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Abstract: The medium domination number was introduced by Vargor D and Dundar P to find the 
number of vertices which protect the pairs of vertices in a graph. The total number of vertices that 
dominates all the pairs of vertices and evaluates the averages of this value is called medium domination 
number. In this chapter, we concentrate mainly to find the medium domination number of product of 
Path graphs such as Cardinal, Strong, Cartesian and equivalent paths graphs. For basic concepts and 
medium domination number of some standard graphs one can refer to [1]. 
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1 Introduction 

The authors Vargor D, Dundar P. discusses conceptually the Medium domination 
number of a graph and found MD number for some Standard Graphs. Motivated by the 
above, we obtain the MD number for product of path graphs. For G = (V, E) be a graph 
and for all u ,v	∈ V(G), if u and v are adjacent they dominate each other then dom(u,v)=1. 
The total number of vertices that dominate every pair of vertices is defined by total 
domination vertex and is denoted by TDV(G) = ∑ dom(u,v), for all u,v	∈ V(G). For any 
connected graph G of order n, the medium domination number of G is defined as        

MD(G) = ்஽௏ሺீሻ
௡஼మ

. 

 
Theorem 1.2[1]:  

For G has p vertices, q edges and for deg(vi) ≥ 2, TDV(G) = ݍ ൅ ቄ∑ ቀdeg ௜ݒ
2

ቁ௨೔∈ೇ ቅ 

For example, the Strong product of P3 and P3 is given by, 
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Figure 1.1 
 

dom(v1,v2)=3,  dom(v1,v3)=2,  dom(v1,v4)=2, dom(v1,v5)=3, dom(v1,v6)=3, dom(v1,v7)=2, 
dom(v1,v8)=2, dom(v1,v9)=1. dom(v2,v3)=3, dom(v2,v4)=3, dom(v2,v5)=3, dom(v2,v6)=3. 
dom(v2,v7)=2, dom(v2,v8)=3, dom(v2,v9)=2. dom(v3,v4)=3, dom(v3,v5)=3, dom(v3,v6)=2, 
dom(v3,v7)=1, dom(v3,v8)=1, dom(v3,v9)=2. dom(v4,v5)=5, dom(v4,v6)=3, dom(v4,v7)=2, 
dom(v4,v8)=3, dom(v4,v9)=3. dom(v5,v6)=5, dom(v5,v7)=3, dom(v5,v8)=5, dom(v5,v9)=3. 
dom(v6,v7)=3, dom(v6,v8)=3, dom(v6,v9)=2, dom(v7,v8)=3, dom(v7,v9)=2, dom(v8,v9)=3. 
TDV(G) = 97 , MDV(G) = TDV(G) /nC2 = 97/9C2  
MD(P3⨂P3) = 97/9C2	
 
2 Product of Path graphs 
In [3], the concepts of product of path graphs were discussed. In this section we obtain the 
medium domination number of product of path graphs such as cardinal, strong, Cartesian 
and equivalent graphs.  
 
Definitions 2.1 [3]:  
On the strong product ܪ⨂ܩ of two paths G and H with the vertex set V(G) = (u1,u2,.....,um) 
and V(H) = (v1,v2,...vn) then V(ܪ⨂ܩሻ = V(G)	⨂ܸሺܪሻ and  ሺݑଵ, ,ଵሻݒ ሺݑଶ, ଶሻݒ ∈  (ܪ⨂ܩሺܧ
if and only if  (i) ሺݑଵ, ଶሻݑ ∈ ,ଵݒሺ	ܽ݊݀	ሻܩሺܧ ଶሻݒ ∈ ଵݑ  ሻ or (ii)ܪሺܧ ൌ  ଶ andݑ
ሺݒଵ, ଶሻݒ ∈ ଵݒ ሻ or (iii)ܪሺܧ ൌ ,ଵݒଶ and ሺݒ ଶሻݒ ∈ ܩ ሻ. On the cardinal productܪሺܧ ൈ  ܪ
of two graphs G and H, with the vertex set V(ܩ ൈ ሻ = V(G) ൈܪ ܸሺܪሻ  and 
ሺݑଵ, ,ଵሻݒ ሺݑଶ, ଶሻݒ ∈ ܩሺܧ ൈ ,ଵݑif and only if  ሺ ( ܪ ଶሻݑ ∈ ,ଵݒሺ	ܽ݊݀	ሻܩሺܧ ଶሻݒ ∈  .ሻܪሺܧ
The Cartesian product of paths ௠ܲ and ௡ܲ with disjoint set of vertices ௠ܸ and ௡ܸ and edge 

u4  u5  u6 

u3 u2 u1 

v1=(u1,u4) 
v2=(u1,u5)  v3=(u1,u6) 

