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Abstract: Let G be a connected graph with diameter diam(G). The PVB - tree is a tree consisting of b
branches at each vertex of all the p copies of the path V on v vertices and these paths are joined ro the
vertices of a path P on p vertices. This PVB tree contains pvb + pv + p vertices and pvb + pv + p — 1
edges. The radio number for G, denoted by rn(G), is the smallest integer k such that there exists a function
A:V(G) =40, 1,2, - -, b} with |Aw)-A0)| = diam(G)-d(u, v)+1 for all vertices u and v, where
d(u, v) is the distance between u and v. We prove that the PVB - tree admits a radio labeling for all
positive integersp 2 3, v= 1 and b 2 1.
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1. Introduction

Radio labeling can be regarded as an extension of distance-two labeling and both of
them are motivated by the channel assignment problem. Given a set of stations (or
transmitters), a valid channel assignment is a function that assigns to each station with a
channel (nonnegative integer) such that interference is avoided. The task is to find a valid
channel assignment with the minimum span of the channels used. The degree (or level) of
interference is related to the locations of the stations - the closer of two stations, the stronger
interference that might occur. In order to avoid interference, the separation between the
channels assigned to a pair of near-by stations must be large enough; the amount of the
required separation depends on the distance between the two stations.

A graph model for this problem is to represent each station by a vertex, and connect
every pair of close stations by an edge. Let G be a connected graph. We denote the distance

between two vertices u and v by d(u, v). Motivated by the channel assignment problem with
two levels of interference, a distance-two labeling for G is a function AV —{0,1,2,3,--}
such that |A(u)—A(v)| >2if d(u, v) = 1; and A(u) # A(V) if d(u, v) = 2. The span of f is
defined as max { |A(u)—A(V)| / u, v € V(G) }. The B-number for a graph G, denoted by

X(G), is the minimum span of a distance-two labeling for G. Motivated by the channel

assignment problem with diam(G) levels of interference, a multi-level distance labeling (or
radio labeling) is a function AV (G) {0, 1, 2,3, - - -} so that the following is satisfied:
|A(u) - A(V)l > diam(G) — d(u, v) + 1, for u, v € V(G) where diam(G) is the diameter of G
(the maximum distance over all pairs of vertices). The radio number (as suggested by the

FM radio channel assignment for a graph G, denoted by rn(G), is the minimum span of a
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radio labeling for G. Note that when diam(G) = 2, distance-two labeling coincides with radio
labeling, and in this case, ¥(G)=rn(G). Finding the radio number for a graph is an interesting
yet challenging task.So far, the value is known only to very limited families of graphs.

For paths and cycles, it was studied by Charchand el al. [3,2,9], while the exact value
remained open until lately solved by Liu and Zhu [6]. The radio number for square paths
(adding edges between vertices of distance two apart) was determined by Liu and Xie [7]
who also studied the problem for square cycles [8].The aim of this article is to extend the
study to a special tree called PVB-tree. We focus our study on the PVB-tree which is a

generalized form of the familiar trees like spiders, ladders etc.

2. Basic Definitions

Definition 1:
The diameter of a graph G, diam(G) is the maximum distance between two vertices, i.e.,
the largest number of edges which must be traversed in order to travel from one vertex to

another, following the shortest path between any two vertices.

Definition 2:
Let G be a connected graph with the set of all vertices V(G). A radio labeling of G is an
injective function ® : V (G) ~71" satisfying the radio condition;

|® (u)-A (v) |2 diam (G) - d (u, v) +1

for any two vertices u, v € V (G)

Definition 3:
The variation of a radio labeling f, called span(f), is the maximum value that f can take. We

call S(G,f) the set of consecutive numbers {m,m+1,.....M}

Where
m= ugl(ré ) f(u)
and
M = urg%) f(u)
Then
Span (f) = M-m
The Radio Number of G, written as rn(G), is the smallest variation of all radio labelings of
G
m(G) = mfin span f
Definition 4:

A radio labeling for G with span equal to rn (G) is called an optimal radio labeling.
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Definition 5:
Let T be a tree rooted at a vertex w. We define level function on V(T) b
L, (u) =d(w,u) forany u e V(T)
The weight of T (rooted) at w is defined by

we(w)= > L, ()

uev(T)

