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1. Introduction

In topology, the Kurotowski Closure axioms are a set of axioms that can be used
to define a topological structure on a set, which defines the closed sets as the fixed points
of an operator on the power sets of X[2]. Ideals in topological space has been considered
since 1930 by the author vaidyanathaswamy[12]. Jankovic and Hamlet[7] introduced new
topologies from old via ideals. In this paper, we introduce and analysis the concepts of
Ideal closure space. This is an Ideal space which satisfied kuratowski closure axioms.
Separation axioms in closure space has different implications in comparison with the
corresponding topological spaces. In cech closure space, a closure space is to be separated
by distinct neighbourhood. K. Chandrasekhara Rao and R. Gowri[3] studied separation
axioms in bicech closure space. In addition we confer the relation between separation
properties in Ideal closure space (X, I, k*) and those in associated topological space

X, I, 3.

2. Prior Results
Definition 2.1:[1]
(X, J) be a topological space. An ideal I on a topological space is a non empty
collection of subsets of X which satisfies :
() @ €1
(i) A€, BC A implies B€E]I,
(ili) A€TIand BEI implies AUBETL
If (X, J) is a topological space and I is an ideal on X, then (X, J, I) is called an Ideal

topological space or an Ideal space.
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Definition 2.2: [8]

Let P(X) be the power set of X. Then the operator ( . )* : P(X) — P(X) is called a local

function of A with respect to J and I, is defines as follows : For ACX,

A*(L J%) = {xEX:UMAg I for every open set U containing x}. We simply write A*.
Additionally, cI* (A) = A\UA* defines Kuratowski closure operator for a topology

J* finer than J [11].

Definition 2.3: [4]
Let X be a non empty set. Let P(X) denote the collection of all subsets of X. the
function k: P(X) — P(X) satisfying

(i) k(p)=¢

(ii) A C k(A) VYV ACX

(iii) k(AUB) = k(A)UkB) VACX, BCX
(iv) k(A) = k(k(A)) VYV ACX

is called the closure operator on X. The structure (X, k) is called closure spaces.

Definition 2.4:[4]
A subset A of a closure space (X, k) is said to be closed if k(A) = A.

Definition 2.5:[4]
A subset A of a closure space (X, k) is said to be open if k(X-A) = X - A.

Definition 2.6: [4]
The set Int A with respect to the closure operator k is defined as
Int A =X - k(X-A) (ie.) [k(A®)]C, where A= X - A.

Definition 2.7: [3]
If (X, k) is a closure space than the associate topology on X is J = {A% k(A)=A}

Definition 2.8: [4]
A subset A in a Closure space (X, k) is called neighbourhood of x if x € Int (A)

Definition 2.9: [4]
Let (X, k) be a Closure space. A Closure space (Y, ky) is called a subspace of
(X, k)if Y C Xand ky(A) = k(A)MY, for each subset ACY.
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3. Ideal Closure Spaces
Definition 3.1:

Let X be a non-empty set. I be an Ideal on X. Let A* : P(X) >P(X) be a local
function of A with respect to J & L.

Let k* (A) = A\UA* defines Kuratowski closure operator for a topology

Then the function k*: P(X) —>P(X) satisfying,

@) k(@)= @
(ii) A C k*(A) VYV ACX
(iii) k* (AUB) = K*(A)UK*B) V ACX, BCX
(iv) k*(A) = k*(k*(A)) YV ACX
is called a closure operator on X. The structure (X, I, k*) is called an Ideal Closure Space.
Example 3.2:
X = {ab,c}
J = X, @ .{a}, {c}, {acl}
I ={¢p,{ch

(1) A={a,c} A*= {ab} k*(A) = AUA* = k¥ {a,c} =X
(ii) A={bc} A*={b} Kk*(A) = AUA* = k¥ {b,c} ={b,c}
(iii) A={ab} A*= {ab} k*(A) = A\UA* = k* {a,b} = {a,b}
(iv) A=X A*= {ab} Kk*(A) = AUA* Sk (X)=X
) A=¢ A= @ k*(A) = AVA* =S k(@) =(p)
(vi) A = {a} A*= {ab} k*(A) = AUA* = k* (a) = {a,b}
(vii) A = {b} A* = {b} k*(A) = AVUA* = k* (b) = {b}
(viii) A ={c} A= @ k*(A) = AUA* = k* (¢) = {¢}
Then(X, I, k*) is an Ideal Closure Space.