V6=(u2,u4) 
v5=(u2,u5) 

V4=(u2,u6) 

v7=(u3,u4)  v8=(u3,u5)  v9=(u3,u6) 
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sets ܧ௠ and ܧ௡is the graph with vertex set ܸሺ ௠ܲᇝ ௡ܲሻ and edge set ܧሺ ௠ܲᇝ ௡ܲሻ such that 
any two vertices ሺݑଵ, ,ଵݒଶሻ and ሺݑ ଵݑ if and only if either (i) ܪᇝܩ ଶሻ are adjacent inݒ ൌ

ଶݑ ଶ in H. (ii)ݒ ଶ is adjacent toݑ ଵ andݒ ൌ  ܪᇝܩ ଵ in G, whereݒ ଵ is adjacent toݑ ଶ andݒ

denotes the Cartesian product of graphs G and H. On the equivalent product ܩ ○  of two ܪ
graphs G and H, ሺݑଵ, ,ଵሻݒ ሺݑଶ, ଶሻݒ ∈ ܩሺܧ ○ 	ሻܪ if and only if (i) ሺݑଵ, ଶሻݑ ∈
,ଵݒሺ	ܽ݊݀	ሻܩሺܧ ଶሻݒ ∈ ଵݑ  ሻ (ii)ܪሺܧ ൌ ,ଵݒଶ and ሺݑ ଶሻݒ ∈ 	ሻܪሺܧ ሺiii) ݒଵ ൌ  ଶ andݒ
ሺݒଵ, ଶሻݒ ∈ ,ଵݑሻ (iv) ሺܪሺܧ ଶሻݑ ∈ ,ଵݒሺ	ܽ݊݀	ᇱሻܩሺܧ ଶሻݒ ∈ 	.ᇱሻܪሺܧ

 
Theorem 2.2:  
The medium domination number of Strong product of path graph is                                    

MDሺPp	⊗Pnሻ	ൌ				
ଶሺଵ଺୮୬ାଶଷሻିଷଽሺ୮ା୬ሻ

௣௡஼మ
         

Proof: 
Step 1:  Let us prove this theorem by induction on p. Let p = 2, consider the strong product 
of path graph P2 ⊗ Pn. Consider P2 = {u1,u2} and Pn ={v1,v2,....,vn}. Hence V(P2 ⊗Pn ) = 
{(u1,v1), (u1,v2) (u1,v3),......... (u1,vn)} are the vertices in the first row and { (u2,v1), (u2,v2) 
(u2,v3),......... (u2,vn)} are the vertices in the second row of P2⊗Pn. Thus V(P2 ⊗ Pn ) = 2n. 
Out of all 2n vertices, the corner vertices such as {(u1,v1), (u1,vn)(u2,vn),(u2,v1)} are of degree 
3 and the remaining (2n – 4) vertices of degree 5. Thus, E(Pp⨂Pn) = (p – 1) n + (n – 1 ) p 
+ 2(p – 1)(n – 1 )  = 2(2pn + 1) – 3(p + n) = 2(4n+1) – 3(2+n)  

We have, TDV(G)=	ݍ ൅ ቄ∑ ቀdeg ௜ݑ
2

ቁ௨೔∈ೇ ቅ			and	MDሺGሻ		ൌ	
்஽௏ሺீሻ

௡஼మ
		

	MD(P2 ⊗ Pn )			ൌ		
୯	ା	∑ ௗೠ೔∈ೇ

ୣ୥	ሺ୳౟ሻ	஼మ

ሺଶ௡ሻ஼మ
	

																									 ൌ		
ଶሺସ୬ାଵሻିଷሺଶା୬ሻାሼସሺଷେଶሻା	ሺଶ୬ିସሻହେଶሽ

ሺଶ௡ሻ஼మ
,	

																								 ൌ		
ሺହ୬ିସሻାሺଵଶ	ା	ଶ଴୬ିସ଴ሻ

ሺଶ௡ሻ஼మ
		

																							 ൌ			
	ଶହ୬ିଷଶ

ሺଶ௡ሻ஼మ
	

   Hence the result is true for p = 2. 
Step 2 : Let us consider strong product of path graph on p – 1 vertices. Here Pp-1 ⊗ Pn 

contains n (p – 1) vertices and ሼ2(p – 2)(p – 1) +  (p – 1) (p – 1) + p (p – 2)} edges. That is, 
E (Pp-1⊗ Pn) = 4p2 – 10p +5. Assume the result is true for Pp-1⊗  Pn. 

