

2

A ={esep .6l Ay={epepn ... e

Vertex sets of K,'s are given by
(n=2)
A;= U B, where
i=1

B, ={{vi,e,e.,5}5L1=1,2,3,...,n-3}L
B,={{vye,e,s},1i=1,2,3,...,n-5}
By;={{vy,e,e,.,}L1=1,2,3,...,n-7}L
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n'-4n+3
B _. = {v.ree,mpnhi=L2land <A;> = — K,
i ; 4
2
n'-4n+3 n'+9n-6
These cover | ——— | edges of L(K ) and H. The remaining | ——— | edges
2 ’ 2
are covered by K, 's.
n’-4n+3 n’+9n-6

Therefore, BF;(K, ) =2K _, U — |K, U — | K, and hence

: 4 2

n'—4n+3 n’+9n-6 3n"+ 14n -1

CP(BF3(K1,n)) =2+ + =

4 2 4

Case2: n is even

The edge set of BF;(K| ) is decomposed into K , K, and Kz’s.

2
Vertex sets of 2K are listed as elements of the sets C, and C,.

2

Cio={epes...oe s Co={eyey,...oe

Vertex sets of K,'s are given by

n-4 n -4
Cs={{v, e, ey, ), foreachi, 1< i < }Jand < C;> = K,
2 2
(1)
2
C,= U D, where
i=1
D, = {{ Vi €5 €43 }) i=2,3..,n- 3}.
D,={{vy,e,e,s}1i= 2,3, ...,n-5}
D3 = {{ V3 €5 €47 }) i= 2, 3, PN o B 7}
2
n -6n+38
D, ={v,_ee nyhi=23tand<C>= | — |K;
i - 4
2
n’-3n n’-4n
These cover | — | edges of L(K )and edges | —— | of H. The remaining
2 ’ 2

n’+ 8n ,
edges are covered by K, 's.
2
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n - 4n n'+8n
Therefore, BF;(K, ) = 2K, U — K, U — |K, and hence
3 4 2
n - 4n n’+8n 3n°+12n + 8
cp(BE,(K, ) =2+ | — [+ =
4 2 4
3n"+ 14n-1
—  ifnisodd.
4
Therefore, cp(BF;(K, ,)) = ,
3n + 12n+ 8
—  ifniseven.

4
Theorem 3.4:

For the wheel W, on (n+1) vertices (n > 6), cp(BE(W_ )) = 2n’-n+ 1.

Proof:
Let v be the central vertex of W, and v, v,, v, ..., v, be the vertices of cycle
C, Lete;=(v,v),1<i<nandj = (i+1) (modn)and f, = (v, v)), IS i< n.

Then V(BE(W._)) =V(W,, ) UEW,, ). [V(BE(W ))[=(n+1)+2n) =3n+1.

-1 5 9
|[E(BE,(W._))| = [|E(L(W,, )| +2n (n+1)=3n+ M +2n(n+1) = M and
2 2

the clique number of is n.

Then |[E(BE,(W_ )| = [ELW,, )| UEK,)| UF U H, where

(g{(vj,ei),(vj,fi)});

The edge set of BE (W ) is decomposed into K, , K, and K,'s.
V(Kn) = { fl’ f2) "‘)fn };

Vertex sets of K ‘s are given by

B, ={(e, e, V), 1<i<n}and

F= U{(v,ei),(v,fi)} ; |F|= 2nand H = LnJ

j=1

H|=2n.

i=1

B, = {{e; fiup, Vinh, 1 <i<n, vy, = v, f,,,=f}and

B, = {Cep £t Via)h 1<i<n, e, =€, V3. Vs, f,..=f} and

<B,>Z= <B,>= <B;> = nKk,.

The sets V(K,), B, , B, and B; cover all the edges of K, L(W, . ) and 6n edges of F. The
remaining 2n” - 4n edges are covered by Kzls. Therefore BE (W _ ) =K, U (3n)K, U (2n?