Definition 3.3:
A subset A of an Ideal closure space (X, I, k*) is said to be closed if k*(A) = A.

Definition 3.4:
A subset A of an Ideal closure space (X, L, k¥) is said to be open if
k*(X-A)=X- A (i.e) Int(A) = A.

Definition 3.5:
The set Int A with respect to the closure operator k* is defined as
Int A =X - k*(X-A) (ie.) [k*(A©)]S, where A= X - A.

Definition 3.6:
If (X, I, k*) is anIdeal closure space than the associate topology on X is
J*= {AS k*( A)=A}. Here J is not equal to J*.
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Definition 3.7:
A subset A in an Ideal Closure space (X, I, k*) is called neighbourhood of x
if x€ Int (A)

Definition 3.8:
Let (X, I, k*) be an Ideal Closure space. An Closure space (Y, I, k*y) is called a
subspace of (X, L, k*) if Y C X and k*y (A) = k*(A)MY, for each subset ACY.

Proposition 3.9:
Let (X, I, k*) be an Ideal closure space and let A C X, then

(i) A is open if and only if A = X - k*( X - A).

(ii) If Bisopenand B C A,then BC X -k* (X - A)
Proof:(i)Assume that A is open. Then X - A is closed. This implies k*( X - A) = X - A.
So, X -k*(X-A)=X-(X-A). Therefore A=X-Kk¥(X - A).

Conversely, let B be open subset of (X, I, k*) such that X - A C B. Then
X - B C A. Since X - B is closed subset of (X, I, k*).
We have, X - B C X - k*( X - A). Consequently, k*( X - A) C B. Hence X - A is
closed and so A is open.
(ii)Let B is open and B C A, then by (i), we get B C X - k*( X - A).

Proposition 3.10:

Let (X, I, k*) be an Ideal closure space and let (Y, I, k*y) be a closed subspace of
(X, I, k*). If A is closed subset of (Y, I, k*y), then A is closed subset of (X, I, k*).
Proof: Let A is closed set of (Y, I, k*y). Then k*,(A) = A. Since Y is closed subset of
(X, I, k*). This implies k*(A) = A. Therefore, A is a closed subset of (X, I, k*).

Proposition 3.11:

Let (X, I, k*) be an Ideal closure space, if A and B are closed sets then A\UB also
closed.
Proof: Let (X, I, k*) be an Ideal closure space. Let A and B be two closed sets. k*(A) = A
and k*(B) = B. Since, by additivity, k*( AU B ) = k*(A) \U k*(B) = A\UB. Hence,
A\UB is also closed.

Proposition 3.12:

Let (X, I, k*) be an Ideal closure space and let A C X. If A is closed set then
k*(A)- A contains no non empty sets.
Proof: Let (X, I, k*) be an Ideal closure space. Let B be a closed subset of (X, I, k*) such
that B C k*(A)- A. Then A C X - B. Since, A is closed and X - B is open subset of
(X, L, k*). Then, k*(A) € X - B. This implies, B C X - k*(A) and we get
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BC (X - k*(A)) M k*(A) =@ . Therefore B = (. Hence, k*(A) - A contains no non
empty sets.

Proposition 3.13:

Let (X, I, k*) be an Ideal closure space. If A C X is closed then
k*(A) - A is open.
Proof: Let (X, I, k*) be an Ideal closure space. Suppose that A C X is closed and let B be
a closed subset of (X, I, k*) such that B C k*(A) - A. By proposition 3.12 B = ¢ and
hence B C X - k*( X - (k*(A) - A)). By proposition 3.9(ii), k*(A) - A is open.