The weight of T is the smallest weight among all vertices of T

w(T) =min{w;(w):weV(T)}

3. Construction Of PVB-Tee

Consider a path P ( main path ) on p vertices . Take p copies of another path V ( sub path
) on v vertices. At each vertex of each copy of these sub paths attach b branches. These paths
are joined to the main path P one at a vertex of the main path. The vertices of P are denoted
by X,,X,,....X,. The vertices of the sub paths V are denoted by x;,i = 1,2,...,p, j = 1,2,...,v

The vertices of the branches are denoted by xijk, i=12,..,p,j=12,.,vand k=1.2,..b.
The tree thus obtained is the PVB tree. The number of vertices of the PVB tree is pvb + p,
the number of edges is pvb + pv + p - 1 and the diameter this PVB-tree diam (T) =p+2v +1.

1,2 k—1 .k
:11:2,1:(,},Jl xl bk :cQ:c zhs opvrls el
= v Ty
z} = z*
P—l)l P 1 (P 1)7 (p—1)v (p—1)v

Tp—1)1 Tip—1)2 1)

1 29 k-1 _k .1 2 k—1_k 1 i k—1 F
E3p Xy Xgy &gy Apalyy Ty gy $2u5'52u xzu IZU
ase .es
. L T2
Tog Loy
4. k—1_k
x} h -"311 m11 x]a s -'512 Eu LTiwTry Ty Tiy
S
v v - v ,
Lo

Flgure 1. Generalized PVB-tree

Theorem :
Let T be a PVB-tree on p-odd vertices on P, v vertices on V and b branches, then weight of
T is given by

w(T)= g{v(3b+1)+v2(b+1)}+ P L1y (a4
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Proof :
v(3b+1) + Vv’ (b+1)
2

The total weight of all vertices of a single path is = X(say) and the

number of vertices in each path is V(b+1)+1=y(say), then
w(M=Xx+ (p-Dx + p —l[y + pT-Syj

(P-D(p +1)j
4

pz -1]
X +
p Y( l

g[v(3b+1)+v2(b+1)} +

=px+y(

2
p~-1 {v(b+1)+1}

Theorem 2:
Let T be a PVB-tree on p-even vertices on P, v vertices on V and b branches, then weight
of T is given by
2
w(T)=2L {v(3b+1)+v2(b+1)] ; P v(b+1)+1]

Proof :

v(3b+1)+ V3 (b+1)
2

number of vertices in each path is V(b+1)+1=y(say), then

The total weight of all vertices of a single path is =X(say)and the

w(T)= 2x + —y+p 2(X+2y+p44yj

=2x +(p2)x+ (2y+p 4yj+ %

2p-4 (p 2)(p 4. p )
2

:PX+V[

2
o+ 2y

2
[V(3b+1)+v2(b+1)]+ pT[v(b+1)+1}

N o

4. Main Theorems

In this section, we present the radio labeling and find the radio number of the newly
constructed tree, called PVB-tree

Theorem 3:

Let T be a PVB-tree with pv(b+1)+p vertices having diameter p+2v+1 and p is odd,then
rn(T)= (pvb+pv+p-1)(p+2v+2)+1-2w(T)
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Proof:

Case 1: Supposep=3andv=1
Fori=1,2,3 and j=1

p+2(2i+5k)-9

X} = ifk=12..,b
5(p+2b)+4(2i—j)-9
A(xy) = (p+2D) 2( )
k(xi)zw fori=1and 3
A(x;)=0
In this case rn(T) is obtained in x, which is w independent of v
Case 2: Suppose p =3 and v =2
Fori=123and k=1,2,...,b
p+4(i +28k)—29 if j=1:
M) = D +8(i +4K) - 21
— ifj=2
2
Fori=1,2,3
3p+8(|;4b)—5 if j=1:
Mxi) = :
3(p+4j+5)+32b . .
5 if j=2.