-4n ) K, and hence cp(BE(W ))=1+3n+2n’-4n =2n’-n+1.

In the following, clique partition number of P oK and C ©K are found.
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Theorem 3.5:
For the graph P oK (n > 6), cp(BE (P, oK )) = 4n* - 5n + 4.
Proof:

Let v; (1 <1 < n) be the vertices of P, with v, and v, as pendant vertices and let
e;= (v, Vi, 1), (1 £ i< n-1) be the edges of P,. Let u; be the pendant vertex adjacent to v; (1
<i<n)andletf = (v,u), (1<i<n). V(BE(P oK ))=V(Pok )UE(PoK,).
Therefore |[V(BE,(P, oK ))|=2n+2n-1=4n- 1.
Let F = LBJ(LHJ{(vi,fi),(uj,fi)}) JH = O(U{(Vj,ei),(uj,ei)}) and

j=1\i=1 =1\ i=1
H|= 2n(n - 1). Then E (BE (P oK,)) = E(L(Pok )UF U H.

(9n - 10)

|E (BE(P oK ,))| = |E(L(PoK )|+ 2n(2n - 1) = (2n - 1) 2n - 1) + ——— = 4n’ + n- 4.
2

|F|= 2n?,

The clique number of BE (P oK )is 3.
Edge set of BF, (P oK) is decomposed into K; and Kz's.

Vertex sets of K,'s are given by

C ={{ee,nrvihb b 1<i<n-2}

C,={{e, fub Vi1 1<i<n-1}and

C,={{e,u, f,},foreachi,1<i<n-1}and<C,> = (n-2)K,,

<GC,>=2 <G> = (n- 1K,

The sets C,, C, and C; cover all the edges of L(P oK ). 2(n - 2) edges of H. (n - 1) edges
of F are covered by C, and C, respectively. 2(n - 1) edges of H and (n - 1) edges of F are
covered both by C, and C,. The remaining (4n>- 8n + 8) edges are covered by K,'s.
Therefore BE, (P oK ) = (3n - 4)K, U (4n? - 8n + 8)K, and hence

cp(BE,(P oK ))=3n-4+ 4n*- 8n + 8 = 4n*- 5n + 4.

Theorem 3.6:
For the graph C_°K (n 2 6), cp(BF,(C oK ))=4n’-3n.
Proof:

Let v; (1 <1 < n) be the vertices of C, and let u; (1 <i<n) be the pendant vertex
adjacenttov;. Lete, = (v;, v{,;), (1 <i<n-1),e,= (v,,vy) and f, = (v;, ) ;(1 <i < n).
V(BE(C oK)= V(C,oK)UE(C, oK.

Therefore |[V(BF,(C_ 0K ))| =2n + 2n = 4n.

Let F = UJU(v 1e)(v.£),(u e ). (u.£) . Then E(BE (C, oK) = E((C, oK ) U E.

j=1 i=1

8n’ +6n
|[E(BE (C 0K ))|= ———— =n(4n + 3).
2
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The clique number of BF,(C_ oK) is 3.
Edge set of BF,(C_ oK) is decomposed into K; and Kz's.

Vertex sets of K,'s are given by

B, ={{e, e, ;, v}, foreachi,1<i<n,e,,,=¢€}and

B,={{e, v, . f;,}, foreachi,1<i<n,f, =f}

B, = {{ey, u; £}, foreachi, 1 <i<n, e, =¢,f,, =f}and

<B,>= <B,>= <B;> = nK,.

The sets B, B, and B, cover all the edges of L(C ©K ) and 6n edges of F. The remaining
n(4n - 6) edges of F are covered by K,'s.

Therefore, BF,(C oK )= (3n)K; U (4n? - 6n) K, and hence

cp(BF,(C_0oK)) = 3n+ 4n’ - 6n =4n’-3n.
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