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Abstract: The medium domination number was introduced by Vargor D and Dundar P to find the
number of vertices which protect the pairs of vertices in a graph. The total number of vertices that
dominates all the pairs of vertices and evaluates the averages of this value is called medium domination
number. In this chapter, we concentrate mainly to find the medium domination number of product of
Path graphs such as Cardinal, Strong, Cartesian and equivalent paths graphs. For basic concepts and
medium domination number of some standard graphs one can refer to [1].
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1 Introduction

The authors Vargor D, Dundar P. discusses conceptually the Medium domination
number of a graph and found MD number for some Standard Graphs. Motivated by the
above, we obtain the MD number for product of path graphs. For G = (V, E) be a graph
and for all u,v € V(G), if u and v are adjacent they dominate each other then dom(u,v)=1.
The total number of vertices that dominate every pair of vertices is defined by total
domination vertex and is denoted by TDV(G) = ¥ dom(u,v), for all u,v € V(G). For any

connected graph G of order n, the medium domination number of G is defined as
MD(G) = 22V
nc,

Theorem 1.2[1]:

For G has p vertices, q edges and for deg(v;) 2 2, TDV(G) = q + {Zuiev (deg vi)}

For example, the Strong product of P;and P, is given by,

Received: 20 June, 2016; Revised: 02 August, 2016; Accepted: 19 September, 2016

*Corresponding Author



International Journal of Engineering Science, Advanced Computing and Bio-Technology

u1 uz us

@ @ ®

@ @ ®

Uy Us Us
vo=(ug,Us) —

v1=(U1,Us) g V3=(us,Us)

Ve=(uy,ua) V4=(uz,ue)

v7=(us,us) vg=(us,Us) Vo=(u3,Ue)
Figure 1.1

dom(v,,v,)=3, dom(v,,v;)=2, dom(v,,v,)=2, dom(vy,v5)=3, dom(v,,v¢)=3, dom(v,,v,)=2,
dom(v,,vy)=2, dom(v,,vy)=1. dom(v,,v;)=3, dom(v,,v,)=3, dom(v,,vs)=3, dom(v,,v¢)=3.
dom(v,,v,)=2, dom(v,,vy)=3, dom(v,,v,)=2. dom(v,;,v,)=3, dom(v,,vs)=3, dom(v,,v,)=2,
dom(v;,v;)=1, dom(v,,vg)=1, dom(v,,v,)=2. dom(v,vs;)=5, dom(v,,vs)=3, dom(v,v,)=2,
dom(v,,vy)=3, dom(v,v,)=3. dom(vs,vs)=5, dom(vs,v,)=3, dom(v,vy)=5, dom(vs,vy)=3.
dom(v,v,)=3, dom(v,,v,)=3, dom(v,,v,)=2, dom(v,,vs)=3, dom(v,,v,)=2, dom(v,,v,)=3.
TDV(G) =97, MDV(G) = TDV(G) /nC, = 97/9C,

MD(P,®P,) = 97/9C,

2 Product of Path graphs
In [3], the concepts of product of path graphs were discussed. In this section we obtain the
medium domination number of product of path graphs such as cardinal, strong, Cartesian

and equivalent graphs.

Definitions 2.1 [3]:

On the strong product GQH of two paths G and H with the vertex set V(G) = (u;,uy.....,u,,)
and V(H) = (v,,v,,...v,) then V(G®H) = V(G) @ V(H) and (u4,v4), (uy,v,) € E(GQ®H)
if and only if (i) (uy,uy) € E(G) and (v4,v,) € E(H) or (i) u; =u, and
(vq,v,) € E(H) or (iii) v; = v, and (v1,v,) € E(H). On the cardinal product G X H
of two graphs G and H, with the vertex set V(G X H) = V(G) XV(H) and
(uq,v1),(uy,v,) €EE(G X H) if and only if (uy,u,) € E(G) and (v,v,) € E(H).
The Cartesian product of paths B, and P, with disjoint set of vertices },, and V,, and edge
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sets E;, and E,is the graph with vertex set V(P,,,0P,) and edge set E(P,OP,) such that
any two vertices (Uq,U;) and (v4, V,) are adjacent in GOH if and only if either (i) uy =

v; and U, is adjacent to v, in H. (ii) U, = v, and Uq is adjacent to ¥, in G, where GOH
denotes the Cartesian product of graphs G and H. On the equivalent product G © H of two
graphs G and H, (uq,vq),(uy,vy) EE(GOH) if and only if (i) (uq,uy) €
E(G) and (vy,v,) € E(H) (i) u; =u, and (vq,v,) € E(H) (iii) v; = v, and
(v1,v2) € E(H) (iv) (uq,u,) € E(G") and (v4,v,) € E(H').

