
 
 

Received:  22 April, 2017; Revised: 02 May, 2017; Accepted: 12 May, 2017 
*Corresponding Author 
 

International Journal of Engineering Science, Advanced Computing and Bio-Technology 
Vol. 8, No. 2, April – June 2017, pp.  42 - 54

On Multiplicative K-Eccentric Indices and 
Multiplicative K Hyper- Eccentric Indices of 

Graphs 
*M.Bhanumathi1and K.Easu Julia Rani2 

1Department of Mathematics, Govt.Arts College for Women, Puthukottai, India. 

2Department of Mathematics T.R.P Engineering College, Trichy, India 

Email: *bhanu_ksp@yahoo.com  and juliarani16@gmail.com 

 
Abstract: In this paper, we define Multiplicative first and second K Eccentric indices 
as,				ܧ1ߨܤሺܩሻ ൌ ∏ ሻݑሺܩ݁ൣ ൅ ݁ݑሻሺ݁ሻ൧ܩሺܮ݁  and 			ߨܤଶܧሺܩሻ ൌ ∏ ൣ݁ீሺݑሻ݁௅ሺீሻሺ݁ሻ൧௨௘ and we 
define Multiplicative first and second K Hyper Eccentric indices as, ߨܤܪଵܧሺܩሻ ൌ

	∏ ൣ݁ீሺݑሻ ൅ ݁௅ሺீሻሺ݁ሻ൧
ଶ

௨௘  and  			ߨܤܪଶܧሺܩሻ ൌ ∏ ൣ݁ீሺݑሻ݁௅ሺீሻሺ݁ሻ൧
ଶ

௨௘   and we evaluate 
these indices for some classes of graphs. 
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1. Introduction 

 Topological indices are the numerical parameters of a graph which characterize 
its topology and are usually graph invariant. Topological indices are used for example in 
the development of quantitative structure activity relationship (QSAR’S) in which the 
biological activity or other properties of molecules are correlated with their chemical 
structure. 
 Let G ൌ ሺV, Eሻ  be a graph with |V| ൌ n	and	|E| ൌ m	 . The eccentricity݁ீሺݒሻ 
of a vertex v is the distance of any vertex farthest from v. Let ݁ ൌ ݒݑ ∈  ሻ. Letܩሺܧ
݁௅ሺீሻሺ݁ሻdenote the eccentricity of an edge e in L(G), where L(G) is the line graph of G. 
The vertices and edges of a graph are called its elements. 
 The line graph of an undirected graph G is another graph L(G) that represents 
the adjacencies between edges of G. A Line graph of a simple graph is obtained by 
associating a vertex with each edge of the graph and connecting two vertices with an 
edge if and only if the corresponding edges of  G have a vertex in common. 
 The concept of Zagreb eccentricity (ܧଵ and ܧଶ) indices was introduced by 

Vukicevic and Gravoc in the chemical graph theory very recently [1-4].	The first Zagreb 
eccentricity (E1) and the second Zagreb eccentricity (E2) indices of a graph G are defined 
as ܧଵሺܩሻ ൌ ∑ ݁௜ଶ௩೔∈௏ሺீሻ   and ܧଶሺܩሻ ൌ ∑ ݁௜ ௝݁௩೔௩ೕ∈ாሺீሻ  where E(G) is the edge set and  
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݁௜  is the eccentricity of the vertex ݒ௜ in G. The multiplicative variant of Zagreb indices 
was introduced by Todeschini et. al [5]. They are defined as ∏ ሺܩሻଵ ൌ
	∏ ሺ݀݁݃ீሺݒሻሻଶ௩ఢ௏ሺீሻ and ∏ ሺܩሻଶ ൌ ሺ݀݁݃ீሺݑሻሻሺ݀݁݃ீሺݒሻሻ. Also we recently defined 

Harmonic Eccentric index and it is defined as 	ܫܧܪሺܩሻ ൌ 	∑ ൌ
ଶ

௘ೠା௘ೡ
௨௩ఢா	ሺீሻ  where ݁௨ 

is the  eccentricity of the vertex u. In [6], Kulli introduced the first and second K Banhatti 
indices to take account of the contributions of pairs of incident elements, and it was 
defined as  

ሻܩଵሺܤ	 ൌ ∑ ሾ݀ீሺݑሻ ൅ ݀ீሺ݁ሻሿ௨௘ ሻܩଶሺܤ	 ,   ൌ ∑ ሾ݀ீሺݑሻ݀ீሺ݁ሻሿ௨௘  . 
In [7], Kulli introduced the first and second K Hyper Banhatti indices and it was defined 
as	ܤܪଵሺܩሻ ൌ ∑ ሾ݀ீሺݑሻ ൅ ݀ீሺ݁ሻሿଶ௨௘ ሻܩଶሺܤܪ , ൌ ∑ ሾ݀ீሺݑሻ݀ீሺ݁ሻሿଶ௨௘  . 
In [8, 9], he introduced the Multiplicative first and second K Banhatti indices and it was 
defined as 			ߨܤଵሺܩሻ ൌ ∏ ሾ݀ீሺݑሻ ൅ ݀ீሺ݁ሻሿ௨௘ ሻܩଶሺߨܤ			 ,  ൌ ∏ ሾ݀ீሺݑሻ݀ீሺ݁ሻሿ௨௘  . 
Similarly in [10], Kulli introduced the Multiplicative first and second K  Hyper Banhatti 
indices and it was defined as 

ሻܩଵሺߨܤܪ ൌ ∏ ሾ݀ீሺݑሻ ൅ ݀ீሺ݁ሻሿଶ௨௘ ሻܩଶሺߨܤܪ					, ൌ ∏ ሾ݀ீሺݑሻ݀ீሺ݁ሻሿଶ௨௘ . 
Here, we introduce some new Topological indices based on eccentricity as follows:  
 Let G be a graph with vertex set ܸሺܩሻ and the edge set ܧሺܩሻ. Let ݑ ∈ ܸ(G) 

and	݁ ∈  ,We define the first and second Multiplicative K Eccentric indices as .(G)ܧ
ሻܩሺܧଵߨܤ			 ൌ ∏ ൣ݁ீሺݑሻ ൅ ݁௅ሺீሻሺ݁ሻ൧௨௘ ሻܩሺܧଵߨܤ			 . ൌ ∏ ൣ݁ீሺݑሻ݁௅ሺீሻሺ݁ሻ൧௨௘ ,  

 and we define the first and second Multiplicative K Hyper Eccentric indices as, 

ሻܩሺܧଵߨܤܪ  ൌ ∏ ൣ݁ீሺݑሻ ൅ ݁௅ሺீሻሺ݁ሻ൧
ଶ

௨௘ ,        

ሻܩሺܧଶߨܤܪ             ൌ ∏ ൣ݁ீሺݑሻ݁௅ሺீሻሺ݁ሻ൧
ଶ

௨௘ , 
where in all the cases ue means that the vertex u and edge e are incident in G and 
݁௅ሺீሻሺ݁ሻ is the eccentricity of e in the line graph ܮሺܩሻ of G. 
 

2. Multiplicative K-Eccentric Indices and Multiplicative K Hyper -
Eccentric Indices of Some Special Graphs. 

Theorem 2.1 : Let G be a complete graph ܭ௡, then     
	ሺ݅ሻ			ߨܤଵܧሺܭ௡ሻ ൌ 3௡ሺ௡ିଵሻ, ௡ሻܭሺܧଶߨܤ			 ൌ 2௡ሺ௡ିଵሻ. 