AX;) = 3p+32b2+ 7(i+8) for i=land 3

w , independent of v

In this case rn(T) is obtained in x, which is

Case 3: Suppose p > 3 is odd and v is either odd or even, where v < p

Forj=1landk=1,2,..,b

p(kp+1)+2(v+1) +k—p? ifi=1
2
p2 (k=1 +pi-1)+2(v+1)+k ifizo. v
MXE): 2 : 2 2
k(p +1)+2(V+p)'p +1 ifi= p+3.
2 2
K(p® +1)+2(v+ip) =p(2p+ 1) +1 .. _ pis "
, SN




Forj=1
2 -
b(p +1)+2|(p2+4)+2v—p—3 ifi:1,2,...,"7*1;
b(p? +1) +2(p +4) + 2v £ iz Pl

M(Xij) = 5

b(p® +1)+ P+ A2(+D=P=31+2V ;oo s

2!

2

SSN  )
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Repeat the following equations (1),(2) and (3) in this order cyclically for j = 2,3,...,v

Fork=1
p+4j-3 e 4.
Mx%lj_l)Jr - ifi=1;
;\‘(X;)_Fw ifi= 2,3,...,%1;
MxE) = 2
ij/ 1—
7\(xfj)+p+4J > ifi= 22
2i—p-3)(p+4j—4 e +!
x(x;j)i( P )2(p 1=4 ifi="2..p (1
2
Fork =2,3,....b
s
A +% if i =1;
Ay 220D +80 i+ ifi=23,..%
Mx;) = ) 2
)+ X0 =5
k(x'fj)+(p+4j_5)(2|_5_2)+2|_p_3 ifi=2 .p (2
nxh, )+ 2O PR gy g n
2
A(xy) = MXUH% ifi= 22,
2i—-p-3)(p+4j s p+
Mxp;sj)J”( P 2)(p 1) ifi=2%..p ()
2

p+3 p+5 p+3
z’p'l’z’z

contains q = p-1 terms. These terms are denoted by d;,i=1,2,...,q. Transform this d;to D;

by the formula D; =d-d; +1,i=1,2,...,q, where d is the diam(T) Define the sequence <N; >
by

For p = 7 consider the sequence 3,4, (p;; pairs),...,4,2. This sequence
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k(x&lv)Jr D; if i=1;
N. = 2

Ni,+D, ifi=2,3,...,q.

Rearrange the terms of sequence the order

N3 Ny 3Ny s, Ng, Ny N 3N NG NG 5 N 4,0, Ng, N Identify this new sequence as

M%) A (XD, o M(X 51 ) M (X pig) e M(Xp) and take X(XLH):O.
2 2 2

<N; >in

For p = 5 repeat the above procedure by defining d;,d,,d;,d, to be 3,4,3,2 respectively.
sequence N;,N;,0,N,, N, and identify with

MX1) MX5), .., M(Xs5) .In this case, rn(T) is obtained in Xps3 -
2

Figure 2(a) and 2(b) are examples for the radio labeling of PVB-tree with p=5,v=3b=3
andp=5v=2,b=3

Arrange the <N;> in the order

Example 2:

14 27 40

83 106 129

K
K

192 225 258

326

159
74 97 120

K
<

208
179 212 245

347

146

88 111 134

K
K

281
199 232 265

166
79 102 125

307
186 219 2572

K
<

153

70 93 116

K
K

290
173 206 239

336

317

140

273

Figure 2(a)

110
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-
o}
=z}
-
=}

82 105 128

ANZEERN 2

59 158

) 21 34 73 96 119

\I/' .\I/. 4197
50 145

16 20 42 87 110 133

.\\\‘I////. .\\\‘I////’ 40
64 165

11 24 37 78 101 124

\I/. W 4153
55 152

6 19 32 60 92 115

.\I/' \I/. 4173
46 139

Figure 2(b)

Case 4: Suppose p and v are odd where v > p

For i=12,...%" ,j=landk=1

p+22V+3+(i—1)p

For i= 1,2,...,')7+l and k = 1repeat the equations (4a) and (4b) alternatively

X)) =

v+3

For j= eV

2i-1)(p+4j-4)-v
7\'()(5) :X(XE 2j—v—1)+( )P > ) (4a)
2 2
For j:2,3,...,"7+l
2i-D)(p+4j-4)+v
MK = Ay gy )+ DR (4b)
2 2

