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Abstract: In this paper, we define Multiplicative first and second K Eccentric indices

as, BmE(G) = [Tyelec(w) + eL(G)(e)] and Bm,E(G) = Hue[eG (Wey (e (e)]and we

define  Multiplicative first and second K Hyper Eccentric indices as, HBT{E(G) =
2 2

[Tuelec ) + eL(G)(e)] and  HBT,E(G) = [Tyeleq (u)eL(G)(e)] and we evaluate

these indices for some classes of graphs.

Keywords: Eccentricity, First and second K Eccentric indices , First and second K Hyper Eccentric
indices, Multiplicative first and second K Eccentric indices and Multiplicative first and second K
Hyper Eccentric indices.

1. Introduction

Topological indices are the numerical parameters of a graph which characterize
its topology and are usually graph invariant. Topological indices are used for example in
the development of quantitative structure activity relationship (QSAR’S) in which the
biological activity or other properties of molecules are correlated with their chemical
structure.

Let G = (V,E) be a graph with |[V| = nand |[E| = m . The eccentricitye; (v)
of a vertex v is the distance of any vertex farthest from v. Let e = uv € E(G). Let
er(¢)(e)denote the eccentricity of an edge e in L(G), where L(G) is the line graph of G.
The vertices and edges of a graph are called its elements.

The line graph of an undirected graph G is another graph L(G) that represents
the adjacencies between edges of G. A Line graph of a simple graph is obtained by
associating a vertex with each edge of the graph and connecting two vertices with an
edge if and only if the corresponding edges of G have a vertex in common.

The concept of Zagreb eccentricity (E; and E,) indices was introduced by
Vukicevic and Gravoc in the chemical graph theory very recently [1-4]. The first Zagreb
eccentricity (E1) and the second Zagreb eccentricity (E2) indices of a graph G are defined
as £1(G) = Xvev(o) e;> and E,(G) = ZvivjEE(G) e;ej where E(G) is the edge set and
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e; is the eccentricity of the vertex V; in G. The multiplicative variant of Zagreb indices
was introduced by Todeschini et. al [5]. They are defined as [[1(G) =

HveV(G)(degG(v))zand [[.(G) = (degg(w))(degs;(v)). Also we recently defined

where €,

Harmonic Eccentric index and it is defined as HEI(G) = Y.,pek ©) =3
is the eccentricity of the vertex u. In [6], Kulli introduced the first and second K Banhatti
indices to take account of the contributions of pairs of incident elements, and it was
defined as

B1(G) = Zuelde () + dg(e)] , B2(G) = Xyelde(w)dg(e)] -
In [7], Kulli introduced the first and second K Hyper Banhatti indices and it was defined
as HB1(G) = Zueldc (W) + dg(e)]? HBy(G) = Tyelde(w)dg (e)]? .
In [8, 9], he introduced the Multiplicative first and second K Banhatti indices and it was
defined as By (G) = [luelde (W) +dg(e)], Bmz(G) = [luelds(widg(e)] .
Similarly in [10], Kulli introduced the Multiplicative first and second K Hyper Banhatti
indices and it was defined as

HBm;(G) = [luelde (W) + dg(e)1?,  HBm,(G) = [Nueld(w)ds (e)].
Here, we introduce some new Topological indices based on eccentricity as follows:

Let G be a graph with vertex set V(G) and the edge set E(G). Let u € V(G)

and e € E(G). We define the first and second Multiplicative K Eccentric indices as,
BmE(G) = Hue[eG () + eL(G)(e)]- BmE(G) = Hue[eG (u)eL(G)(e)].
and we define the first and second Multiplicative K Hyper Eccentric indices as,
HBmE(6) = Mueles (W) + eviey ()],
HBmE(G) = Mueles Wewy (@]

where in all the cases ue means that the vertex u and edge e are incident in G and

er(c)(e) is the eccentricity of e in the line graph L(G) of G.

2. Multiplicative K-Eccentric Indices and Multiplicative K Hyper -

Eccentric Indices of Some Special Graphs.