ሺ݅݅ሻ			ߨܤܪଵܧሺܭ௡ሻ ൌ 9௡ሺ௡ିଵሻ,									ߨܤܪଶܧሺܭ௡ሻ ൌ 4௡ሺ௡ିଵሻ. 
Proof: The complete graph ܭ௡ has n vertices	, ݉ ൌ

	௡ሺ௡ିଵሻ

ଶ
, edges and all the vertices have 

eccentricity 1. Also every vertex of ܭ௡  is incident with ሺ݊ െ 1ሻ edges, and every edge of 
௡ is incident with exactly 2 vertices. Also ݁௅ሺ௄೙ሻሺ݁ሻܭ ൌ 2 for all e in E(G).  
 ሺ݅ሻߨܤଵܧሺܭ௡ሻ ൌ 			∏ ൣ݁௄೙ሺݑሻ ൅ ݁௅ሺ௄೙ሻሺ݁ሻ൧௨௘ ൌ ∏ ൣ݁௄೙ሺݑሻ ൅௘ୀ௨௩

݁௅ሺ௄೙ሻሺ݁ሻ൧ ൣ݁௄೙ሺݒሻ ൅ ݁௅ሺ௄೙ሻሺ݁ሻ൧ 

ൌෑൣ݁௄೙ሺݑሻ ൅ ݁௅ሺ௄೙ሻሺ݁ሻ൧
ଶ

୫

ൌෑሾሾ1 ൅ 2ሿଶሿ௠ ൌ 9
	೙ሺ೙షభሻ

మ ൌ 3௡ሺ௡ିଵሻ

୫
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௡ሻܭሺܧଶߨܤ	݋ݏ݈ܣ ൌෑൣ݁௄೙ሺݑሻ݁௅ሺ௄೙ሻሺ݁ሻ൧
௨௘

 

ൌෑൣ݁௄೙ሺݑሻ ൈ ݁௅ሺ௄೙ሻሺ݁ሻ൧
ଶ

୫

ൌෑሾሾ1 ൈ 2ሿଶሿ௠ ൌ 4
	೙ሺ೙షభሻ

మ ൌ 2௡ሺ௡ିଵሻ

௠

 

 

ሺ݅݅ሻߨܤܪଵܧሺܭ௡ሻ ൌ 			ෑൣe୏౤ሺuሻ ൅ e୐ሺ୏౤ሻሺeሻ൧
ଶ

୳ୣ

 

ൌ ෑ ൣe୏౤ሺuሻ ൅ e୐ሺ୏౤ሻሺeሻ൧
ଶ
ൈ ൣe୏౤ሺvሻ ൅ e୐ሺ୏౤ሻሺeሻ൧

ଶ

ୣୀ୳୴∈୉ሺ୏౤ሻ

 

 

ൌ ෑ ሾሾ1 ൅ 2ሿସሿ୫ ൌ 9୬ሺ୬ିଵሻ

ୣୀ୳୴∈୉ሺ୏౤ሻ

 

,݋ݏ݈ܣ ௡ሻܭሺܧଶߨܤܪ ൌෑൣe୏౤ሺuሻ ൈ e୐ሺ୏౤ሻሺeሻ൧
ଶ

୳ୣ

 

ൌ ෑ ൣe୏౤ሺuሻ ൅ e୐ሺ୏౤ሻሺeሻ൧
ଶ
ൈ ൣe୏౤ሺvሻ ൅ e୐ሺ୏౤ሻሺeሻ൧

ଶ

ୣୀ୳୴∈୉ሺ୏౤ሻ

 

ൌ ෑ ሾሾ1 ൈ 2ሿସሿ୫ ൌ 4୬ሺ୬ିଵሻ

ୣୀ୳୴∈୉ሺ୏౤ሻ

 

 
Theorem 2.2 : Let G be a cycle  graph ܥ௡ , then   

    (i)	ߨܤଵܧሺܥ௡ሻ ൌ ൜
ሺ݊ െ 1ሻଶ௡, ݀݀݋	ݏ݅	݊
݊ଶ௡, .݊݁ݒ݁	ݏ݅	݊

 

௡ሻܥሺܧଶߨܤ ൌ

ە
ۖ
۔

ۖ
ቈۓ
ሺ݊ െ 1ሻ

2
቉
ସ௡

, ݀݀݋	ݏ݅	݊

ቂ
n
2
ቃ
ସ௡
, .݊݁ݒ݁	ݏ݅	݊

 

ሺ݅݅ሻߨܤܪଵܧሺܥ௡ሻ ൌ 			 ൜
ሺ݊ െ 1ሻସ௡, ݀݀݋	ݏ݅	݊
ሺnሻସ௡, .݊݁ݒ݁	ݏ݅	݊

 

௡ሻܥሺܧଶߨܤܪ ൌ 		

ە
ۖ
۔

ۖ
ቈۓ
ሺ݊ െ 1ሻ

2
቉
଼௡

, ݀݀݋	ݏ݅	݊

ቂ
n
2
ቃ
଼௡
, .݊݁ݒ݁	ݏ݅	݊

 

Proof: Let ܥ௡be a Cycle with ݊ ൒ 3 vertices. ܥ௡ has n edges. Every vertex of ܥ௡ is incident 
with exactly two edges, every edge of  ܥ௡ is incident with exactly two vertices. Eccentricity 
of any vertex in   

௡ܥ ൌ ൝

௡ିଵ

ଶ
, ∀݊ ൒ 3ሺ	݊	݅ݏ	݀݀݋ሻ

௡

ଶ
, ∀݊ ൒ 2ሺ	݊	݅ݏ	݊݁ݒ݁ሻ

. Also  ݁௅ሺ஼೙ሻሺ݁ሻ ൌ ൝

௡ିଵ

ଶ
, 	݀݀݋	ݏ݅	݊

௡

ଶ
, 		.݊݁ݒ݁	ݏ݅	݊

 

Proof of (i):Case 1: If n is odd 
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ሺ݅ሻ			ߨܤଵܧሺܥ௡ሻ ൌ 			ෑൣ݁஼೙ሺݑሻ ൅ ݁௅ሺ஼೙ሻሺ݁ሻ൧
௨௘

ൌ ෑൣ݁஼೙ሺݑሻ ൅ ݁௅ሺ஼೙ሻሺ݁ሻ൧
௘ୀ௨௩

ൣ݁஼೙ሺݒሻ ൅ ݁௅ሺ஼೙ሻሺ݁ሻ൧ 

ൌෑൣ݁஼೙ሺݑሻ ൅ ݁௅ሺ஼೙ሻሺ݁ሻ൧
ଶ

୬

ൌෑ൤
݊ െ 1
2

൅
݊ െ 1
2

൨
ଶ

ൌ ሾ݊ െ 1ሿଶ௡
୬

 

௡ሻܥሺܧଶߨܤ			,݋ݏ݈ܣ ൌෑൣ݁஼೙ሺݑሻ݁௅ሺ஼೙ሻሺ݁ሻ൧
௨௘

 

ൌෑൣ݁௄೙ሺݑሻ ൈ ݁௅ሺ௄೙ሻሺ݁ሻ൧
ଶ

୬

ൌෑ൤
݊ െ 1
2

ൈ
݊ െ 1
2

൨
ଶ

ൌ ቈ
ሺ݊ െ 1ሻ

2
቉
ସ௡୬

 

Case 2: If n is even 

ሺ݅ሻ			ߨܤଵܧሺܥ௡ሻ ൌ 			ෑൣ݁஼೙ሺݑሻ ൅ ݁௅ሺ஼೙ሻሺ݁ሻ൧
௨௘

 