For k = 2,3,...b also repeat the equations (5) and (4) (4a and 4b) alternatively
Forj=1
M) =Kk 3 ) + RV (5)
== 2
2 2
Forj=1,2,..,v and k=1,2,...,b
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}\‘(er)_i_w ifi= DT
A(XE) = i—p— i
] X(ij)-i- p(2| p 22)+121 13 ifi= p;rS P

For i=12,.,2% andj =

p(2i-1)+8i+v—-6
2

Apply the following equations (6) and (7) alternatively

For i=1,2,..., ’”1 and j=° ViV

Ax;) = k(x:;i1 )t
2

2

G GER) ETAR

A(X;;) = A(x 5

p+l 2j-v-1
2 2

For i=12,.., 2  and j=23,.., .

2i-1)(p+4j)+v
M) = MKy iz )+ E DY)
2 2
Forj=12,...,v
x(xlj)+$ if i=22

MXy) =) M(X 5 )+
22

2

2i(p+4))— (p* +3p) ~4i(P+3) .- pes
2 _Tl'"yp

v+5

-1,%2, P2 (BT pairs),...,4,2. This sequence

b 2 >
contains q = p-1 terms. These terms are denoted by d,,i=1,2,...,q. Transform this d;to D,
by the formula D; =d—d; +1,i=1,2,...,q. Define the sequence <N; > by

MXpi1 ver) + Dy ifi=l;
N; = 2 2

N, +D; ifi=2,3,...,0.
Rearrange the terms of sequence <N;> in the order
N3, Ng 3Ny g, s Ng, Ny, Ny 4, N N, NG 5, Ny, N, N Identify this new sequence as
M%) M (X2)eos M(X g ) A (X g )y wennM(Xp) and take K(XLH) =0.

2 2 2

For p = 043, ,0,,d5,d, and take *3°, ,,d, for p =3 respectively.

Rearrange the terms of the sequence <N;> in the order N;,N30,N,,N, for p = 5 and
N;,0,N, for p = 3 identify with A(x;),A(Xy),.... M(X,) -

In this case also rn(T) is obtained in Xy, 3.
2

Figure 3 is an examples for the radio labeling of PVB-tree with p=5,v=5b=3

112
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Example 3:

16 181 346 79 244 409 162 327 492 50 215 380 123 288 453

<
<
<
<
<

v v v 738
518 1 04 562 655

11 176 341 70 235 400 140 314 479 33 198 363 102 267 432

\I/ W \I/ \I/ \V 767
509 588 687 541 630

19 184 349 84 249 414 169 334 499 59 224 389 134 299 464

\I/ \I/. \I/ \I/ \I/ 0
523 08 713 573 663

14 179 344 73 240 405 156 321 986 42 207 372 113 278 443

\I/ \I/. \I/ \I/ \I/ 752
514 595 696 552 43

9 174 330 66 231 306 143 308 473 25 100 355 02 257 422

\I/‘ \I/ \I/ \I/ _

505 582 A7 531 A18

Figure 3

Case 5: Suppose p is odd and v is even where v = p
For i=1,2,..,2! j=1and k=1

K P+2v+3
'J):—

MK +(i—-Dp

For i= 1,2,...,%’1,j:1 and k=1repeat the equations (8) and (9) alternatively followed by
equations (10) and (11)

v+4

For j:T,...,V
2i—-1)+8ij—8i—4j-v+3
2OC) = (. 2j+2)+'°( ) ‘2 ] )
2 2
For j:2,3,...,%
2i-1)+8ij—8i—4j+v+5
M) = 1Ky )+ PE DB EZAIENES )
2 2
For i=1.2,..,%% j= “:* andk=12,...b
}\(XS)ZK(XEX)J"p(2I_1)+8(I12_I_J)+V+7 (10)
2 2

For i=1,2,..,2} j=land k=2,...b
- 2i-1)+v+1
k(x}}):k(xﬁﬂﬂ% (11)
2 2
Repeat the above procedure, starting with the equation (8) for k =2,3,...,b