Theorem 2.1 : Let G be a complete graph K;,, then
(i) BmE(K,) =3"""1Y Br,E(K,) = 2",
(ii) HBm E(K,)=9""V,  HBm,E(K,) = 4""D,

n(n_l), edges and all the vertices have

Proof: The complete graph K, has n vertices, m =
eccentricity 1. Also every vertex of K, is incident with (n — 1) edges, and every edge of
K, is incident with exactly 2 vertices. Also ey (k) (e) = 2 forall e in E(G).

(i)BnlE(Kn) = Hue[eKn(u) + eL(Kn) (e)] = He:uv[eKn(u) +
erk, (@] [ex, ) + ey, (e)]

= n[eKn(u) + eL(Kn)(e)]Z = 1_[[[1 + 22" = 9n(2_1) = 3n(n-1)

m m
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Also Br,E(K,) = n[eKn(u)eL(Kn)(e)]

- n[eKn(u) x ey ()] = ﬂ[u w 22| = 475 = gnn-1)

m m

@HBmEW) = | [lex,@ + evien (@]’

ue
2 2
= [eKn (w+ eL(Kn)(e)] X [eKn W)+ eL(Kn)(e)]
e=uveE(Ky)
— 1_[ [[1 + 2]4]m = gn(n-1)
e=uveE(Kp)
2
Also, HBm,E(K,) = n[eKn () x eL(Kn)(e)]
ue
2 2
= [eKn () + eL(Kn)(e)] X [eKn )+ eL(Kn)(e)]
e=uveE(Ky)
— 1_[ [[1 X 2]4]m — 4_n(n—1)
e=uveE(Ky)

Theorem 2.2 : Let G be a cycle graph (), , then

— 1)2n :
(i) B E(Cp) = {(" an) s odd
, 1S even.

( 1 in
(n ) ,nisodd
Br,E(Cy,) =
k , nis even.

.. (n—1*" nis odd
HBm,E(C,) =
()HBm E(Cn) { (n)*™, n is even.

(n-1)

8n
] ,nisodd
HBm,E(C,) =
t [E] ,nis even.
Proof: Let C,be a Cycle with n = 3 vertices. €}, has n edges. Every vertex of (), is incident
with exactly two edges, every edge of (), is incident with exactly two vertices. Eccentricity

of any vertex in

nT_l,VnZS(nis odd) nT_l,nis odd

C = .AISO eLC (e) ==
" %,Vn > 2(nis even) ) %,n is even.

Proof of (i):Case 1: If n is odd
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[ [lec. @ + eve@]

ue
= | [lec. + v @ [ec, @) + exey @]

(D) BmE(Cy)

e=uv

= ﬁ[ecn(u) + eL(Cn)(e)]Z = ﬁ [n ; ! + e ; 1]2 =[n-1]*"

Also, Bm,E(C,) = j_—[[ecn (u)eL(Cn)(e)]

_ ﬁ[el(n(u) y eL(Kn)(e)]z _ 1£ [n ; 1 y n ; 1]2 _ [(n ; 1)]411

Case 2: If n is even

(i) BmE(Cy) = r:[ecn(u) + eL(cn)(e)]
n ue N i
- l_[[eKn(u) + eL(Kn)(e)]z - 1_[ [g L
Also Bm,E(Cy) = ﬂ[ecn(u)eL(cn)(e)]

H[eK (w) x eL(Kn)(e)] 1_“ ] = [

Proof of (ii): Case 1: If n is odd
2
HBmECy) = | [lec,a0) + sy @)

2 2
=[] lec, + erep (@] x[ec,@ + ercp (@]
e=uveE(Cy)
_ [n—1+n—1]zx[n—1+n—1]2
2 2 2 2

e=uveE(Cy)
= || m-u1r=a-vm
e=uveE(G)
Also HBm,E(C,) = H[ecn(u) X eL(Cn)(e)]Z
=[] lee@eco@] x[eq,mency @]’
e=uveE(Cy)

2X2 ZXZ

[n—l n—lrx[n—l n—1]2

e=uveE(Cp)

[[(n _ 1)2]4]n ~ (n _ 1)]8n
e=uveE(Cy)
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Case 2: If n is even