ൌෑൣ݁௄೙ሺݑሻ ൅ ݁௅ሺ௄೙ሻሺ݁ሻ൧
ଶ

୬

ൌෑቂ
݊
2
൅
݊
2
ቃ
ଶ
ൌ ሾnሿଶ௡

୬

 

 

௡ሻܥሺܧଶߨܤ			݋ݏ݈ܣ ൌෑൣ݁஼೙ሺݑሻ݁௅ሺ஼೙ሻሺ݁ሻ൧
௨௘

 

ൌෑൣ݁௄೙ሺݑሻ ൈ ݁௅ሺ௄೙ሻሺ݁ሻ൧
ଶ

୬

ൌෑቂ
݊
2
ൈ
݊
2
ቃ
ଶ
ൌ ቂ

n
2
ቃ
ସ௡

୬

 

Proof of (ii): Case 1: If n is odd  

௡ሻܥሺܧଵߨܤܪ ൌ 			ෑൣ݁஼೙ሺݑሻ ൅ ݁௅ሺ஼೙ሻሺ݁ሻ൧
ଶ

௨௘

 

ൌ ෑ ൣeେ౤ሺuሻ ൅ e୐ሺେ౤ሻሺeሻ൧
ଶ
ൈ ൣeେ౤ሺvሻ ൅ e୐ሺେ౤ሻሺeሻ൧

ଶ

ୣୀ୳୴∈୉ሺେ౤ሻ

 

ൌ ෑ ൤
݊ െ 1
2

൅
݊ െ 1
2

൨
ଶ

ൈ ൤
݊ െ 1
2

൅
݊ െ 1
2

൨
ଶ

ୣୀ୳୴∈୉ሺେ౤ሻ

ൌ ෑ ሾሾ݊ െ 1ሿସሿ௡ ൌ ሺ݊ െ 1ሻସ௡

ሻࡳሺࡱ∋ୀ࢛࢜ࢋ

 

௡ሻܥሺܧଶߨܤܪ			݋ݏ݈ܣ ൌෑൣ݁஼೙ሺݑሻ ൈ ݁௅ሺ஼೙ሻሺ݁ሻ൧
ଶ

௨௘

 

ൌ ෑ ൣ݁஼೙ሺݑሻ݁௅ሺ஼೙ሻሺ݁ሻ൧
ଶ
ൈ ൣ݁஼೙ሺݒሻ݁௅ሺ஼೙ሻሺ݁ሻ൧

ଶ

ሺେ౤ሻࡱ∋ୀ࢛࢜ࢋ

 

ൌ ෑ ൤
݊ െ 1
2

ൈ
݊ െ 1
2

൨
ଶ

ൈ ൤
݊ െ 1
2

ൈ
݊ െ 1
2

൨
ଶ

ୣୀ୳୴∈୉ሺେ౤ሻ

 

ൌ ෑ ൥ቈ
ሺ݊ െ 1ሻଶ

4
቉
ସ

൩

௡

ൌ ቈ
ሺ݊ െ 1ሻ

2
቉
଼௡

ሺେ౤ሻࡱ∋ୀ࢛࢜ࢋ
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Case 2: If n is even 

௡ሻܥሺܧଵߨܤܪ ൌ 			ෑൣ݁஼೙ሺݑሻ ൅ ݁௅ሺ஼೙ሻሺ݁ሻ൧
ଶ

௨௘

 

ൌ ෑ ൣeେ౤ሺuሻ ൅ e୐ሺେ౤ሻሺeሻ൧
ଶ
ൈ ൣeେ౤ሺvሻ ൅ e୐ሺେ౤ሻሺeሻ൧

ଶ

ୣୀ୳୴∈୉ሺେ౤ሻ

 

ൌ ෑ ቂ
݊
2
൅
݊
2
ቃ
ଶ
ൈ ቂ

݊
2
൅
݊
2
ቃ
ଶ

ୣୀ୳୴∈୉ሺେ౤ሻ

ൌ ෑ ሾሾnሿସሿ௡ ൌ ሺnሻସ௡

ሺେ౤ሻࡱ∋ୀ࢛࢜ࢋ

 

௡ሻܥሺܧଶߨܤܪ			݋ݏ݈ܣ ൌෑൣ݁஼೙ሺݑሻ ൈ ݁௅ሺ஼೙ሻሺ݁ሻ൧
ଶ

௨௘

 

ൌ ෑ ൣ݁஼೙ሺݑሻ݁௅ሺ஼೙ሻሺ݁ሻ൧
ଶ
ൈ ൣ݁஼೙ሺݒሻ݁௅ሺ஼೙ሻሺ݁ሻ൧

ଶ

ሺେ౤ሻࡱ∋ୀ࢛࢜ࢋ

 

ൌ ෑ ቂ
݊
2
ൈ
݊
2
ቃ
ଶ
ൈ ቂ

݊
2
ൈ
݊
2
ቃ
ଶ

ୣୀ୳୴∈୉ሺେ౤ሻ

ൌ ෑ ൥ቈ
nଶ

4
቉
ସ

൩

௡

ൌ ቂ
n
2
ቃ
଼௡

ሺେ౤ሻࡱ∋ୀ࢛࢜ࢋ

 

Theorem 2.3 : Let G be a wheel graph ௡ܹ, n  6. Then     

 ሺ݅ሻߨܤଵܧሺ ௡ܹሻ ൌ 		 3௡ିଵ2ଶ
ሺ௡ିଵሻ5ଶሺ௡ିଵሻ, ሺܧଶߨܤ ௡ܹሻ ൌ  ൌ 	25ሺ݊െ1ሻ32ሺ݊െ1ሻ 

ሺ݅݅ሻߨܤܪଵܧሺ ௡ܹሻ ൌ 	 3ଶሺ௡ିଵሻ2ସ
ሺ௡ିଵሻ5ସሺ௡ିଵሻ, ሺܧଶߨܤܪ ௡ܹሻ ൌ 	2ଵ଴ሺ௡ିଵሻ3ସሺ௡ିଵሻ 

Proof: Let ௡ܹ   be a wheel graph. The wheel graph ௡ܹ  has n vertices and 2(n-1) edges.  

Every non-central vertex vi, 1  i   n-1, of ௡ܹ  is incident with exactly three edges and 
every edge of ௡ܹ  is incident with exactly two vertices. In ௡ܹ,	there are n-1 edges incident 
with the centre u and n-1 edges ei = vivi-1 which form a cycle Cn-1. The centre has 
eccentricity 1 and the remaining n-1 vertices on cycle have eccentricity 2. Also, 
݁௅ሺௐ೙ሻሺ݁ሻ ൌ 2	for all e which are incident with the centre u and ݁ܮሺܹ݊ሻ

ሺ݁ሻ ൌ 3	for all 
edges ei = vivi-1 which form a cycle Cn-1.  