Forj=1,2,.,vandk=1.2,.b
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A(xt)+ PEA=S ifi= ",
MXE) = i—p— i
) x(xlkj)+p(2' P 22)+12‘ Bii=os p

For i=1,2,... 2. and j=1
p(2i-1)+8i+v-5
2

M) = MXpag vaz) +
2 2

Apply the following equations (12) and (13) alternatively

v+4

For i=1,2,..., p+l and j= “**
2i-1)(p+4j)-v-1

(X)) =A(X piq pjov-2) (12)
22 2
For i=1,2,..., p+1 and j=2,3,.. ,V”
2i-D(p+4j)+v+1
M) = 2K g g1+ LD (13)
2 2
For i=1,2,..., p+l and j= V;Z
2i-1)+8j(i-1)+2v+3
AOG) = MX gy ) + p(2i-1) 1(2 )
2 2
Forj=1.2,...,v
A(x,,)+ EFAL if i= 22
MX) =) M(X 05 )+
TI
2l(p+4j) _ (p2 +3p) _4J(p+3) ifi= p+5
_Tl"'yp
2
For p > 7 consider the sequence ;* 4,22, p-1,2% P2 (P pairs),...,4,2. This sequence

contains q = p-1 terms. These terms are denoted by di ,i=1,2,...,q. Transform this d;to D;

by the formulae D;=d-d; +1,i=1,2,...,q. Define the sequence <N; > by

MX i1 vep) + Dy ifi=1;
N, = 2z
N, , + D, ifi=2,3,...,q.
Rearrange the terms of sequence <N;> in the order

N3 Ny 3Ny s, Ng, Ny N 3, N NG NG 5 N 4,0, Ng, N Identify this new sequence as
AR A (X)r MK g ) AKX g s A(x,) and take X(X,ll) =0.

2 2
For p =5 take VTM,4,3,2 to be d;,d,,d;,d, and take V—” ,2 to be d;,d, for p =3

respectively. rearrange the terms of the sequence <N;> in the order N;,N;0,N,,N,
for  p=5 and N;,0,N, for p = 3 identify with A(x),A(X;),... A(X,) -

In this case also rn(T) is obtained in X, 3.
2

114
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Figure 4 is examples for the radio labeling of PVB-tree withp=5,v=6,b =3

Example 4:

17 245 473 00 318 546 183 411 639 223 451 679 58 286 514 141 369 597

<
<
<
<

¥ ¥ ¥ ¥ ¥ v 1004
708 80 914 964 7h9 862
12 240 468 81 309 537 170 398 626 206 434 662 37 265 493 116 344 572
\I/ \V \I/ \V .

99 8% 807 043 734 833
2 M3 476 95 523 551 190 418 646 232 460 688 69 207 525 154 382 610

<
<
<
<

73 808 923 aTh m 877
15 3 470 86 314 342 177 405 633 215 M3 671 48 276 504 129 357 585

<
<
K
<

! 0 906 954 77 848
10 238 466 77 305 533 164 392 G20 198 426 654 27 235 483 104 332 560

\/

95 782 889 933 ™

<
K
<
<
B

Figure 4

Theorem 4: Let T be a PVB-tree with pv(b+1)+p vertices having diameter p+2v+1 and p is
even, then rn(T)= (pvb+pv+p-1)(p+2v+2)+1-2w(T)

Proof:

Case 1: If p is even and v is either odd or even where v-2 < p

Forj=1andk =1,2,...,b.

P-Dk(p+)-p)+2(v+1)+k

5 if i=1;
(p—l)(k(p+1)—p+22(|—l))+2(v+1)+k ifi:2,3,...,‘i22;
Mxj) =
P-D(k(p+D)-p)+p+2v+k ifiz P
5 ifi=27,
P-Dkp+D-2(p+2-i)+p+2v+k ifi=P
5 e P
For j=1
2 .
b(p*—D+2v+b—p+2i(p+3)+2 ifi=12..2:
2 2
2 .
;)= b(p —1)+p(p+4)+22v+b+2(21—3)+2 ifi:p%z;
b(p’ ~1) + (@ -p)p+3 +2V—p-3+b . pus 0
2 B