Proposition 3.14:

Let (X, I, k*) be an Ideal closure space. If A and B be two open sets, then A (M B
also open.
Proof: Let (X, I, k*) be an ideal Closure space. Let A and B be two open sets, then AC and
BC are closed set. This implies k*(A®) = A®and k*(B®) = B®. Since, by additivity,
Ik*(AC\UBC) = k*(A®) UK*(B) = A©UBC. Therefore, A°\UBFC is closed. That is
A M Bis open.

4. Separation Axioms on Ideal Closure Spaces
Definition 4.1:
An Ideal Closure space (X, I, k*) is said to be T, - space iff for every distinct
points x # y and x& k* ({y}) or y& k* ({x}).
Example 4.2:
X=fabct I = {X, @,b}{c} b} T = {@,{a}}

k*(a) = {a}; k* (b) = {a,b}; k*(c) = {a,c}; k*{a,b} = {a,b};

k{b,c} = X; k*{c,a} ={a,ch; kK*(X)=X; k(@) = @

Let a,b €X. Then there is a k*(a) = {a} and k*(b) = {a,b} such that

a € k*(a),b &€ k*(a).

Let b,c €X. Then there is a k*(b) = {a,b} and k*(¢) = {a,c} such that

b € k*(b), c € k*(b).

Let c,a € X. Then there is a k*(c) = {a,c} and k*(a) = {a} such that

a € k*(a), c € k*(a).

Therefore (X, I, k*) is T, - space.

Definition 4.3:

An Ideal closure space (X, I, k*) is said to be T,-space iff for every distinct points
x7# yandx € k*({y}) and y¢& k*({x}).
Example 4.4:

X=fablJ = X, @, {a}, b}} T = {@, B}
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k*(a) ={a}; k*(b)=1{b} KX)=X; k(@) =@
Let a,b € X. Then there is a k*(a) = {a} and k*(b) = {b} such that a € k*(a),
b € k*(a) and b €k*(b), a & k*(b).
Therefore (X, I, k*) is T,-space.

Theorem 4.5:
An Ideal Closure subspace of a T,- space is T,
Proof: Let (X, I, k*) be an Ideal Closure T,-space and (Y, I, k*y) be the subspace of
(X, I, k*).Let x and y are two distinct points in Y. since (Y, I, k*y) C (X, I, k*), Then
either x € k*({y}) or y¢& k*({x}) implies that either x& k*({y}) M Y or y¢& k*({x})MY.
Hence (Y, I, k*y) is a T, - space.

Result 4.6:
Let (X, I, k*) be an Ideal Closure space then k*(A) C J*- cl(A), where
J* - cl(A) is a topological closure with respect to k*, V AC X.
Proof: Let (X, I, k*)be an Ideal closure space. We have AC J*- cl (A),
k* (A) C k*( J*- cl(A))..... (1) Since J* - cl(A) is closed.
CRA(I* - c(A) = I - cdA)...... (2) From (1) & (2), We have,
kK*(A) C J*-cl(A), VACX

Theorem 4.7:

If (X, I, %) is T, - space then (X, [, k*) is also T, - space.
Proof: Let (X, I, k*) be an Ideal Closure space. Assume (X, [, J*) be T,- space. Let
x7# yand either x& J* - cl ({y}) or y& J*- cl ({x}) We have, k*(A)C J* - cl (A),
V AC X So,x¢& J*-cl ({y}) implies that x¢& k*({y}) or y& J* - cl ({x}) implies that
y & k*({x}). Therefore x& k*({y}) or y¢& k* ({x}).
Hence (X, I, k*) is T, - space.

Theorem 4.8:
An Ideal Closure subspace of a T,-space is T.
Proof: Let (X, I, k*) be an Ideal Closure T, space and (Y, I, k*;) be the subspace of
(X, L, k*). Let x and y are two distinct points in Y. Since (Y, I, k*y) C (X, I, k*) then
there exist x & k*({y}) and y & k*({x}). This implies x & k*({y}) MY and
y & k*({x}) MY. Hence (Y, L, k*y) is a T, space.