HBm,E(C,) = n[ecn(u) + eL(Cn)(e)]2

= ] lec,+ercn @] x[ec,@ + ercp @]’

e=uveE(Cy)
n m2 m ny?
= a4 a0 = 41 — 4n
- l_[ [2+2] X273 1_[ [n]*]" = ()
e=uveE(Cy) e=uveE(Cy)

Also HBm,E(C,) = H[ecn(u) X eL<cn)(e)]2

= ] leaenco@] x [ec,merco@]

e=uveE(Cp)
n m? m  ny2 n2* 1" ngen
S I - Y ([
2 2 2 2 4 2
e=uveE(Cy) e=uveE(Cp)

Theorem 2.3 : Let G be a wheel graph W,, n 2 6. Then
()Bm E(W,) = 3n~122(-152(n-1) pr E(W,) = = 25013201
(i)HBm E(W,,) = 32(=D24(-D5t(=1) g, E(W,) = 2100-1D34(m-1)

Proof: Let IW,, be a wheel graph. The wheel graph W, has n vertices and 2(n-1) edges.
Every non-central vertex v;, 1 < i < n-1, of W, is incident with exactly three edges and
every edge of I, is incident with exactly two vertices. In W}, there are n-1 edges incident
with the centre u and n-1 edges e, = v;v,;, which form a cycle C,,. The centre has
eccentricity 1 and the remaining n-1 vertices on cycle have eccentricity 2. Also,
eLw,)(e) = 2 for all e which are incident with the centre u and eLw,) (e) = 3for all
edges e; = v;v,; which form a cycle C,_ ;.

Hence, (i)BT[lE(Wn) =

[ Jlew, @ + examo@1] Jlew, @0 + evu (e

xe viei

= [ [lew.@ + exany@] [ew, )

uv=e

+ e @] | [lewn @0 + ewany ] [ew, i) + enmpen)]

vie;
= l_[(1 +2)(2+2) 1_[(2 +3)(2 +3) = 12n-1257-1
— 3n—122(n—1)52(n—1)
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Also, By E(Wy) = Tlxe[ew, (e, (@] Mvse [ ew, W) erw,)(e)]
— l_[(z X 3)(2 X 3) = gn-13gn-1 = 23(n—1)22(n—1)32(n—1)
g 2 2
@HBTEWR) = | [lew, 00 + v (@] | [lew, (v + evampen)]
Xe

viej

= | [lew. @ + exuy @] [ew, @)

uv=e

+ e @1 | [lew, @0 + evuy 0] [ew, i)

vie;

2
+ ey, (e)]

— 32(n—1)24(n—1)54(n—1)
Also, HBm,E(W,) = 210(n=1)34(n-1)

Theorem 2.4: Let G be a Star graphS,,, then
({))Bm E(S,) = 6™ L, Bm,E(S,) = 21,

(ii)HBm,E(S,) = 62~V HBm,E(S,) = 221,
Proof: The Star graph S, has n vertices and n-1 edges. Every edge of Syis incident with
exactly two vertices. Let v be the central vertex of S;, and u;,i =1,2,3,...,n—1 be
other pendant vertices. The vertex v is incident with n — 1 edges, u; is incident with only
one edge such that e(v) = 1, e(u;) = 2. Also, ey (s,)(e) = 1. Hence

OBmES) = | [les,@ + s,y (@)]

ue

= | [lesn @ + exisy@lles, @) + encsp @]

e=uv

= 1_[ 1+ 1)@2+1) =671,

e=uv

Bm,E(S,) = n[esn(u) X eL(Sn)(e)]

ue

= [ [les.@ x exgs,y(@)][es, @) x exs,p(@)]

o n(lxl)(2x1)=2”‘1

e=uv

@HBTES) = | [les, @ + e,y (@]

ue
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= | [les.@ + exisy @] [es,@) + evcs,p (]

e=uv
= 1_[ [1+1]%[2 +1]? = 62D

e=uv

Also, HBm,E(S,) = ﬂ[esn(“) X eL(sn)(e)]2

= [ [les @) x exsy @] [es, @) x exsy @]

e=uv
= 1_[ [1x 1]%[2 x 1]? = 22D

e=uv
Theorem 2.5 : Let G be a graph K, ,, then
(DB E(Kpn) = 16™, By E (K ) = 16™™,