Theorem 2.2:

The medium domination number of Strong product of path graph is
MD(PP ®Pn) _ 2(16pn+23)—39(p+n)

pnC;
Proof:

Step 1: Let us prove this theorem by induction on p. Let p = 2, consider the strong product
of path graph P, ® P,. Consider P, = {u,,u,} and P, ={v,,v,,.....,v,}. Hence V(P, QP, ) =
{(up,vy), (uvy) (UV3)seenne. (u,v,)} are the vertices in the first row and { (u,v,), (uyv,)
(UpV3)seeenenens (u,,v,)} are the vertices in the second row of P,&QP,. Thus V(P, @ P,) = 2n.
Out of all 2n vertices, the corner vertices such as {(u,,v,), (u,,v,)(u,v,),(u,,v,)} are of degree
3 and the remaining (2n - 4) vertices of degree 5. Thus, E(P,®P,) = (p-1)n+(n-1)p
+2(p-1)(n-1) =2(2pn+ 1) - 3(p + n) = 2(4n+1) - 3(2+n)

We have, TDV(G)=q + {Zuiev (deg ui)} and MD(G) = TDnI;:(G)
2

_q+ Yy, deg (u) C;
(2n)C;
2(4n+1)—-3(2+n)+{4(3C2)+ (2n-4)5C2}

(2n)C;
(5n—4)+(12 + 20n—40)

(2n)C;
25n-32

)¢,
Hence the result is true for p = 2.

MD(PZ ® Pn )

)

Step 2 : Let us consider strong product of path graph on p - 1 vertices. Here P,, ® P,
contains n (p - 1) vertices and {2(p - 2)(p-1)+ (p-1) (p - 1) + p (p - 2)} edges. That is,
E (P,,& P,) = 4p’ - 10p +5. Assume the result is true for P,,&@ P,.
2(16(p—1)n+23)—39(p—1+n)

(p—1)nC;
Step 3: To prove the result is true for PP® P,. InP, & P, , the total number of vertices

MD(Pp-1®Pn)=

dominate each pair of vertices by adding edges with the degrees, 4(3C,) + {2(p-2)+2(n-
2)}5C,+{(p-2)(n-2)}8C.

To find the MD(P, & P,), the remaining vertices and edges such as, 2(5C,)+(n - 2)8C, and
(n+n-1+2(n-1)) are added to P, , QP, .

Thus, q + Xy, deg (u;) C; = 2(5C,)+(n - 2)8C,+ n +n - 1 +2(n - 1) = 2(5C,) +
(n-2)8C, +4n - 3 is added to P, ;& P, to get the MD number of P,& P,.
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Hence MD(P, ® P,) =MD(P,,® P, + TD(V(G))
nc,

__2(16(p—1)n+23)—39(p—1+n) n 2(5C3)+(n-2)8C,+ 4n-3

((p—-1n)C, ne;
32pn—-32n+46—-39p—39n+39+28n—-36+4n-3

(pn)C;
32pn—39n—39p+46

(pn)C;
2(16pn+23)—39(p+n)

(»n)C;

MD(P,®P,) =

Hence the result is true for p.

Example 2.2:
Consider P, @ P, having P, = {u;,u,,u;,u,} and P; = {us,ugu,}
VP, ® P;) = {v,= (uus), v, = (U ), vi= (U uy), vy = (Wyu5), vs = (W), Vo= (u,u,), v, =

