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Abstract: An injective function },...,2,1,0{)(: qGVf   is an odd sum labeling if the induced 

edge labeling *f defined by )()()(* vfufuvf  for all )(GEuv is a bijective and 

}12,...,5,3,1{)(:*  qGEf . A graph is said to be an odd sum graph if it admits an odd sum 
labeling. In this paper we investigate odd sum labeling of some more graphs. 
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1. Introduction 
 Through out this paper, by a graph we mean a finite undirected simple graph. Let 
G (V, E) be a graph with p vertices q edges. For notation and terminology, we follow [7]. 
For detailed survey of graph labeling we refer to Gallian[4]. 

In[9], the concept of mean labeling was introduced and further studied in [5, 6]. 
An injective function },...,2,1,0{)(: qGVf   is said to be a mean labeling if the 

induced edge labeling *f defined by 
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 is injective and the resulting edge labels are distinct.  
A graph G is said to be an odd mean graph if there exists an injective function 

}12,...,2,1,0{)(:  qGVf such that the induced map 

}12,...,5,3,1{))((*  qGEf defined by 
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is a bijection[8]. 
 In[1], the concept of odd sum labeling was introduced and studied[2,3]. An 
injective function },...,2,1,0{)(: qGVf   is an odd sum labeling if the induced edge 

labeling *f defined by )()()(* vfufuvf  for all )(GEuv is a bijection and 
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}12,...,5,3,1{)(:*  qGEf . A graph is said to be an odd sum graph if it admits an 
odd sum labeling. In this paper we investigate odd sum labeling of some more graphs. 
 

2. Main Results 
 
Definition 2.1: 
           The slanting ladder nSL  is a graph obtained from two paths nuuu ,........., 21  and 

nvvv ......,,, 21 by joining each  iu  with .11,1  nivi  
Theorem 2.2:  

               The graph  nSL  2n  is an odd sum graph.  
Proof: 
                Let  nivu ii 1,  be the vertices and  11,,,  nicba iii be the edges 

which are denoted as in Figure 1.1    

 
 

Figure 1.1: Ordinary labeling of nSL  
 
First we label the vertices as follows 

Define  qVf .,..,.2,1,0:   by                                          

      For 11  ni        13  iuf i  

        13  nuf n         01 vf   

      For ni 2           53  ivf i     
Then the induced edge labels are: 

      For 11  ni    16)(*  iaf i     

      For  11  ni    36)(*  ibf i     11
* cf  

      For 12  ni        76*  icf i   
Therefore  }12,....,5,3,1)(*  qEf . So f  is an odd sum labeling and hence, the 

graph  2nSLn  is an odd sum graph. 

Odd sum labeling of 6SL   is shown in the Figure 1.2                           
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Figure 1.2: Odd sum labeling of SL6 

 
Definition 2.3: 

               The shadow graph )(2 GD of a connected graph G  is constructed by taking 
two copies of G  say GG & join vertexu  in G to the neighbors of corresponding 
vertex v  in .G   
 
Theorem 2.4: 
              The graph   2,12 nKD n   is an odd sum graph.  

Proof: 

              Let ,1,,{ nivv i  }1,, niuu i   be the vertices and   niai 41,   be 
the edges which are denoted as in Figure 1.3 

 
Figure 1.3: Ordinary labeling of D2(K1,n) 
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First we labels the vertices as follows 

Define   }....,,2,1,0: qVf   by 

       0vf   

     For ni 1       12)(  ivf i                nuf 4    

     For ni 1       122)(  inuf i                                    
Then the induced edge labels are:  

     For ni 41         12*  iaf i  

Therefore   }12......5,3,1{*  qEf .  So f  is an odd sum labeling and hence, the graph 
  2,12 nKD n is an odd sum graph.   

Odd sum labeling of  5,12 KD  shown in Figure 1.4                   

 
Figure 1.4: Odd sum labeling of D2(K1,5) 

 
Definition 2.5: 
 The Bistar graph Bm,n is the graph obtained from K2 by joining an m pendent edges 
to one end and n pendent edge to another end of K2.  
 
Theorem 2.6: 
            The graph )3)(( ,2 nBD nn  is an odd sum graph. 