(i)HBM E(Kpmn) = 256™", HBT,E (K ) = 256™"
Proof: Let K,;, , be a complete bipartite graph with m+n vertices and mn edges, |V1| =

m, V2| = n, V(K ) = Vi UV,. Every vertex of Ky, , is incident with one vertex of
Vi and another vertex of V . Let V; = {v1,v,,v3 ...} and V5, = {wy, w,, w3 ... }. Clearly

vertex of v; of V; is incident with n edges €;;, j = 1,2, 3, ..., 1, and every vertex w; of
V5 is incident with m edges ¢e; j i =1,2,3,...m. Also, the eccentricity of all vertices are 2

and ey (x,, ,)(€) = 2. Hence

OBTEKmn) = | [[eknn @ + e10(@)]

= 1—[ (€K (V1) + €Lt ) (€i1)] 1_[ [k (W) + €Lk (€01)]

VjEV; WjEV;
mn mn

= ﬂ[z 4 2] ﬂ[z 4 2] = 42mn = 1gmn

Also, anE(Km,n) = n[eKm'n(u)eL(Km,n)(e)]
= n[eKm,n (W) X ey (k) ()]
= 1_[ (€K (V) X €L ) (€i1)] 1_[ [k (W) X €1, (1))

V]' EV]_ W] EVZ

mn mn

— H[z x 2] 1_[[2 x 2] = 42mn — {gmn
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2
HBm E(Kpn) = | | ey, (W) + epi, (€]
ue

= ] [t + @] * [exn () + s @]

e=uveE (K n)
mn mn

= [ [z+27] |2+ 217 = 162m = 256m™

AlsoHanE(Kmrn) = n[e,{m’n(u) X LK) (e)]2
ue

(€K (W) X €L ) @] x (€K, (W) X eL(Km,n)(e)]z

e=uveE(Kmn)
mn mn

= 1_[[2 x 22 1_[[2 x 2]% = 162mn = 256mn

Theorem 2.6 : Let G be a Path graph P, with radius r. Then

()Br, E(B,)
(@) x [(4r +3)(d4r + 7)(Ar + 11) X .. X (8r — 9) X (47 — 1]?(~D), n is odd
[(4r —2) x (4r +3) X (4r + 7) X (47 4+ 11) X ... x (87 — 9) x (4r — 3)]2~D p s even.
B, E(B,)
212+ (2r2 +3r + D+ 2r2 +7r + 6) + -+ 17"V e odd
_ (8r%2 — 107 + 3) + (8r% — 18r + 10) + (4r% — 2r) ’
U(4r2 —4r +1) X (472 + 61 + 2) X (472 + 141 + 12) X ... x]z("‘l) s oven
(1672 — 14r + 6) x (1612 — 361 + 20) X (4r? — 61 + 2) ’ '

(ii) HBm,E(P,)
B { (4r)%2=D x [(4r + 3)(dr + 7)(4r + 11) X .. X (8r — 9) X (4r — D]*™ "V, nis odd .
T [@r=2)x (4r +3) X (4r + 7) X (4r + 11) X ... X (87 — 9) X (4r — 3)]*® D n s even

HBm,E(P,)
(

4(n-1)

2 2 2
2r-+ Q2re+3r+ 1)+ Q2re+7r+6)+ -+ nisodd

[(8r2 —10r +3) + (8r% — 18r + 10) + (4r% — 2r)
[(4r2 —4r+1)x (4r2+6r+2)x (4r? + 14r + 12) X ... x]
(1672 — 14r + 6) x (1612 — 361 + 20) X (4r? — 61 + 2)

4(n-1)
,niseven.

Proof: Proof of (i):
Case 1: If n is odd

Let r be the radius of P,.Then r = nT—l and n = 2r + 1. Then P, has only one

unicentral vertex with eccentricity r,P, has two vertices with eccentricity r+1, ..., P, has

two vertices with eccentricity 2r,
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In this case L ( B,) = P,_1,n — 1 = 2r. P,,_; has 2 central vertices with eccentricity 1, 2
vertices with eccentricity 7 + 1,...... 2 vertices with eccentricity 27 — 1.G has only one
vertex withe(v) =r and it has two incident edges with eL(c) (e) = r;2 vertices with
eccentricitye(v) =7+ 1 and each vertex has 2 incident edges with ey (e) =
randr+1 ... and 2 peripheral vertices with eccentricity 2r with one incident
edge having eccentricity 2r — 1.