Repeat the following equations (14) (15) and (16) in this order cyclically for j=2,3,..,v
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For k=1
MXpiz ) +&21_4 if i=1;
2
nod + DO i o,
2
2 1 — p—
2O) = 110 + 2 +4ip 21) Sp+4 if i= P12,
ry + EEA22 i Pt
+4j-5)2i-p-3)-1 ... o
7»(><1,—)+(p ] )(2 P=3) if |:p76,....,p. (14)
For k=2,3,....,b
X )+—IO +42p(1'1) if i=1
Mxrjh—w if i:2,3,...,%;
ky, P(P+4i-5)-4(j-1) s pe2
MXiS) =1 hX5) + > if i="2
X(xfj)+Zp('+1)_4;(p+3)+14+
P(AG 2
261:9-5° (- p 9
Axp) +2p+6(j—1) +
(i-D(p+4j-1) ifi=1
Axp) +2(p+2j-3) +
Mxy) = —p(p+24’_1) ifi=2,3,..,
5p+16j—14 e b2
k(ng)+T IfI—LZZ,
x(xgj)+(5p+16j_14) +
2

4 .
, 2% P 2 . This sequence

For p = 8 consider the sequence 3,4, '”4 p-1, p;“ lac (p 8 pairs) ,. o2

contains q = p-1 terms these from are denoted by d;,i=1,2,...,q. Transform this d; to D; by
the formulae D; =d—d; +1,i=1,2,...,q. Define the sequence <N; > by
7»(xFLZ V) +D; ifi=1;
N. = 2

N, ,+D, ifi=2,3,...,0.



Rearrange

Ng_srn

Ng, Ny, Ny, N

terms

oL

and take X(sz) =0.
2

N2 Ngs

the sequence

<N; >
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in the order NgN

g-3"

.+Ng,N,. Identify this new sequence as A(x),M(X,),.... A(X,)

For p=6 take3,p-2,p-1p-2,2. to be d;,d,,d;,d;,d;s and take 3,2,2 to be d;,d,,d; for

p =4. Rearrange the terms of the sequence <N;> in

In this case, rn(T) is obtained in X, .

2

the order Nj,N;,N;,0,
for p=6 and N;N;0,N, for p =4 identify with A(x;),A(Xy),...,

N4l N2
A(Xp) -

Figure 5(a) and 5(b) are examples for the radio labeling of PVB-tree with p=6,v=3,b =
3 and p=6,v=4,b=3

Example 5:

g
K
K

<
K
K

105 135 165

244 286 328

418

=)
By =]
-1 m
e
=]

<
K
K

202
96 126 156

T
231 273 315

437

=
=1

b2
(=]
.
=
[
e

189
117 147 177

360
260 302 344

o0
=1

<:
<
<

218
110 140 170

%

251 293 335

449 -

&0

209
101 131 161

386
238 280 322

406

-
by =]
[
.
e

<
K

196
92 122 152

369
225 267 309

=]
3]

183

Figure 5(a)

K

ah2

427
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15 33 51 106 136 166 246 287 329 432 486 540

\I/ \I/ \I/ \I/. 650
76 203 378 601

10 28 46 97 127 157 232 274 318 415 469 523

W \V W W 673
67 190 361 A%0

23 41 59 118 148 178 261 303 345 452 506 560

W \-V W W 0
88 219 398 625

18 36 54 111 141 171 252 294 336 441 495 549

\I/ \I/ \I/ \T/ 687
81 210 8T 12

13 31 49 102 132 162 239 281 323 424 478 532

W \V W W 618
72 197 370 i1l

8 26 44 93 123 153 226 268 310 407 461 515

\I/ \I/ \I/ \1/ 661
63 184 353 hT0

Figure 5(b)

Case 2: Suppose p is even and v is odd where v > p-1

For i= 1,2,...,%,j=1 and k=1

+(i-D)(p-D)