Remark 4.9:
Let (X, I, k*) be an Ideal closure space then for every T, space is also T, space. But
the converse is not true.
Example 4.10:
X =fabc} I = {X,.{a}, (b}, fab}} I = {@,{c}
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k*(a) = {a,c}; k*(b) = {b,c}; k*(c) = {c}
k*{a,b} = X; k*{b,c} = {b,c}; k* {c,a} = {a,c}; K*X)=X;k* (@)= @.
Here (X, I, k*) is an Ideal closure space, which is T, space but every singleton set is not

closed therefore it is not T).

Theorem 4.11:
For an Ideal closure space (X, I, k*) the following are equivalent.
i) The space (X, I, k*) is T,
(ii) For any x €X, the singleton set {x} is closed with respect to k*.
(iii) Every finite subset of X is closed with respect to k*.

Proof:

) = (i)

Let (X,I,k*) is T,. Let x #y in X. Suppose {x} is not closed with respect to k*.
k*(x) # {x} there exists y7 x, yE€ k*(x). This contradicts (i) therefore {x} is closed.

(i) = (iii)

For any x€ X the singleton set {x} is closed. Since finite union of closed set is

closed, therefore every finite subset of X is closed.

i) = (i)

Since {x} is finite. by (iii) {x} is closed.

(i) = @)

Let x # yin X. Since Singleton sets are closed. k*(x) = {x},
k*(y) = {y} therefore x¢ k*({y}) and y¢ k*({x}). Then (X, I, k*)isT;.

Definition 4.12:

An Ideal Closure space (X, I, k*) is said to be Hausdorff or T,-space if every
distinct points x# y and there exists disjoint open sets G and H such that x € G and
yEH.

Example 4.13:
X ={a,b,c} I = {X, @ {a}, {b}, {ab}} T = {¢@, {ab}}. Ideal closure space is
defined by k*(a) = {a,c} ; k* (b) = {b,c}; k*(c) = {c};
k*{a,b} = {a,b}; k*{b,c} = {b,c}; k* {c,a} = {a,c};
X)) =X; k(@) = @.
Closed sets are X, @, {a,b}, {b,c}, {c,a}, {c}.
Open sets are X, @, {a,b}, {a}, {b}, {c}.
Let a,b €X. Then there is a open set U = {a} and V = {b} such thata €U, b €V and
UNV=0.
Let b,c €X. Then there is a open set U = {b} and V = {c} such thatb €U, ¢ €V and
UNV=0.
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Let c,a €X. Then there is a open set U = {c} and V = {a} such thatc €U, a €V and
UNv=g.
Then (X, I, k*) is T,-space.

Theorem 4.14:

If the space (X, I, J*) is Hausdorff then the Ideal closure space (X, I, k*) is also
Hausdorff.
Proof: Let (X, I, k*) be a Ideal topological space. Then for any two points
x 7y, there exists J* —open U and V of x and y such that UMV = ¢ . Since each
J*- neighbourhood in(X, I, J*) is also k*- neighbourhood in (X, I, k*). Therefore, there
exists U and V are k*-neighbourhood of x and y in (X, I, k*) such that UMV =¢@.

Definition 4.15:

An ideal closure space (X, I, k*) is said to be Semi-Hausdorff if for every x#y
either there exists open sets x € U and y& k*(U) or there exists open set V such that
y €EVand x& k*(V).

Example 4.16:

X={abc J={X, @.,fa}, b}, {ab}} I = {@,{ab}}. Ideal closure space is
defined by k*(a) = {a,c}; k* (b) = {b,c};k*(c) = {c};
k*{a,b} = {a,b}; k*{b,c} = {b,c}; k* {c,a} = {a,ch k(X) =X kK (@)= @.
Closed sets are X, @, {a,b}, {b,c}, {c,a}, {c}.
Open sets are X, (0, {a,b}, {a}, {b}, {c}.
Let a,b €X. Then there exists open set U = {a} and V= {b} then
k*(U) = {a}, k*(V) = {b,c} such thata € U,b & k¥(U)orb € V,a & k¥(V)
Let b,c €X. Then there exists open set U = {b} and V= {c} then
k*(U) = {b,c}, k*(V) ={c} such thatb € U,c & k*(U) orcE V,b& k*(V)
Let c,a €X. Then there exists open set U = {c} and V= {a,b} then
k*(U) = {c}, k*(V) ={a,b} suchthatc € U,a & k*(U)ora € V,c &€ k¥(V)
Therefore (X, I, k*) is Semi-Hausdorff space.