             MD(Pp-1⊗Pn)=						
ଶሺଵ଺ሺ୮ିଵሻ୬ାଶଷሻିଷଽሺ୮ିଵା୬ሻ

ሺ௣ିଵሻ௡஼మ
	

Step 3: To prove the result is true for Pp⊗ Pn.  In Pp ⊗ Pn  , the total number of vertices 
dominate each pair of vertices by adding edges with the degrees, 4(3C2) + {2(p-2)+2(n-
2)}5C2+{(p-2)(n-2)}8C2.  
To find the MD(Pp ⊗ Pn ), the remaining vertices and edges such as, 2(5C2)+(n – 2)8C2 and 
(n +n – 1 +2(n – 1 )) are added to Pp-1 ⊗Pn . 
Thus, q	 ൅	∑ ݀௨೔∈ೇ eg	ሺu୧ሻ	ܥଶ	ൌ	2(5C2)+(n – 2)8C2+ n +n – 1 +2(n – 1 ) =  2(5C2) +              
(n – 2)8C2 + 4n – 3  is   added to Pp-1⊗ Pn  to get the MD number of Pp⊗ Pn.	
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 Hence MD(Pp ⊗ Pn) ൌ	MD(Pp-1⊗  Pn) + ୘ୈሺ୚ሺୋሻሻ
௡஼మ

		

			 	 	 ൌ	
ଶሺଵ଺ሺ୮ିଵሻ୬ାଶଷሻିଷଽሺ୮ିଵା୬ሻ

ሺሺ௣ିଵሻ௡ሻ஼మ
൅

ଶሺହେమሻାሺ୬ିଶሻ଼େమା	ସ୬ିଷ

௡஼మ
	

ൌ	
ଷଶ௣௡ିଷଶ௡ାସ଺ିଷଽ௣ିଷଽ௡ାଷଽାଶ଼௡ିଷ଺ାସ௡ିଷ

ሺ௣௡ሻ஼మ
	

																										 	 ൌ	
ଷଶ௣௡ିଷଽ௡ିଷଽ௣ାସ଺

ሺ௣௡ሻ஼మ
	

MD(Pp⊗ Pn) ൌ				
ଶሺଵ଺୮୬ାଶଷሻିଷଽሺ୮ା୬ሻ

ሺ௣௡ሻ஼మ
						

Hence the result is true for p.    
 