 Hence,	ሺ݅ሻܧ1ߨܤሺܹ݊ሻ ൌ 

			ෑൣ݁ௐ೙
ሺݔሻ ൅ ݁௅ሺௐ೙ሻሺ݁ሻ൧

௫௘

ෑൣ݁ௐ೙
ሺݒ௜ሻ ൅ ݁௅ሺௐ೙ሻሺ݁௜ሻ൧

௩೔௘೔

ൌ ෑൣ݁ௐ೙
ሺݑሻ ൅ ݁௅ሺௐ೙ሻሺ݁ሻ൧

௨௩ୀ௘

ൣ݁ௐ೙
ሺݒሻ

൅ ݁௅ሺௐ೙ሻሺ݁ሻ൧	ෑൣ݁ௐ೙
ሺݒ௜ሻ ൅ ݁௅ሺௐ೙ሻሺ݁௜ሻ൧

௩೔௘೔

ൣ݁ௐ೙
ሺݒ௜ିଵሻ ൅ ݁௅ሺௐ೙ሻሺ݁௜ሻ൧

ൌෑሺ1 ൅ 2ሻሺ2 ൅ 2ሻෑሺ2 ൅ 3ሻሺ2 ൅ 3ሻ ൌ 12௡ିଵ25௡ିଵ

ൌ 3௡ିଵ2ଶሺ௡ିଵሻ5ଶሺ௡ିଵሻ 
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,݋ݏ݈ܣ ሺܧଶߨܤ ௡ܹሻ ൌ ∏ ൣ݁ௐ೙
ሺݔሻ݁௅ሺௐ೙ሻሺ݁ሻ൧௫௘ ∏ ൣ݁ௐ೙

ሺݒ௜ሻ݁௅ሺௐ೙ሻሺ݁௜ሻ൧௩೔௘೔   	

ൌෑሺ2 ൈ 3ሻሺ2 ൈ 3ሻ ൌ 8௡ିଵ36௡ିଵ ൌ 2ଷሺ௡ିଵሻ2ଶሺ௡ିଵሻ3ଶሺ௡ିଵሻ 

    ൌ 	25ሺ݊െ1ሻ32ሺ݊െ1ሻ 

ሺ݅݅ሻߨܤܪଵܧሺ ௡ܹሻ ൌ 			ෑൣe୛౤
ሺxሻ ൅ e୐ሺ୛౤ሻሺeሻ൧

ଶ

୶ୣ

ෑൣ݁ௐ೙
ሺݒ௜ሻ ൅ ݁௅ሺௐ೙ሻሺ݁௜ሻ൧

2

௩೔௘೔

 

ൌ ෑൣ݁ௐ೙
ሺݑሻ ൅ ݁௅ሺௐ೙ሻሺ݁ሻ൧

2

௨௩ୀ௘

ൣ݁ௐ೙
ሺݒሻ

൅ ݁௅ሺௐ೙ሻሺ݁ሻ൧
2
	ෑൣ݁ௐ೙

ሺݒ௜ሻ ൅ ݁௅ሺௐ೙ሻሺ݁௜ሻ൧
2

௩೔௘೔

ൣ݁ௐ೙
ሺݒ௜ିଵሻ

൅ ݁௅ሺௐ೙ሻሺ݁௜ሻ൧
2
 

 

   ൌ	3ଶሺ௡ିଵሻ2ସሺ௡ିଵሻ5ସሺ௡ିଵሻ 
 

,݋ݏ݈ܣ ሺܧଶߨܤܪ ௡ܹሻ ൌ 	210ሺ݊െ1ሻ34ሺ݊െ1ሻ 
    

Theorem 2.4: Let G be a Star graphܵ௡, then     
ሺ݅ሻߨܤଵܧሺܵ௡ሻ ൌ 6௡ିଵ, ሺܵ௡ሻܧଶߨܤ ൌ 2௡ିଵ. 

 
ሺ݅݅ሻߨܤܪଵܧሺܵ௡ሻ ൌ 6ଶሺ௡ିଵሻ, ሺܵ௡ሻܧଶߨܤܪ ൌ 2ଶሺ௡ିଵሻ. 

Proof: The Star graph ܵ௡ has n vertices and n-1 edges. Every edge of ܵ௡is incident with 
exactly two vertices. Let v be the central vertex of ܵ௡ and ݑ௜, ݅ ൌ 1, 2, 3, … , ݊ െ 1 be 
other pendant vertices. The vertex v is incident with ݊ െ 1	edges, ݑ௜ is incident with only 
one edge such that ݁ሺݒሻ ൌ 1, ݁ሺݑ௜ሻ ൌ 2. Also, ݁௅ሺௌ೙ሻሺ݁ሻ ൌ 1. Hence  

ሺ݅ሻߨܤଵܧሺܵ௡ሻ ൌ 			ෑൣ݁ௌ೙ሺݑሻ ൅ ݁௅ሺௌ೙ሻሺ݁ሻ൧
௨௘

ൌ ෑൣ݁ௌ೙ሺݑሻ ൅ ݁௅ሺௌ೙ሻሺ݁ሻ൧ൣ݁ௌ೙ሺݒሻ ൅ ݁௅ሺௌ೙ሻሺ݁ሻ൧
௘ୀ௨௩

 

 

	ൌ ෑሺ1 ൅ 1ሻሺ2 ൅ 1ሻ
௘ୀ௨௩

ൌ 6௡ିଵ. 

ሺܵ௡ሻܧଶߨܤ														 		ൌ 		ෑൣ݁ௌ೙ሺݑሻ ൈ ݁௅ሺௌ೙ሻሺ݁ሻ൧
௨௘

 

									ൌ ෑൣ݁ௌ೙ሺݑሻ ൈ ݁௅ሺௌ೙ሻሺ݁ሻ൧ൣ݁ௌ೙ሺݒሻ ൈ ݁௅ሺௌ೙ሻሺ݁ሻ൧
௘ୀ௨௩

 

ൌ ෑሺ1 ൈ 1ሻሺ2 ൈ 1ሻ
௘ୀ௨௩

ൌ 2௡ିଵ 

 

ሺ݅݅ሻߨܤܪଵܧሺܵ௡ሻ 		ൌ 			ෑൣeୗ౤ሺuሻ ൅ e୐ሺୗ౤ሻሺeሻ൧
ଶ

୳ୣ
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							ൌ ෑൣ݁ௌ೙ሺݑሻ ൅ ݁௅ሺௌ೙ሻሺ݁ሻ൧
ଶ
ൣ݁ௌ೙ሺݒሻ ൅ ݁௅ሺௌ೙ሻሺ݁ሻ൧

ଶ

௘ୀ௨௩

 

																																				ൌ ෑሾ1 ൅ 1ሿଶሾ2 ൅ 1ሿଶ

௘ୀ௨௩

ൌ 6ଶሺ௡ିଵሻ 

,݋ݏ݈ܣ ሺܵ௡ሻܧଶߨܤܪ ൌෑൣeୗ౤ሺuሻ ൈ e୐ሺୗ౤ሻሺeሻ൧
ଶ

୳ୣ

 

							ൌ ෑൣ݁ௌ೙ሺݑሻ ൈ ݁௅ሺௌ೙ሻሺ݁ሻ൧
ଶ
ൣ݁ௌ೙ሺݒሻ ൈ ݁௅ሺௌ೙ሻሺ݁ሻ൧

ଶ

௘ୀ௨௩

 

ൌ ෑሾ1 ൈ 1ሿଶሾ2 ൈ 1ሿଶ

௘ୀ௨௩

ൌ 2ଶሺ௡ିଵሻ 

Theorem 2.5 : Let G be a graph ܭ௠,௡ then     
ሺ݅ሻߨܤଵܧ൫ܭ௠,௡൯ ൌ 16௠௡, ௠,௡൯ܭ൫ܧଶߨܤ ൌ 16௠௡. 

 
ሺ݅݅ሻߨܤܪଵܧ൫ܭ௠,௡൯ ൌ 256௠௡, ௠,௡൯ܭ൫ܧଶߨܤܪ ൌ 256௠௡. 