Definition 4.17:

An ideal closure space (X, I, k) is said to be Pseudo-Hausdorff if for every x#y
either there exists open sets x € U and y& k*(U) and there exists open set V such that
y €EVand x& k*(V).

Example 4.18:

X ={ab,c} J= {X, @.{a}, {b}, {c}, {a,b}, {b,c}, {c,a}}
I = {@,{a,b}}. Ideal closure space is defined by k*(a) = {a}; k* (b) = {b}; k*(c) = {c};
k*{a,b} = fabl;  k*{b,c} = {b,c}; k*{c.a} ={ac}h
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*X)=X; KK (@) = @.

Closed sets are X, @, {a,b}, {b,c}, {c,a}, {a}, {b}, {c}.

Open sets are X, @, {a,b}, {b,c}, {c,a}, {a}, {b}, {c}.

Let a,b €X. Then there exists open set U = {a} and V= {b} then

k*(U) = {a}, k*(V) ={b} suchthata € U,b & k*(U)andb € V,a & k*(V)
Let b,c €X. Then there exists open set U = {b} and V= {c} then

k*(U) = {b}, k*(V) ={c} suchthatb € U,c € k*(U)andc € V,b & k*(V)
Let c,a € X. Then there exists open set U = {c} and V= {a} then

k*(U) = {c}, k*(V) ={a} suchthatc € U,a & k*(U)anda € V,c & k*(V)
Therefore (X, I, k*) is Pseudo-Hausdorff space.

Theorem 4.19:

If the space (X, I, J*) is Pseudo Hausdorff then (X, I, k*) is also Pseudo
Hausdorff.
Proof: If the space (X, I, J*) is Pseudo Hausdorff. Let x#y, there exists
J* -open U such thatx € Uandy & J*-cl ({U}) and there exists a open set V such that
y € Vandx & J*-cl (V). Since k*(A) C J*-cl(A), VA C X.
Therefore k*(U) C J* - cl(U) and k*(V) C J* - cl(V). This implies
y € J*-cl (U)theny & k*(U) and x € J*-cl (V) then x & k*(V). Hence the Ideal closure
space (X, I, k*) is Pseudo Hausdorff.

Theorem 4.20:

If (X, I, k*) is Pseudo Hausdorff then every subspace (Y, I, k*y) of (X, I, k*) is
also Pseudo Hausdorff.
Proof: If (X, I, k*) is Pseudo Hausdorff. Let (Y, I, k*;) be the subspace of
(X, L, k¥). Since (X, I, k*) is Pseudo Hausdorff, then x # vy, there exists open sets U and V
such thatx € U,y € k*(U) andy€V, x& k*(V). Then
UMY and VMY are open sets in Y such thatx € UMY andy € k¥( UMY) also
yEVMY and x € k*( VMY). Therefore (Y, I, k*y) is Pseudo Hausdorff.

Definition 4.21:
An Ideal closure space (X, I, k*) is said to be Uryshon space if given x#y, there
exists open sets U and V such thatx € U,y € V and k*(U) Mk*(V) = @ .

Theorem 4.22:

If (X, I, J*) is Uryshon space, then the Ideal closure space (X, I, k*) is also Uryshon
space.
Proof:

Let (X, I, J%) be a Uryshon space. Then any two points x # y, there exists
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J*- open sets U and V such thatx € U,y € Vand { J* - (U)} N { T* - d(V)} = @ .
Since each J*- neighbourhood in (X, I, J*) is also k*-neighbourhood in (X, I, k*) of
x and y in (X, I, k*) such that k*(U) M kX(V) = @ .