(u3u5), vy = (U3 u4), Vo= (U3u;), V4= (u4,u5), Vi = (u4,u6)> V= (u4,u7)}

Ydom (u,u,) = dom(v,,v,) = 3, dom(v,,v;) = 2, dom(v,,v,) = 3, dom(v,,vs) = 3,
dom(v,,vs) = 2, dom(v,,v,) = 2, dom(v,,vy) = 2, dom(v,vy) = 1, dom(v,,vyy) = O,
dom(v,,v,;) = 0, dom(v,,v;,) = 0, dom(v,,v;) = 3, dom(v,,v,) = 3, dom(v,vs) = 5,
dom(v,v,) = 3, dom(v,v,) = 2, dom(v,vy) = 3, dom(v,vy) = 2, dom(v,vy,,) = 0,
dom(v,,v,;) = 0, dom(v,v,,) = 0, dom(v;,v,) = 2, dom(vy,vs) = 3, dom(vy,vy) = 3,
dom(vs,v,) = 1, dom(v;,vg) = 2, dom(vsyv,) = 2, dom(v;,vy,) = 0, dom(v,vy,) = 0,
dom(vsv,,) = 0, dom(v,vs) = 5, dom(v,vy) = 3, dom(v,v,) = 3, dom(v,vy) = 3,
dom(v,v,) = 2, dom(v,vy) = 2, dom(v,vy;) = 2, dom(v,vy,) = 1, dom(vs,vy) = 5,
dom(vs,v;,) = 3, dom(vy,vy) = 5, dom(vs,v,) = 3, dom(vy,v,,) = 2, dom(vsv,) = 3,
dom(v,v,,) = 2, dom(v,v,) = 2, dom(vy,vy) = 3, dom(vy,v,) = 3, dom(vg,vy,) = 1,
dom(vgv,;) = 2, dom(vgvy,) = 2, dom(v,vg) = 5, dom(v,vy) = 3, dom(v,v,) = 3,
dom(v,,v,;) = 3, dom(v,vy,) = 2, dom(vgvy) = 5, dom(vgv,,) = 3, dom(vgv,) = 5,
dom(vg,vy,) = 3, dom(ve,vy) = 2, dom(vy,vy;) = 3, dom(vy,vy,) = 3, dom(vy,vy) = 3

dom(v,y,vy,) =2, dom(v,,,v;,) =3

Zdom (upuz) =157 and MD(P4® P3) = M —_ ﬂ

nc, | 12C;
2(16pn+23)-39 157
Using formula, MD(P,&® P;)= ( pn-'(-PTSCz _— 12¢,°

Theorem 2.3:
The medium domination number of Cardinal product of path graph is

2(4 9)—12
MD(P, X P,) = 2B,

Proof:

Step 1: Let us prove this theorem by induction on p. Let p = 2, consider the cardinal product
of path graph P,X P, having P, = {u;,u,} and P, = {v,,v,,....,v,} vertices. Hence V(P, XP,) =
{(upvy), (Upvy) (UEV3)seenenn. (u,v,)} are the vertices in the first row and { (u,v,), (uyv,)

[(EPR2% N (u,,v,)} are the vertices of second row of P, X P_. Thus V(P, X P,) = 2n. Out
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of all 2n vertices, the corner vertices such as {(u,,v,), (u;,v,)(u,v,),(u,,v,)} are of degree 1
and the remaining (2n - 4) vertices of degree 2. Thus, E(P, X P,) = 2n - 2.
degu; TDV(G)

We have, TDV(G)=q + {ZuieV ( 2 né,

q+Yu...,deg(upC
MD(P, X P,) = ”‘G;’nc S
2
_ (2n-2)+ [4(1Cy) + 2(n—2)2C,]

2nc,
__ [2n-2]+[2n-4]

ZTLCZ
2(2n-3)

2ncC,
Hence the result is true for p=2.

)} and MD(G) =

Step 2 : Consider cardinal product of path graph on p - 1 vertices.
Assume the result is true for P, , X P, then
2(4(p—1)n+9)—12(p—1+n)
((p—1)n)C;
In P, X P, , the total number of vertices dominate each pair of vertices by adding edges

MD(Pp—l :!: Pn) =

with the degrees of P, X P,. It contains {2(p - 2)+ 2(n - 2)} 2C,+{(p - 2)(n - 2)}4C, degrees.
To find the MD(P, # P,), the remaining degrees of vertices and edges such as, 2(2C,)+(n
-2)4C,and 2(n - 1) are added to P, X P, .
Thus, q + Zuiev deg (u;) C; = 2(2C)+(n - 2)4C,+ 2(n - 1) is added to P, , X P, to get
P, X P,
2(2C2)+(n—2)4C2 +2(n—-1)

(pn)C;

Hence MD(P, . P,) = MD(P,, X P,) +
_ 2(4(p—1)n+9)—12(p—1+n)

(pn)C;
_ 8pn—-8n+18-12p—-12n+12+2n-2+2+6n—-12

- (Pn)C,

_ 8pn-12p-12n+18

pnc;
2(4pn+9)—-12(p+n)

pncC;
Hence the result is true for p.

MD(P, X P,) =

Example 2.3:

Consider the cardinal product of P, and P,. Let P, = {u,,u,} and P, = {u,, u;, u,, u,} and
V(Pp X P)={v,(=u,u),v, (= Up,Us), V3 (= u,lg), vy (= 13,u5), Vs (= Uply), Ve (= Uyus),
V7 ( = u2>u6)’ V8 ( = uz’u7)}

\")
5 Ve V7 Vg

Vi .\/4

V2 V3

Figure 1.2 Cardinal product of P, and P, : P, X P,
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dom(Vl, V3) = 1’ dOm(Vl, V6) = 1’ dOm(Vz, V4) = 1) dOm(Vz, VS) = 1) dom(VZ’ V7) = 1)

dom(vs, v) = 1, dom(vs, vg) = 1, dom(v,, v,) = 1, dom(vs, v,) = 1, dom(v,, vg) = 1.