Proof: Let ܭ௠,௡ be a complete bipartite graph with m+n vertices and mn edges, |ܸ1| ൌ
	݉, |ܸ2| ൌ 	݊, ܸሺܭ௠,௡ሻ ൌ ଵܸ ∪ ଶܸ. Every vertex of ܭ௠,௡ is incident with one  vertex of 

ଵܸ	and another vertex of	ܸ	2. Let ଵܸ ൌ ሼݒଵ, ,ଶݒ ଷݒ … ሽ and ଶܸ ൌ ሼݓଵ, ,ଶݓ ଷݓ … ሽ.  Clearly 

vertex of ݒ௜	݂݋	 ଵܸ is incident with n edges ݁௜௝,	݆ ൌ 1, 2, 3, … , ݊, and every vertex ݓ௝ of 

ଶܸ is incident with m edges ݁௜௝ ݅ ൌ 1, 2, 3, …݉. Also, the eccentricity of all vertices are 2 
and ݁௅ሺ௄೘,೙ሻሺ݁ሻ ൌ 2. Hence 
 

ሺ݅ሻߨܤଵܧ൫ܭ௠,௡൯ ൌ 			ෑൣ݁௄೘,೙
ሺݑሻ ൅ ݁௅ሺ௄೘,೙ሻሺ݁ሻ൧

௨௘

 

ൌ ෑൣ݁௄೘,೙
ሺv୨ሻ ൅ ݁௅ሺ௄೘,೙ሻሺ݁௜௝ሻ൧

୴ౠ∈௏భ

ෑ ൣ݁௄೘,೙
ሺw୨ሻ ൅ ݁௅ሺ௄೘,೙ሻሺ݁௜௝ሻ൧

୵ౠ∈௏మ

 

 

ൌෑሾ2 ൅ 2ሿ
௠௡

ෑሾ2 ൅ 2ሿ
௠௡

ൌ 4ଶ௠௡ ൌ 16௠௡ 

,݋ݏ݈ܣ ௠,௡൯ܭ൫ܧଶߨܤ ൌෑൣ݁௄೘,೙
ሺݑሻ݁௅ሺ௄೘,೙ሻሺ݁ሻ൧

௨௘

 

ൌෑൣ݁௄೘,೙
ሺݑሻ ൈ ݁௅ሺ௄೘,೙ሻሺ݁ሻ൧

୫

 

ൌ ෑൣ݁௄೘,೙
ሺv୨ሻ ൈ ݁௅ሺ௄೘,೙ሻሺ݁௜௝ሻ൧

୴ౠ∈௏భ

ෑ ൣ݁௄೘,೙
ሺw୨ሻ ൈ ݁௅ሺ௄೘,೙ሻሺ݁௜௝ሻ൧

୵ౠ∈௏మ

 

 

ൌෑሾ2 ൈ 2ሿ
௠௡

ෑሾ2 ൈ 2ሿ
௠௡

ൌ 4ଶ௠௡ ൌ 16௠௡ 
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௠,௡൯ܭ൫ܧଵߨܤܪ			 ൌ 			ෑൣe௄೘,೙
ሺuሻ ൅ ݁௅ሺ௄೘,೙ሻሺ݁ሻ൧

ଶ

୳ୣ

 

ൌ ෑ ൣe௄೘,೙
ሺuሻ ൅ ݁௅ሺ௄೘,೙ሻሺ݁ሻ൧

ଶ
ൈ ൣe௄೘,೙

ሺuሻ ൅ ݁௅ሺ௄೘,೙ሻሺ݁ሻ൧
ଶ

ୣୀ୳୴∈୉ሺ௄೘,೙ሻ

 

ൌෑሾ2 ൅ 2ሿଶ
௠௡

ෑሾ2 ൅ 2ሿଶ
௠௡

ൌ 16ଶ௠௡ ൌ 256௠௡ 

௠,௡൯ܭ൫ܧଶߨܤܪ݋ݏ݈ܣ ൌෑൣe௄೘,೙
ሺuሻ ൈ ݁௅ሺ௄೘,೙ሻሺ݁ሻ൧

ଶ

୳ୣ

 

ൌ ෑ ൣe௄೘,೙
ሺuሻ ൈ ݁௅ሺ௄೘,೙ሻሺ݁ሻ൧

ଶ
ൈ ൣe௄೘,೙

ሺuሻ ൈ ݁௅ሺ௄೘,೙ሻሺ݁ሻ൧
ଶ

ୣୀ୳୴∈୉ሺ௄೘,೙ሻ

 

ൌෑሾ2 ൈ 2ሿଶ
௠௡

ෑሾ2 ൈ 2ሿଶ
௠௡

ൌ 16ଶ௠௡ ൌ 256௠௡ 

 
Theorem 2.6 : Let G be a Path  graph  ௡ܲ	 with radius r. Then     
ሺ݅ሻߨܤଵܧሺ ௡ܲሻ

ൌ 	 ቊ
ሺ4ݎሻ௡ିଵ ൈ ሾሺ4ݎ ൅ 3ሻሺ4ݎ ൅ 7ሻሺ4ݎ ൅ 11ሻ ൈ …ൈ ሺ8ݎ െ 9ሻ ൈ ሺ4ݎ െ 1ሻሿଶሺ௡ିଵሻ,																݊		݅ݏ		݀݀݋
ሾሺ4ݎ െ 2ሻ ൈ ሺ4ݎ ൅ 3ሻ ൈ ሺ4ݎ ൅ 7ሻ ൈ ሺ4ݎ ൅ 11ሻ ൈ …ൈ ሺ8ݎ െ 9ሻ ൈ ሺ4ݎ െ 3ሻሿ૛ሺି࢔૚ሻ, .݊݁ݒ݁	ݏ݅	݊

 

 
ሺܧଶߨܤ ௡ܲሻ

ൌ 	

ە
ۖ
۔

ۖ
ۓ ൤

ଶݎ2 ൅ ሺ2ݎଶ ൅ ݎ3 ൅ 1ሻ ൅ ሺ2ݎଶ ൅ ݎ7 ൅ 6ሻ ൅ ⋯൅
ሺ8ݎଶ െ ݎ10 ൅ 3ሻ ൅ ሺ8ݎଶ െ ݎ18 ൅ 10ሻ ൅ ሺ4ݎଶ െ ሻݎ2

൨
૛ሺି࢔૚ሻ

, ݀݀݋	ݏ݅	݊

൤
ሺ4ݎଶ െ ݎ4 ൅ 1ሻ ൈ ሺ4ݎଶ ൅ ݎ6 ൅ 2ሻ ൈ ሺ4ݎଶ ൅ ݎ14 ൅ 12ሻ ൈ …ൈ
ሺ16ݎଶ െ ݎ14 ൅ 6ሻ ൈ ሺ16ݎଶ െ ݎ36 ൅ 20ሻ ൈ ሺ4ݎଶ െ ݎ6 ൅ 2ሻ

൨
૛ሺି࢔૚ሻ

, .݊݁ݒ݁	ݏ݅	݊

 

 
ሺ݅݅ሻ	ߨܤܪଵܧሺ ௡ܲሻ

ൌ ቊ
ሺ4ݎሻ૛ሺି࢔૚ሻ ൈ ሾሺ4ݎ ൅ 3ሻሺ4ݎ ൅ 7ሻሺ4ݎ ൅ 11ሻ ൈ …ൈ ሺ8ݎ െ 9ሻ ൈ ሺ4ݎ െ 1ሻሿସሺ௡ିଵሻ, .	݀݀݋	ݏ݅	݊

ሾሺ4ݎ െ 2ሻ ൈ ሺ4ݎ ൅ 3ሻ ൈ ሺ4ݎ ൅ 7ሻ ൈ ሺ4ݎ ൅ 11ሻ ൈ …ൈ ሺ8ݎ െ 9ሻ ൈ ሺ4ݎ െ 3ሻሿ૝ሺି࢔૚ሻ, ݊݁ݒ݁	ݏ݅	݊
 