Theorem 4.23:
If (X, L k*) is Uryshon, then every subspace (Y, I, k*y) of (X, L, k*) is also Uryshon.
Proof:
Let (X, I, k*) be an Ideal closure space. Let (Y, I, k*y) be a subspace of (X, I, k*). Since
(X, I, k¥) is Uryshon, gives x# vy, there exists open sets U and V such that x € U,
y EVand k¥(U) M k¥(V) = . Now UMY and VMY are open sets in (Y, I, k*y)
such thatx € UMY, x € VMY. Consider,
K (UMY) M kK (VNMY) = [ kY (U) Mk (V)] MY
[ k¥(U) NkH(V)] NY
=@Q@MNY
= Q.
Therefore (Y, I, k*y) is Uryshon space.

5. Conclusion

In this paper, basic concepts of Ideal Closure space is introduced. Also the relation
between separation properties of Ideal Closure space (X, I, k*) and the associated

topological space (X, I, J*) are discussed.

References:

[1]  Aleksandar Pavlovi'c, Local function verses Local closure function in Ideal topological spaces, Faculty of
science and mathematics, University of Nis, serbia, (2016),3725-3731.

[2]  E. Cech, Topological Space, Inter Science Publishers, John Wiley and Sons, New York(1966).

[3] K. Chandrasekhara Rao and R. Gowri, On Biclosure Space, Bulletin of Pure and Applied Sciences, Vol.5E,
No.2 (2006), 171-175

[4] K. Chandrasekhara Rao and R. Gowri, On closure space, Varahmithir Journal of Mathematics Sciences,
Vol.5, No.2 (2005), 375-378

[5] K.C. Chattopathy and R.N. Hazara, Theory of EXtensions of Biclosure spaces and basic quasi-Proximities,
Kyungpook Math.J.,30(1990),137-162.

[6] R. Gowri and G. Jegadeesan, On Soft Cech closure space, International Journal of Mathematics Trends and
Technology,Vol.9, No.2 (2014), 122-127.

[7]1  D. Jankovic and T.R. Hamlett, New topologies from old via Ideals, Amer.Math.Monthly,97(4),(1990),295-
310.

[8] K. Kuratowski, Topology, Vol.I, Academic press, New York,(1966).



118

On Ideal Closure Spaces

[9] Nirmala Rebecca Paul, Rgl-closed set in Ideal Topological Spaces, International Journal of Computer
Applications, Vol.69, No.4, May(2013).

[10] D.N. Roth and J.W. Carlson, Cech closure spaces, Comput.Math.].,20,(1980),11-30.
[11] R. Vaidyanathaswamy, Set Topology, Chelsea Publishing Company (1960).

[12] R. Vaidyanathaswamy, The localization theory in Set topology, Proc., Indian Acad.Sci.Math.Sci.,
20,(1945),51-61.

Authors’ Profile:

Dr. R. Gowri was born in Kumbakonam, Thanjavur, Tamil Nadu, India in 1978. She
received her B.Sc., M.Sc., and M.Phil degree in Mathematics from Bharathidasan
University, Tiruchirappalli, India. She worked as a lecturer in Idhaya College for Women,
Kumbakonam in the period of 2002-2003. In 2003, she joined as a lecturer in the Srinivasa

Ramanujan Research Centre, SASTRA University and later got promoted as a Assistant

Professor. ~ She did her research work in SASTRA University and received her Ph.D in
2009.  Then she joined as an Assistant Professor in Department of Mathematics, Government College for
Women(A), Kumbakonam, Thanjavur, India in 2011. Her areas of Interest are Topology and Graph Theory. She
published more than 35 research papers in various International/National Journals. Currently Seven Research

Scholars are doing Ph.D under her guidance out of two them have submitted their Ph.D Thesis.

M. Pavithra was born in kumbakonam, Thanjavur, Tamil Nadu, India in 1992. She
received her B.Sc. degree in Mathematics from the Bharathidasan University, Trichirappalli
in 2013 and the M.Sc and M.Phil degree in Mathematics from the Bharathidasan University,
Trichirappalli, in 2015 and 2016, respectively.  She is doing her Ph.D under the guidance of
Dr. R. Gowri , Assistant Professor , Department of Mathematics , Government College for

Women(A), Kumbakonam. Her main area of research interest is Topology.