+2V+2
2 =2 5

i= 1,2,...,%and k=1 repeat the following equations (17a) and (17b) alternatively

2

For j="T+3,...,v
x(xg):x(xg%z ¥)+ (Zi‘l)(p+24j‘5)“’ (17a)
For j=2,3,....,"7+1
k(xﬁ)zk(xtizw)* (2i-1)(p+4j-5)+vV (17b)
2

For k = 2,3,...,b also repeat the equations (18) and (17) (17a and 17b ) alternatively

Forj=1
p(2i-D)+2(i-1)(5-4j)+v-1
2

XG5 = WXz var) +
2 2

For i=?% j=1,2,.vand k=1.2,....b

K(X:}) — }\'(XjI[(J) + p(p 75) + 42(J(p 71) +:I')

(18)

For i=P%,j=12,..v



International Journal of Engineering Science, Advanced Computing and Bio-Technology

(p-1)(p+4J)

A(Xip) = A (xq;) + 2
For i=1,2,..,2 and j=1

M) = Xz var) + pi-D+2(i-H4j-D+v+1

2
2 2
Apply the following equations (19) and (20) alternatively for
i=1,2,...,>
X(XLZ 2jov-1) +
2 2
(Zl_l)(p';‘lj_l)_v |f_]: VT+3,’V’ (19)
A(xy) =
MXpi2 vazja) +
2 2
(2ifl)(p+24jfl)+v = 23,0 20)
Forj=1,2,...,vandk=1,2,....b
K(Xij)JrM ifi= 222,
X(X:})= (p+4j-5)(2i 3-1
+4j-5)(2i-p-3)-1 ...
(X)) + P+ > P ifi="° .p.
Forj=12,...,v
p+4j—2 o ptHa.
x(xlj)+— ifi= =
M) = 3p+4(3j—1)
+ — e
}\(xlj)+p#J if |=pT+6,...,p.

For p = 8 consider the sequence

v+5 p+4 p+4 p+2, p-8
b P L (o

p+4 p
2 '2

,i=1,2,...,q. Transform this d; to D; by the formula D;=d-d;+1,i=1,2,...,q. Define the

sequence <N; > by

pairs) ,..., ,2.. This sequence contains q = p-1 terms these terms are denoted by 0|

MXpiz via) + Dy ifi=1;
N; = 2 2
N;, +D; ifi=2,3,...,0.

Rearrange the terms of the sequence <N;> in the order N; N,

Ng_gu-+Ng, Nj,Ng, Ng_g, Np, N g, Ng, N, Identify this
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new sequence as A(X,),A(X,),...A(x;) and take A(X,,)=0.
2

For p=6 take VT*S,p—Z,p—l,p—Z,Z. to be d,,d,d;d,d; and take VT*S,3,2 to be
d;,d,,d; for p =4 Rearrange the terms of the sequence <N;> in the order
N3, Ny, Ng,0,N,, N, for p=6 and N;N;,0,N, for p=4 identify with A(x;),A(X;),....A(X,) .
In this case also rn(T) is obtained in Xpsa -

2
Figure 6 is an example for the radio labeling of PVB-tree with p=6,v=5b=3

Example 6:

16 226 436 95 305 515 198 408 618 55 265 475 146 356 566
653 756 883 704 819

11 221 431 86 296 506 185 395 605 38 248 458 125 335 545
44 743 866 683 794

24 234 444 107 317 527 214 424 634 75 285 405 170 380 590
665 772 903 728 847

19 229 439 100 310 520 205 415 625 64 274 484 157 367 577
658 763 892 715 832

14 224 434 91 301 511 192 402 612 47 257 467 136 346 556
649 750 875 694 807

9 219 429 82 292 502 179 389 599 30 240 450 115 325 535
640 737 858 673 782

Figure 6

Case 3: Suppose p is even and v is even where v > p
For i=12,.,%,j=1and k=1

p+2v+2

(xf) = +({-1)(p-1)

For i=1.2,...,2 and k=1repeat the equations (21) and (22) alternatively followed by
equations (23) and (24)

v+4
Za

For j= v

(2i-D(p+4)-26i-2-v ;)

MXE) = MXaz 2jv-2) +
2 2

N

For j=2,3,...., >
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2i-1)(p+4j)-2(5i-2)+v