TDV(G) = ¥dom (u,,u,) = 10 and MD(P, ¥ P,) = %C(G) = %-
2 2
MD(PPX p) = 2(4pn+9)—12(p+n) _ 2(32+9)—-12(6) — 10.
pnc; 8C, 8C,
Theorem 2.4:

The medium domination number of Cartesian product of path graph is
_ 4(2pn+1)-7(p+n)

MD (P, OP,) = ===

Proof:

Step 1: Let us prove this theorem by induction on n, let n = 2, In P, [0 P,, Let V(P,) =
{u,w,} and V(P,) = {v;,vy,.....,v,} then V(P, O P,) = 2p and E(P,O0P,) = n(p - 1) +p (n -

1) =2np - n - p. Thus E (P,0 P,) = 3p - 2. The corner vertices {u,v,,u,v,,v,u,,v,u,} are

of degree 2 and the remaining vertices { u,v,,....,u;V, ;;U;V5,.....,0,v,, ;} of degree 3. Hence

deg (P, P,) =4(2C,)+2(n - 2)3C,.
_q+ Xy deg (up) G
MD (P, P, = e
_ (3p—2)+ {4(2C2)+2(p—2)3C2}

ZpCz
(3p—2)+4+6p—12

2pC,
9p—10

2pC;
Hence the result is true for n=2.

Step 2: Consider the Cartesian product of P,and P, _, has n(p - 1) vertices and 2n(p - 1)
edges. The corner vertices {u,v,,u,v, ;,u,v, ;,u,v, ;} are of degree 2 and the outer horizontal
and vertical degrees such as, { U;V,,U;Vssees U1V s WoVisUsViseneens Uy Viseonss UpViy WpVieeross UV g,
WV, 5U3Vy el Vi g} Of degree 3 and the remaining inner vertices (p - 3)(n - 2) are of

degree 4.
q+2(3p(n-1)-3p-3(n—-1)+2)
pncC;

Suppose the result is true for MD(P,O0 P, ,) =
_ q+2(3pn—3p—3n+3-3p+2)

pnc;
_ q+2(3pn—-6p—3n+5)

pncC;
The total number of vertices that dominate each pair of vertices by adding, the total number

of edges, vertices of degree 2, vertices of degree 3, vertices of degree 4. In P,0P,, the
additional edges and vertices will be 2(3C,)+ (p - 2 ) 4C,+2(2C,) - (p - 2 )3C,- 2 (2C,) +
(p - 2)3C, = 2(3C,)) + (p - 2 )4C, . Hence MD(P,0 P, ,) is added to TD(V(G) =

2(3C,)+(p - 2)4C, to get P [1P,.

_ TDV(G)
Hence MD(P,0P,) = MD(P,OP, ) + T

+6pn—12p—-6n+10+6+6p—12
MD(P,0P,) = L=PA—=P d

pnc;
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__2pn—-n—-p+6pn—6p—6n+4

pncC;
_ 8pn—7p-Tn+4

pncC;
__ 4(2pn+1)-7(p+n)

pnc;
Hence the result is true for n.

Example 2.4: consider the Cartesian product P, and P., Let P, = {u;,u,} and P, = {u,, u;, u,,
u7)u8} and V(Pp:"‘: Pn) = {Vl ( = ul)u4)’ V2 ( = ul)us)) V3 ( = ul’ué)) V4 (= u13u7)) VS ( = ul’us):' V6

(= uyy), v; (= Uyuy), Vg (= Uy), Vo (= Upls) Vi (= upuy)}.

Vv
10 Vo Vs V7 Ve

\")
1 Vs V3 4 Vs

Figure 1.3 Cartesian product of P, and P;: P,[]P;

dom(v,, v,)

1, dom(v,, v;) = 1, dom(v,, vy) = 2, dom(v,, v;;) = 1, dom(v,, v;) = 1,

dom(v,, v,) = 1, dom(v,, vy) = 2, dom(v, vy) = 1, dom(v,, v;,) = 2, dom(v;, v,) = 1,

dom(V3, VS) 1, dom(V3, V7) =2 dom(v3, VS) =1, dom(V3, V9) =2 dom(V4>V5) =

|
—

>

dom(v,, v¢) = 2, dom(v,, v,) = 1, dom(v,, v;) = 2, dom(vs, v,) = 1, dom(vs, v,) = 2,

dom(V6, V7) = 1) dOm (V6)V8) = 1’ dom(V7, VS) = 1’ dOm(V7, V9) = 1) dOm(Vg, V9) =1’

dom(vy, vyy) = 1, dom(v,, vo) = 1

TDV(G) = sdom (u,,u,) = 35 and MD(P, [ Ps) = 248 _ 35
nCZ 10C2
__4@2pn+1)-7(p+n) _ 84—-49 _ 35
MD (P, LI Ps) = pnc, T 10c, T o8Cy
Theorem 2.5:

The medium domination number of Equivalent product of path graph is
4pn-3p-3n+2+(m-1)(m-2)[(p-2)+(p-3)+ ..... + (p - 1)times]
MD(PPQn)= +(n—2)(8C2)+2(5C2)+2(n—2)£)(:;2)(n—3)+5]Cz+4[(n—2)+3)Cz]
2

Proof:
InP, ()Pn, Let V(P,) = {u,......u,} and V(P )={v,,v,,.....,v,} then
v, @)= npand E®, @) =4pn-3p-3n+2+ (- Dn-2){(p-2) +(p-3) +
...... + (p - 1) times}.
P,\P, contains (n - 2) times of vertices contains a degree 8, two times of vertices contains
a degree 5, 2(n - 2) times of vertices contains a degree [(p - 2) (n - 3) + 5] and four times
of vertices contains a degree (n + 1) .

Hence Medium domination number of Pan can be written as,
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4pn-3p-3n+2+(m-1)(m-2)[(p-2)+(p-3)+ ...... + (p - Dtimes]
+(n—2)(8C3)+2(5C)+2(n—2)[(p—2)(n—3)+5]Ca+4[(n—2)+3)C>]
pnc;

Mp (e, @)=
We can verify the result for p = 3,

EP, Q) =12n-9-3n+2+(n-1)(n-2)1)=n’+6n-5
Sum of the degrees of P3Qn are 4(n+1)C, + 2(5C,) + (n - 2)8C, + 2(n - 2) {(n+2)C,}.
To find the total number of vertices that dominates each pair of vertices, sum up the edges
and degrees of MD(PPQH) using the formula,
TDMDP, @)= q + Ty, deg (W) C;

TD(V(P3QH)) =q+ {ZuieV (deg vi)}

2
=n2+6n—5+[4.n."7“]+ 20 + (n— 2)28 +

=n’+6n-5+2n”+ 2n+20+28n—-56+n*+n®>—4n—4
=n?+46n—5+n3+3n?+26n—40
=n3+ 4n% 4+ 32n — 45
degv;
q+{ 2y, ¢
e Gy )
3ncC,
_ n3+4n?+32n-45
- 3nC,
For example, the equivalent product of P;and P; is given by,

2(n-2)(n+2)(n+1)

V7=(U3,U4) V8=(U3,U5) V9=(U3,U6)

Figure 1.4 Equivalent product of P, and P;: P, Q3

dom(v,,v,)=3, dom(v,,v;)=3, dom(v,,v,)=3, dom(v,,vs)=4, dom(v,,v¢)=2, dom(v,,v,)=2,
dom(v,,vy)=3, dom(v,,vy)=2, dom(v,,v;)=3, dom(v,,v,)=3, dom(v,,v5)=5, dom(v,,v¢)=3.
dom(v,,v;)=3, dom(v,,vg)=3, dom(v,,v,)=2. dom(v,,v,)=2, dom(v;,vs)=4, dom(v,,v,)=3,
dom(v;,v,)=3, dom(v,,vs)=3, dom(v,,v,)=2. dom(v,vs;)=5, dom(v,,vs)=3, dom(v,v,)=3,
dom(v,,vg)=4, dom(v,,vy)=3. dom(vs,vs)=5, dom(vs,v,)=4, dom(vs,vs)=5, dom(vs,v,)=4.
dom(v,v,)=3, dom(vy,v,)=3, dom(v,v,)=3, dom(v,,vs)=3, dom(v,,v,)=2,

dom(vg,v,)=3.

TDV(G) = 114, MDV(G) = TDV(G) /nC, = 114/9C,
M, @,) = 114/9C,
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4pn-3p-3n+2+(n-1)(m-2)[(p-2)+(p-3)+ ... + (p - 1times]
+(n—2)(8C,)+2(5C)+2(n—2)[(p—2)(n—3)+5]Ca+4[(n—2)+3)C,]
pni;

Using formula, MD(P,, Qn):

36—9—9+2+2+8C,+2(5C,)+2(5C;)+4(4C5)
9C,

Mo, Q) =
=114/9C;

Hence verified.
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