OBmEE) = | [len, @+ escep (@]

= [Tuver )l er, @) + evce,y (@] uver)ler, (@) + e,y (€)] -
[(r+D)+ T+ ?
y [((r+1)+r)+((r+1)+(r+1))><((r+2)+(r+1))+((r+2)+(r+2))><
wt(@r=3)+@r-2)+(@r-2)+@r-2))x @2r+2r—1)
= A" x [(4r +3)dr + 7)(4r + 11) X ... x (8r — 9) x (4r — 1)]2(~1

Also, Bm,E(B,) = H[epn(u)eL(pn)(e)]

2(n-1)

ue

= | [ leruw xewep@] || ler,@) x esgrp (@]
uveE(G) uveE(G)
[(r+1) X (r+1n)]*?
x [[(+ D) x1)+ (@ + 1) x (r+D)]
X[(r+2)x@+D)+(Cc+2)x T +2)]x..
X [((2r—1) x (2r—2)) + ((2r—1) x (2r — 1))]
x [((2r—3) x (2r—2)) + ((2r — 2) x (2r — 2))]
2(n-1)
x [2r X 2r — 1]]
=[2r2+@r2+3r+1D)+Q@r2+7r+6)+ -+ (8r2 —10r + 3)
+ (8r% — 187 + 10) + (4r% — 2r)]?(®-1
Case 2: If n is even
Let r be the radius of P,. Thenr = % and n = 2r. Then P, has two central vertices with
eccentricity r,P,has two vertices with eccentricity r+1, ..., P, has two vertices with

eccentricity 2r-1,

In this case L ( B,) = P,_1,n — 1 = 2r — 1. P,_; has only one vertex with eccentricity

r — 1, 2 vertices with eccentricity 7', ..., 2 vertices with eccentricity 2r — 2.G has two
vertices with e(v) =7 and each one has two incident edges such that one edge has
eccentricity  — 1 in L(G) and another one has eccentricity r in L(G)

2 vertices with eccentricitye(v) =7 4+ 1 and each vertex has 2 incident edges with
eL() (e)=randr+1, ..., and 2 peripheral vertices with eccentricity 2r — 1 with
incident edges with e;gy(e) = 2r — 2,
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OBmEE) = | [len, @+ escep (@]

= | [ ler.w +eiep@] | [ ler,@) +eripp(@]

uveE(G) uveE(G)
[ (c-D+0)+(c-D+O)x(C+D+®)+(c+ D+ +1))x
wt(@r=3)+@r-2))+(2r-2)+@r-2))x((2r—=2)+ 2r-1))

2(n-1)

=[(4r —2) x (4r +3) X (4r + 7) X (4r + 11) x ... x (8r — 9) x (4r — 3)]?(*-1

Also Br,E(P,) = H[epn(u)eL(pn)(e)]
= [ [ lers xewep@] || ler,@) x esgry (@]

uveE(G) uveE(G)

=|lt+r=Dx@+r=DIx[(G+1D+1)x (¢ +1D+ r+D)] x
[(C+2)+T+D)x(+2)+ (@ +2)] x..x[(@r—1+@2r-2))x
(@r—1D+@r-1D)]x[(2r-3)+ @2r-2)) x ((2r—2) + (2r — 2))] x

2(n-1)
[2r—1><2r—2]] .

=[(4r? —4r+1) x (4r2 + 61r +2) x (4r> + 14r + 12) X ...x (167r% — 14r + 6)
x (1612 — 361 + 20) x (4r% — 6r + 2)]*@~1

Proof of (ii):

Case 1: If n is odd

Let r be the radius of P,.Then r = nT_l and n = 2r + 1. Then P, has only one

unicentral vertex with eccentricity r,P, has two vertices with eccentricity r+1,....P, has two

vertices with eccentricity 2r,In this case L ( B,) = P,_q,n — 1 = 2r. P,_; has 2 central

vertices with eccentricity 7, 2 vertices with eccentricity v+ 1,... 2 vertices with

eccentricity 21 — 1.G has only one vertex with e(v) =7 and it has two incident edges

with e} ) (e) =7;

2 vertices with eccentricitye(v) =7 4+ 1 and each vertex has 2 incident edges with

ey)(e) =randr+1,.. and 2 peripheral vertices with eccentricity 2r with one

incident edge having eccentricity 2r — 1.