LX) = 1(XhLs ajiy) + > (22)
2 2
For j= ng
2i-1)+2[(i-1)(4j—-5)+v-1
22 2
For j=1
_ +V
M) =55 1a2) +pT (24)
2 2

Repeat the above procedure starting with the equation (21) for k = 2,3,...,b

For i="2,j=1,2,..v and k=1,2,...,b

}\'(XE) — ;\’(X:ll(J) + p(p 75) + 42(J(p 71) +:I')

- p+2

For i 5 J=1,2,..v

}"(Xij) = }\’(le) +w

For i=1,2,...,% andj=1

M) = MXGsz vi2) + PRI-D+2(-D@j-1)+v+2

2
2 2
Apply the following equations (25) and (26) alternatively for i:1,2,...,§
MXpiz 2jv-2)+
2 2
2|(p+4]—1;—p—4j—v if j= \,;4‘“.’\/; (25)
r(X) =
7\,(X p+2 2j+v)+
22
2|(p+4]—1)—2p—4j+v+2ifj: 213“”,%; 26)
For iZl,Z,...,%and j:‘%z
2ip+4j-1)-p-8j+2v+4
MX) = 1K )+ A0
2 2
For j=1,2,...,v and k=1,2,...,b
+4j-6 e Dt
k(x}j)+pTJ if i= LZ“;
A(xf) = . . .
7\-(XL)+ (p+4j_6)+(2|_p_4)(p+4j_5) |f|:pL26,,p

2

For j=1,2,...,v
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p+4j_2 ifiz p+4 .

M%) + =
M= 3p+4@3j-1)
+4(3j-1) ..
k(xlj)+% if I:p%e.---,p-
For p > 8 consider the sequence “2* ,4, 2% p-1, 2% P12 ( P78

p+4
2

pairs) ,..., ©>% % 2. This sequence contains q = p-1 terms these terms are denoted by d|
,i=1,2,...,q. Transform this d; to D; by the formulae D;=d-d; +1,i=1,2,...,q. Define the
sequence <N; > by

MXpep vip) + D IFI=L;

N, = 2 2

N;_; + D; ifi=2,3,....0.
Rearrange  the terms of the sequence <N;> in the order NjN,,
Ng_s++Ns, Ny, Ng, Ng 3, N, Ng

take A(X,.,)=0.
2

31+ Ng, N, Identify this new sequence as A(x;),A(X,),...A(x,) and

For p=6 take V;4,p72,p71,p72,2. to be d;,d,,d;d,,ds and take ";4 ,3,2 to be
d,,d,,d; for p =4. Rearrange the terms of the sequence <N;> in the order
N5, N;,Ng,0,N,, N, for p =6 and NN;0, N, for p =4 identify with
X)W A (X)), A(X,) -

In this case also rn(T) is obtained in Xp,,.
2

Figure 7 is an example for the radio labeling of PVB-tree with p=6,v=6,b =3

Example 7:

17 305 593 108 396 684 223 511 799 272 560 848 53 351 639 166 454 742

Y VA N
888 1003 1142 1203 946 1073

12 300 588 99 387 675 210 498 786 255 K43 831 42 330 618 141 429 717

N/ \/ \V/ V.

900 1125 1182 921 1044
120 408 696 230 527 &15 292 580 868 87 875 663 194 482 770

0
N
=]

<
<
<
<

900 1019 1162 1297 974 1105
20 308 596 113 401 689 230 518 806 281 569 857 T4 362 650 179 467 756

<
<
<
<

_ ¥ _ _ ¥ ¥ 1307
893 1010 1151 1214 959 1088
15 303 501 104 392 680 217 505 793 264 552 840 53 341 620 154 442 730
WV NV N
884 997 113 1193 934 1059
10 298 586 95 383 671 204 492 780 247 535 823 32 320 608 129 417 705
\J/ \/ U/ N

875 034 117 172 909 1030

Figure 7
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5. Conclusion

Graphs are used to represent networks of communications, data organization,

computational device etc. The main objective of this paper is to familiarize the reader with

the recently developed and interesting subject of Radio Labeling. Further studies on this

PVB-tree may be done by giving variations to v and b.
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