Proof: 
             Let{ ,1,, nivv i   ,1,, niuu i   ,1,, nixx i   }1,, niww i   be the 

vertices an ,21,{ niai  ,1, niai  }1,21,,11,, nibnibniaa ii 
be the edges which are denoted as in Figure 1.5  
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Figure 1.5: Ordinary labeling of )( ,2 nnBD  

  
First we label the vertices as follows 
Define  },.....,2,1,0{: qVf           
        1)( vf  

         For  )1(2)(1  ivfni i          12)(  nuf  

         For  )1(22)(1  inufni i          nxf 4)(      

        For 322)(11  inxfni i  

       54)(  nxf n          26)(  nwf     34)( 1  nwf        

        For  ni 2           324)(  inwf i  
Then the induced edges labels are:  

        For 12)(21 *  iafni i  

             For   ni 1         124)(*  inaf i  

       16)(*  naf         36)(*  naf          38)(*  naf          

      For  326)(11 *  inbfni i   
      For 526)(121 *  inbfnin i                                                                                               

   510)(710)( 1
*

2
*  nbfnbf n  

      For  ni 2           5210)(*  inbf i  
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Therefore }.12....,,5,3,1{)(*  qEf  So f  is an odd sum labeling and hence, the 
graph )3)(( ,2 nBD nn  is an odd sum graph. 

Odd sum labeling of  )( 4,42 BD  is shown in the Figure 1.6 

 
Figure 1.6: Odd sum labeling of D2(B4,4) 

 

Definition 2.7: 

          For a bipartite graph G with partite sets 1v and 2v . Let 'G  be the copy of G and '
1v  

and '
2v  be the copies of  1v  and 2v . The mirror graph M(G) of g is obtained from G and 

'G  by joining 2v  to its corresponding vertex in '
2v by an edge.  

 
Theorem 2.8: 
              The mirror graph )4)(( nPM n  is an odd sum graph. 
Proof: 
                Let }1,,{ nivv ii   be the vertices and }1,,11,,{ nianiee iii    
be the edges which are denoted as in Figure 1.7 
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Figure 1.7: Ordinary labeling of M(Pn) 

 
First we label the vertices as follows 
Define Vf : {0,1,2,…,q} by                                                 

         For ni 1          )1(3)(  ivf i    

         For ni 1         23)(  ivf i  
Then the induced edges labels are : 

         For ni 1        56)(*  iaf i    

         For 11  ni    36)(*  ief i    

         For 11  ni    16)(*  ief i    

Therefore }12........5,3,1{)(*  qEf .  So f is an odd sum labeling and hence, the 

graph )4)(( nPM n  is an odd sum graph. 

Odd sum labeling of  )( 5PM  is shown in Figure 1.8  

                              Figure 1.8:  Odd sum labeling of M(P5) 
 
Definition 2.9: 

         Duplication of a vertex v of a graph G produces a new graph 'G by adding a new 

vertex 'v such that )()( ' vNvN  . In other words a vertex  'v  is said to be vertex 

duplication of v if all the vertices of v in to G are also adjacent to 'v and 'G . It is denoted 
by ).(GVD  
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Theorem 2.10: 
             The graph )4)(( nPVD n  is an odd sum graph. 
Proof:  
            Let }1,,{ 1 nivv i   be the vertices and }11,,,{ 21  nieee i  be the edges 
which are denoted as in Figure 1.9 

 
Figure 1.9: Ordinary labeling of VD(Pn) 

 
First we label the vertices as follows 
Define  },...,2,1,0{: qVf   by 

  1)( 1  nvf     2)(,)( 12  nvfnvf   

   For  invfni i  )(3  
Then the induced edge labels are: 

   12)( 1
*  nef      52)(` 2

*  nef    
  12)( 1

*  nef    32)( 2
*  nef  

    For  122)(13 *  inefni i  

Therefore }12,...,5,3,1{)(*  qEf .  So f  is an odd sum labeling and hence, the 

graph )4)(( nPVD n  is an odd sum graph. 

Odd sum labeling of )( 7PVD  is shown in Figure 1.10 

 
Figure 1.10: Odd sum labeling of VD(P7) 
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