HBmE(P,) = H[epn(u) + eL(Pn)(e)]2

ue

=[] lers@ +erpn@]" x [ep, ) + evepy @]’
e=uveE(Ky)
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[(r+71)+ (r+1)]?@D
(C+D+0)+(C+D+C+ D)X (C+D+ T+ D)+ (C+2)+(r+2) x
[ wt(@r=3)+@r-2))+(2r—-2)+@r-2))x (2r+2r—1)
= (4r)2MD x [(4r + 3)(4r + 7)(4r + 11) X ... x (87 — 9) x (4r — D)]***~D
Also HBm,E(B,) = l_[[epn(u) X eL(pn)(e)]Z

4(n-1)

ue

=[] len@xepy@] x [er,@ x esp,y@)’
e=uveE(Kpyn)

[((r+71) X (r+1)]?®D
x [[(+ D) x1)+ (@ + 1) x (r+D)]
X[(r+2)x@+D)+(Cc+2)x ([ +2)]x..
X [((2r—1) x (2r—2))+ ((2r-1) x (2r — 1))]
x [((2r—3) x (2r—2)) + ((2r — 2) x (2r — 2))]
x [2r X 2r — 1]]4("_1)

=[2r2+@2r?+3r+ 1)+ Qr2+7r+6) + -+ (8r2 — 10r + 3)
+ (8r2 — 18r + 10) + (4r? — 2r)][*®@-D

Case 2: If n is even

n . .
Let r be the radius of P,;. Then r = > and n = 2r. Then P, has two central vertices with
eccentricity r,P, has two vertices with eccentricity r+1,.......c.ccoeeviiiiiiininiininene.n. B,

has two vertices with eccentricity 2r-1,

In this case L ( B,) = P,_1,n — 1 = 2r — 1. P,_; has only one vertex with eccentricity

r — 1, 2 vertices with eccentricity 7°,... 2 vertices with eccentricity 2r — 2.G has two
vertices with e(v) =7 and each one has two incident edges such that one edge has
eccentricity ¥ — 1 in L(G) and another one has eccentricity r in L(G).2 vertices with
eccentricity e(v) =7+ 1 and each vertex has 2 incident edges with e (e) =
randr+1,... and 2 peripheral vertices with eccentricity 2r — 1with incident edges
with e; ) (e) = 2r — 2.

HBm,E(B,) = H[epn(u) + eL(Pn)(e)]z

ue

=[] lees +erpn @] X [ep, ) +erpy @)
e=uveE(Ky)

[ (c-D+0)+(c-D+M)x(C+D+@)+(C+ D+ +1))x
et (@r=3)+@r-2))+(@r-2)+@r-2))x((2r—-2)+ 2r- 1)

4(n-1)
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=[(4r —2) x (4r +3) X (4r + 7) x (4r + 11) X ... x (87 — 9) x (4r — 3)]*(*-1)

Also HBm,E(P,) = n[epn(u) X eL(pn)(e)]2

=[] len xewpn@] x [er, x esipy @]
e=uveE(Ky n)

=|lt+r=Dx@+r=DIx[(G+D+1)x (@ +1D+ r+D)] x
[(C+2)+@+D))x (T +2)+ (@ +2)]x.x[(2r=1) + (2r — 2)) x
(Cr—=1D+@r—1D)]x[(@r-3)+ @r—-2)) x ((2r—2) + (2r—2))] x

[2r—1 x 2r — 2]

]4(n—1).

=[(4r?2 —4r+ 1) x (@r2+6r+2)x (4r* +14r + 12) x .. x (1612 — 14r + 6)

X (1612 — 367 + 20) X (412 — 6r + 2)]**~D
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