 
ሺܧଶߨܤܪ ௡ܲሻ

ൌ 	

ە
ۖ
۔

ۖ
ۓ ൤

ଶݎ2 ൅ ሺ2ݎଶ ൅ ݎ3 ൅ 1ሻ ൅ ሺ2ݎଶ ൅ ݎ7 ൅ 6ሻ ൅ ⋯൅
ሺ8ݎଶ െ ݎ10 ൅ 3ሻ ൅ ሺ8ݎଶ െ ݎ18 ൅ 10ሻ ൅ ሺ4ݎଶ െ ሻݎ2

൨
૝ሺି࢔૚ሻ

, ݀݀݋ݏ݅݊

൤
ሺ4ݎଶ െ ݎ4 ൅ 1ሻ ൈ ሺ4ݎଶ ൅ ݎ6 ൅ 2ሻ ൈ ሺ4ݎଶ ൅ ݎ14 ൅ 12ሻ ൈ …ൈ
ሺ16ݎଶ െ ݎ14 ൅ 6ሻ ൈ ሺ16ݎଶ െ ݎ36 ൅ 20ሻ ൈ ሺ4ݎଶ െ ݎ6 ൅ 2ሻ

൨
૝ሺି࢔૚ሻ

, 		.݊݁ݒ݁ݏ݅݊

 

 
Proof: Proof of (i): 
Case 1: If n is odd 

Let r be the radius of ௡ܲ.	Then ݎ ൌ ௡ିଵ

ଶ
  and ݊ ൌ ݎ2 ൅ 1.	Then	ܲ݊ has only one 

unicentral vertex with eccentricity r, ௡ܲ has two vertices with eccentricity r+1, …, ܲ݊ has 
two vertices with eccentricity  2r, 
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In this case ܮ	ሺ	 ௡ܲሻ ൌ ௡ܲିଵ, ݊ െ 1 ൌ .ݎ2 ௡ܲିଵ has 2 central vertices with eccentricity 2 ,ݎ 
vertices with eccentricity ݎ ൅ 1,…… 2 vertices with eccentricity 2ݎ െ 1.G has only one 
vertex with݁ሺݒሻ ൌ and it has two incident edges with ݁௅ሺீሻሺ݁ሻ  ݎ ൌ  vertices with 2;ݎ
eccentricity݁ሺݒሻ ൌ ݎ ൅ 1 and each vertex has 2 incident edges with ݁௅ሺீሻሺ݁ሻ ൌ
ݎ	݀݊ܽ	ݎ ൅ 1 ,………  and 2 peripheral vertices with  eccentricity 2ݎ with  one incident 
edge having eccentricity 2ݎ െ 1. 

ሺ݅ሻߨܤଵܧሺ ௡ܲሻ ൌ 			ෑൣ݁௉೙ሺݑሻ ൅ ݁௅ሺ௉೙ሻሺ݁ሻ൧
௨௘

 

ൌ ∏ ൣ݁௉೙ሺݑሻ ൅ ݁௅ሺ௉೙ሻሺ݁ሻ൧࢛࢜ࡱࢿሺࡳሻ ∏ ൣ݁௉೙ሺݒሻ ൅ ݁௅ሺ௉೙ሻሺ݁ሻ൧࢛࢜ࡱࢿሺࡳሻ 	= 
ሾሺr ൅ rሻ ൅ ሺr ൅ rሻሿି࢔૚

ൈ ቈ
൫ሺr ൅ 1ሻ ൅ r൯ ൅ ൫ሺr ൅ 1ሻ ൅ ሺr ൅ 1ሻ൯ ൈ ൫ሺr ൅ 2ሻ ൅ ሺr ൅ 1ሻ൯ ൅ ൫ሺr ൅ 2ሻ ൅ ሺr ൅ 2ሻ൯ ൈ

…൅ ൫ሺ2r െ 3ሻ ൅ ሺ2r െ 2ሻ൯ ൅ ൫ሺ2r െ 2ሻ ൅ ሺ2r െ 2ሻ൯ ൈ ሺ2r ൅ 2r െ 1ሻ
቉
૛ሺି࢔૚ሻ

 

ൌ ሺ4ݎሻ௡ିଵ ൈ ሾሺ4ݎ ൅ 3ሻሺ4ݎ ൅ 7ሻሺ4ݎ ൅ 11ሻ ൈ …ൈ ሺ8ݎ െ 9ሻ ൈ ሺ4ݎ െ 1ሻሿଶሺ௡ିଵሻ 

,݋ݏ݈ܣ ሺܧଶߨܤ ௡ܲሻ ൌෑൣ݁௉೙ሺݑሻ݁௅ሺ௉೙ሻሺ݁ሻ൧
௨௘

 

ൌ ෑ ൣ݁௉೙ሺݑሻ ൈ ݁௅ሺ௉೙ሻሺ݁ሻ൧
ሻࡳሺࡱࢿ࢛࢜

ෑ ൣ݁௉೙ሺݒሻ ൈ ݁௅ሺ௉೙ሻሺ݁ሻ൧
ሻࡳሺࡱࢿ࢛࢜

 

ሾሺr ൅ rሻ ൈ ሺr ൅ rሻሿି࢔૚

ൈ ቂൣ൫ሺr ൅ 1ሻ ൈ r൯ ൅ ൫ሺr ൅ 1ሻ ൈ ሺr ൅ 1ሻ൯൧

ൈ ൣ൫ሺr ൅ 2ሻ ൈ ሺr ൅ 1ሻ൯ ൅ ൫ሺr ൅ 2ሻ ൈ ሺr ൅ 2ሻ൯൧ ൈ …
ൈ ൣ൫ሺ2r െ 1ሻ ൈ ሺ2r െ 2ሻ൯ ൅ ൫ሺ2r െ 1ሻ ൈ ሺ2r െ 1ሻ൯൧
ൈ ൣ൫ሺ2r െ 3ሻ ൈ ሺ2r െ 2ሻ൯ ൅ ൫ሺ2r െ 2ሻ ൈ ሺ2r െ 2ሻ൯൧

ൈ ሾ2r ൈ 2r െ 1ሿቃ
૛ሺି࢔૚ሻ

 
ൌ ሾ2ݎଶ ൅ ሺ2ݎଶ ൅ ݎ3 ൅ 1ሻ ൅ ሺ2ݎଶ ൅ ݎ7 ൅ 6ሻ ൅ ⋯൅ ሺ8ݎଶ െ ݎ10 ൅ 3ሻ

൅ ሺ8ݎଶ െ ݎ18 ൅ 10ሻ ൅ ሺ4ݎଶ െ  ૚ሻି࢔ሻሿ૛ሺݎ2
Case 2: If n is even 
Let r be the radius of ௡ܲ.	Then ݎ ൌ ௡

ଶ
  and ݊ ൌ  Then ௡ܲ has two central vertices  with	.ݎ2

eccentricity r, ௡ܲhas two vertices  with eccentricity r+1, …, ௡ܲ has two vertices  with 
eccentricity  2r-1, 
 
In this case ܮ	ሺ	 ௡ܲሻ ൌ ௡ܲିଵ, ݊ െ 1 ൌ ݎ2 െ 1. ௡ܲିଵ has only one vertex with eccentricity 

ݎ െ 1, 2 vertices with eccentricity 2 ,… ,ݎ vertices with eccentricity 2ݎ െ 2.G has two 
vertices with	݁ሺݒሻ ൌ  and each one has two incident edges such that one edge has  ݎ
eccentricity ݎ െ  ሻܩሺܮ	݊݅	ݎ ሻ and another one has eccentricityܩሺܮ	݊݅	1
2 vertices with eccentricity	݁ሺݒሻ ൌ ݎ ൅ 1 and each vertex has 2 incident edges with 
݁௅ሺீሻሺ݁ሻ ൌ ݎ	݀݊ܽ	ݎ ൅ 1, …,   and 2 peripheral vertices with  eccentricity 2ݎ െ 1 with 
incident edges with ݁௅ሺீሻሺ݁ሻ ൌ ݎ2 െ 2. 
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ሺ݅ሻߨܤଵܧሺ ௡ܲሻ ൌ 			ෑൣ݁௉೙ሺݑሻ ൅ ݁௅ሺ௉೙ሻሺ݁ሻ൧
௨௘

 

 

ൌ ෑ ൣ݁௉೙ሺݑሻ ൅ ݁௅ሺ௉೙ሻሺ݁ሻ൧
ሻࡳሺࡱࢿ࢛࢜

ෑ ൣ݁௉೙ሺݒሻ ൅ ݁௅ሺ௉೙ሻሺ݁ሻ൧
ሻࡳሺࡱࢿ࢛࢜

 

ቈ
൫ሺr െ 1ሻ ൅ r൯ ൅ ൫ሺr െ 1ሻ ൅ ሺrሻ൯ ൈ ൫ሺr ൅ 1ሻ ൅ ሺrሻ൯ ൅ ൫ሺr ൅ 1ሻ ൅ ሺr ൅ 1ሻ൯ ൈ

…൅ ൫ሺ2r െ 3ሻ ൅ ሺ2r െ 2ሻ൯ ൅ ൫ሺ2r െ 2ሻ ൅ ሺ2r െ 2ሻ൯ ൈ ൫ሺ2r െ 2ሻ ൅ ሺ2r െ 1ሻ൯
቉
૛ሺି࢔૚ሻ

 

 
ൌ ሾሺ4ݎ െ 2ሻ ൈ ሺ4ݎ ൅ 3ሻ ൈ ሺ4ݎ ൅ 7ሻ ൈ ሺ4ݎ ൅ 11ሻ ൈ …ൈ ሺ8ݎ െ 9ሻ ൈ ሺ4ݎ െ 3ሻሿ૛ሺି࢔૚ሻ 
 

ሺܧଶߨܤ	݋ݏ݈ܣ ௡ܲሻ ൌෑൣ݁௉೙ሺݑሻ݁௅ሺ௉೙ሻሺ݁ሻ൧
௨௘

 

ൌ ෑ ൣ݁௉೙ሺݑሻ ൈ ݁௅ሺ௉೙ሻሺ݁ሻ൧
ሻࡳሺࡱࢿ࢛࢜

ෑ ൣ݁௉೙ሺݒሻ ൈ ݁௅ሺ௉೙ሻሺ݁ሻ൧
ሻࡳሺࡱࢿ࢛࢜

 

 

ൌ ቂሾሺr ൅ r െ 1ሻ ൈ ሺr ൅ r െ 1ሻሿ ൈ ൣ൫ሺr ൅ 1ሻ ൅ r൯ ൈ ൫ሺr ൅ 1ሻ ൅ ሺr ൅ 1ሻ൯൧ ൈ

ൣ൫ሺr ൅ 2ሻ ൅ ሺr ൅ 1ሻ൯ ൈ ൫ሺr ൅ 2ሻ ൅ ሺr ൅ 2ሻ൯൧ ൈ …ൈ ൣ൫ሺ2r െ 1ሻ ൅ ሺ2r െ 2ሻ൯ ൈ
൫ሺ2ݎ െ 1ሻ ൅ ሺ2r െ 1ሻ൯൧ ൈ ൣ൫ሺ2r െ 3ሻ ൅ ሺ2r െ 2ሻ൯ ൈ ൫ሺ2r െ 2ሻ ൅ ሺ2r െ 2ሻ൯൧ ൈ

ሾ2r െ 1 ൈ 2r െ 2ሿቃ
૛ሺି࢔૚ሻ

. 
. 
ൌ ሾሺ4ݎଶ െ ݎ4 ൅ 1ሻ ൈ ሺ4ݎଶ ൅ ݎ6 ൅ 2ሻ ൈ ሺ4ݎଶ ൅ ݎ14 ൅ 12ሻ ൈ …ൈ ሺ16ݎଶ െ ݎ14 ൅ 6ሻ

ൈ ሺ16ݎଶ െ ݎ36 ൅ 20ሻ ൈ ሺ4ݎଶ െ ݎ6 ൅ 2ሻሿ૛ሺି࢔૚ሻ 
Proof of (ii): 
Case 1: If n is odd 

Let r be the radius of ௡ܲ.	Then ݎ ൌ ௡ିଵ

ଶ
  and ݊ ൌ ݎ2 ൅ 1.	Then ௡ܲ has only one 

unicentral vertex with eccentricity r, ௡ܲ has two vertices with eccentricity r+1,…. ௡ܲ has two 
vertices with eccentricity  2r,In this case ܮ	ሺ	 ௡ܲሻ ൌ ௡ܲିଵ, ݊ െ 1 ൌ .ݎ2 ௡ܲିଵ has 2 central 
vertices with eccentricity 2 ,ݎ vertices with eccentricity ݎ ൅ 1,… 2 vertices with 
eccentricity 2ݎ െ 1.G has only one vertex with	݁ሺݒሻ ൌ  and it has two incident edges  ݎ
with ݁௅ሺீሻሺ݁ሻ ൌ  ;ݎ
2 vertices with eccentricity	݁ሺݒሻ ൌ ݎ ൅ 1 and each vertex has 2 incident edges with 
݁௅ሺீሻሺ݁ሻ ൌ ݎ	݀݊ܽ	ݎ ൅ 1 ,…  and 2 peripheral vertices with  eccentricity 2ݎ with  one 
incident edge having eccentricity 2ݎ െ 1. 

ሺܧଵߨܤܪ ௡ܲሻ ൌ 			ෑൣe௉೙ሺuሻ ൅ e୐ሺ୔౤ሻሺeሻ൧
ଶ

୳ୣ

 

ൌ ෑ ൣe୔౤ሺuሻ ൅ e୐ሺ୔౤ሻሺeሻ൧
ଶ
ൈ ൣe୔౤ሺuሻ ൅ e୐ሺ୔౤ሻሺeሻ൧

ଶ

ୣୀ୳୴∈୉ሺ୏౤ሻ
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ሾሺr ൅ rሻ ൅ ሺr ൅ rሻሿ૛ሺି࢔૚ሻ 	

ൈ ቈ
൫ሺr ൅ 1ሻ ൅ r൯ ൅ ൫ሺr ൅ 1ሻ ൅ ሺr ൅ 1ሻ൯ ൈ ൫ሺr ൅ 2ሻ ൅ ሺr ൅ 1ሻ൯ ൅ ൫ሺr ൅ 2ሻ ൅ ሺr ൅ 2ሻ൯ ൈ

…൅ ൫ሺ2r െ 3ሻ ൅ ሺ2r െ 2ሻ൯ ൅ ൫ሺ2r െ 2ሻ ൅ ሺ2r െ 2ሻ൯ ൈ ሺ2r ൅ 2r െ 1ሻ
቉
૝ሺି࢔૚ሻ

 

ൌ ሺ4ݎሻ૛ሺି࢔૚ሻ ൈ ሾሺ4ݎ ൅ 3ሻሺ4ݎ ൅ 7ሻሺ4ݎ ൅ 11ሻ ൈ …ൈ ሺ8ݎ െ 9ሻ ൈ ሺ4ݎ െ 1ሻሿସሺ௡ିଵሻ 

ሺܧଶߨܤܪ	݋ݏ݈ܣ ௡ܲሻ ൌෑൣe௉೙ሺuሻ ൈ ݁௅ሺ௉೙ሻሺ݁ሻ൧
ଶ

୳ୣ

 

ൌ ෑ ൣe௉೙ሺuሻ ൈ ݁௅ሺ௉೙ሻሺ݁ሻ൧
ଶ
ൈ ൣe௉೙ሺuሻ ൈ ݁௅ሺ௉೙ሻሺ݁ሻ൧

ଶ

ୣୀ୳୴∈୉ሺ௄೘,೙ሻ

 

 
ሾሺr ൅ rሻ ൈ ሺr ൅ rሻሿ૛ሺି࢔૚ሻ 	

ൈ ቂൣ൫ሺr ൅ 1ሻ ൈ r൯ ൅ ൫ሺr ൅ 1ሻ ൈ ሺr ൅ 1ሻ൯൧

ൈ ൣ൫ሺr ൅ 2ሻ ൈ ሺr ൅ 1ሻ൯ ൅ ൫ሺr ൅ 2ሻ ൈ ሺr ൅ 2ሻ൯൧ ൈ …
ൈ ൣ൫ሺ2r െ 1ሻ ൈ ሺ2r െ 2ሻ൯ ൅ ൫ሺ2r െ 1ሻ ൈ ሺ2r െ 1ሻ൯൧
ൈ ൣ൫ሺ2r െ 3ሻ ൈ ሺ2r െ 2ሻ൯ ൅ ൫ሺ2r െ 2ሻ ൈ ሺ2r െ 2ሻ൯൧

ൈ ሾ2r ൈ 2r െ 1ሿቃ
૝ሺି࢔૚ሻ

 
 

ൌ ሾ2ݎଶ ൅ ሺ2ݎଶ ൅ ݎ3 ൅ 1ሻ ൅ ሺ2ݎଶ ൅ ݎ7 ൅ 6ሻ ൅ ⋯൅ ሺ8ݎଶ െ ݎ10 ൅ 3ሻ
൅ ሺ8ݎଶ െ ݎ18 ൅ 10ሻ ൅ ሺ4ݎଶ െ  ૚ሻି࢔ሻሿ૝ሺݎ2

 
Case 2: If n is even 
Let r be the radius of ௡ܲ.	Then ݎ ൌ ௡

ଶ
  and ݊ ൌ  Then ௡ܲ has two central vertices  with	.ݎ2

eccentricity r, ௡ܲ has two vertices  with eccentricity r+1,………………………………… ௡ܲ 
has two vertices  with eccentricity  2r-1, 
 
In this case ܮ	ሺ	 ௡ܲሻ ൌ ௡ܲିଵ, ݊ െ 1 ൌ ݎ2 െ 1. ௡ܲିଵ has only one vertex with eccentricity 

ݎ െ 1, 2 vertices with eccentricity 2 …,ݎ vertices with eccentricity 2ݎ െ 2.G has two 
vertices with	݁ሺݒሻ ൌ  and each one has two incident edges such that one edge has  ݎ
eccentricity ݎ െ  ሻ.2 vertices withܩሺܮ	݊݅	ݎ ሻ and another one has eccentricityܩሺܮ	݊݅	1
eccentricity	݁ሺݒሻ ൌ ݎ ൅ 1 and each vertex has 2 incident edges with ݁௅ሺீሻሺ݁ሻ ൌ
ݎ	݀݊ܽ	ݎ ൅ 1 ,…   and 2 peripheral vertices with  eccentricity 2ݎ െ 1with incident edges 
with ݁௅ሺீሻሺ݁ሻ ൌ ݎ2 െ 2. 
 

ሺܧଵߨܤܪ ௡ܲሻ ൌ 			ෑൣe௉೙ሺuሻ ൅ e୐ሺ୔౤ሻሺeሻ൧
ଶ

୳ୣ

 

ൌ ෑ ൣe୔౤ሺuሻ ൅ e୐ሺ୔౤ሻሺeሻ൧
ଶ
ൈ ൣe୔౤ሺuሻ ൅ e୐ሺ୔౤ሻሺeሻ൧

ଶ

ୣୀ୳୴∈୉ሺ୏౤ሻ

 

ቈ
൫ሺr െ 1ሻ ൅ r൯ ൅ ൫ሺr െ 1ሻ ൅ ሺrሻ൯ ൈ ൫ሺr ൅ 1ሻ ൅ ሺrሻ൯ ൅ ൫ሺr ൅ 1ሻ ൅ ሺr ൅ 1ሻ൯ ൈ

…൅ ൫ሺ2r െ 3ሻ ൅ ሺ2r െ 2ሻ൯ ൅ ൫ሺ2r െ 2ሻ ൅ ሺ2r െ 2ሻ൯ ൈ ൫ሺ2r െ 2ሻ ൅ ሺ2r െ 1ሻ൯
቉
૝ሺି࢔૚ሻ
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ൌ ሾሺ4ݎ െ 2ሻ ൈ ሺ4ݎ ൅ 3ሻ ൈ ሺ4ݎ ൅ 7ሻ ൈ ሺ4ݎ ൅ 11ሻ ൈ …ൈ ሺ8ݎ െ 9ሻ ൈ ሺ4ݎ െ 3ሻሿ૝ሺି࢔૚ሻ 

ሺܧଶߨܤܪ	݋ݏ݈ܣ ௡ܲሻ ൌෑൣe௉೙ሺuሻ ൈ ݁௅ሺ௉೙ሻሺ݁ሻ൧
ଶ

୳ୣ

 

ൌ ෑ ൣe௉೙ሺuሻ ൈ ݁௅ሺ௉೙ሻሺ݁ሻ൧
ଶ
ൈ ൣe௉೙ሺuሻ ൈ ݁௅ሺ௉೙ሻሺ݁ሻ൧

ଶ

ୣୀ୳୴∈୉ሺ௄೘,೙ሻ

 

ൌ ቂሾሺr ൅ r െ 1ሻ ൈ ሺr ൅ r െ 1ሻሿ ൈ ൣ൫ሺr ൅ 1ሻ ൅ r൯ ൈ ൫ሺr ൅ 1ሻ ൅ ሺr ൅ 1ሻ൯൧ ൈ

ൣ൫ሺr ൅ 2ሻ ൅ ሺr ൅ 1ሻ൯ ൈ ൫ሺr ൅ 2ሻ ൅ ሺr ൅ 2ሻ൯൧ ൈ …ൈ ൣ൫ሺ2r െ 1ሻ ൅ ሺ2r െ 2ሻ൯ ൈ
൫ሺ2r െ 1ሻ ൅ ሺ2r െ 1ሻ൯൧ ൈ ൣ൫ሺ2r െ 3ሻ ൅ ሺ2r െ 2ሻ൯ ൈ ൫ሺ2r െ 2ሻ ൅ ሺ2r െ 2ሻ൯൧ ൈ

ሾ2r െ 1 ൈ 2r െ 2ሿቃ
૝ሺି࢔૚ሻ

. 
ൌ ሾሺ4ݎଶ െ ݎ4 ൅ 1ሻ ൈ ሺ4ݎଶ ൅ ݎ6 ൅ 2ሻ ൈ ሺ4ݎଶ ൅ ݎ14 ൅ 12ሻ ൈ …ൈ ሺ16ݎଶ െ ݎ14 ൅ 6ሻ

ൈ ሺ16ݎଶ െ ݎ36 ൅ 20ሻ ൈ ሺ4ݎଶ െ ݎ6 ൅ 2ሻሿ૝ሺି࢔૚ሻ 
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