Example 2.2:  
Consider P4 ⊗ P3 having P4 = {u1,u2,u3,u4} and P3 = {u5,u6,u7}  
V(P4 ⊗ P3) = {v1 = (u1,u5), v2 = (u1,u6), v3 = (u1,u7), v4 = (u2,u5), v5 = (u2,u6), v6 = (u1,u7), v7 = 
(u3,u5), v8 = (u3,u6), v9 = (u3,u7), v10 = (u4,u5), v11 = (u4,u6), v12 = (u4,u7)} 
∑dom (u1,u2) = dom(v1,v2) = 3, dom(v1,v3) = 2, dom(v1,v4) = 3, dom(v1,v5) = 3,            
dom(v1,v6) = 2, dom(v1,v7) = 2, dom(v1,v8) = 2, dom(v1,v9) = 1, dom(v1,v10) = 0,         
dom(v1,v11) = 0, dom(v1,v12) = 0, dom(v2,v3) = 3, dom(v2,v4) = 3, dom(v2,v5) = 5,         
dom(v2,v6) = 3, dom(v2,v7) = 2, dom(v2,v8) = 3, dom(v2,v9) = 2, dom(v2,v10) = 0,         
dom(v2,v11) = 0, dom(v2,v12) = 0, dom(v3,v4) = 2, dom(v3,v5) = 3, dom(v3,v6) = 3,         
dom(v3,v7) = 1, dom(v3,v8) = 2, dom(v3,v9) = 2, dom(v3,v10) = 0, dom(v3,v11) = 0,       
dom(v3,v12) = 0, dom(v4,v5) = 5, dom(v4,v6) = 3, dom(v4,v7) = 3, dom(v4,v8) = 3,         
dom(v4,v9) = 2, dom(v4,v10) = 2, dom(v4,v11) = 2, dom(v4,v12) = 1, dom(v5,v6) = 5,       
dom(v5,v7) = 3, dom(v5,v8) = 5, dom(v5,v9) = 3, dom(v5,v10) = 2, dom(v5,v11) = 3,       
dom(v5,v12) = 2, dom(v6,v7) = 2, dom(v6,v8) = 3, dom(v6,v9) = 3, dom(v6,v10) = 1,       
dom(v6,v11) = 2, dom(v6,v12) = 2, dom(v7,v8) = 5, dom(v7,v9) = 3, dom(v7,v10) = 3,       
dom(v7,v11) = 3, dom(v7,v12) = 2, dom(v8,v9) = 5, dom(v8,v10) = 3, dom(v8,v11) = 5,     
dom(v8,v12) = 3, dom(v9,v10) = 2, dom(v9,v11) = 3, dom(v9,v12) = 3, dom(v10,v11) = 3,      
dom(v10,v12) =2, dom(v11,v12) = 3 

∑dom (u1,u2) = 157 and MD(P4⊗ P3)	ൌ	
்஽௏ሺீሻ

௡஼మ
	ൌ	

ଵହ଻

ଵଶ஼మ
.	

Using formula,			MD(P4⊗ P3)=				
ଶሺଵ଺୮୬ାଶଷሻିଷଽሺ୮ା୬ሻ

ሺ௣௡ሻ஼మ
ൌ	

ଵହ଻

ଵଶ஼మ
.	

 
Theorem 2.3:  
The medium domination number of Cardinal product of path graph is                           

MD(Pp  Pn)	ൌ			
ଶሺସ௣௡ାଽሻିଵଶሺ௣ା௡ሻ

௣௡஼మ
.	

Proof: 
Step 1:  Let us prove this theorem by induction on p. Let p = 2, consider the cardinal product 
of path graph P2ൈ Pn having P2 = {u1,u2} and Pn = {v1,v2,....,vn} vertices. Hence V(P2 ൈPn ) = 
{(u1,v1), (u1,v2) (u1,v3),......... (u1,vn)} are the vertices in the first row and { (u2,v1), (u2,v2) 

(u2,v3),......... (u2,vn)} are the vertices of second row of P2 ൈ Pn. Thus V(P2 ൈ Pn ) = 2n. Out 
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of all 2n vertices, the corner vertices such as {(u1,v1), (u1,vn)(u2,vn),(u2,v1)} are of degree 1 
and the remaining (2n – 4) vertices of degree 2. Thus, E(P2 ൈ Pn) = 2n – 2. 

We have, TDV(G)=	ݍ ൅ ቄ∑ ቀdeg ௜ݑ
2

ቁ௨೔∈ೇ ቅ	and  MD(G)  = ்஽௏ሺீሻ
௡஼మ

  

MD(P2 ൈ Pn)	ൌ		
୯	ା	∑ ௗೠ೔∈ೇ

ୣ୥	ሺ୳౟ሻ	஼మ

ଶ௡஼మ
	

																							ൌ		
ሺଶ୬ିଶሻା	ሾସሺଵେమሻ	ା	ଶሺ୬ିଶሻଶେమሿ

ଶ௡஼మ
	

																							ൌ		
ሾଶ୬ିଶሿା	ሾଶ୬ିସሿ

ଶ௡஼మ
		

																						ൌ			
	ଶሺଶ୬ିଷሻ

ଶ௡஼మ
				

Hence the result is true for p=2. 
Step 2 : Consider cardinal product of path graph on p – 1 vertices.  
Assume the result is true for Pp – 1  ൈ Pn then 

 MD(Pp-1  Pn)	ൌ		
ଶሺସሺ୮ିଵሻ୬ାଽሻିଵଶሺ୮ିଵା୬ሻ

ሺሺ௣ିଵሻ௡ሻ஼మ
	

In Pp  Pn  , the total number of vertices dominate each pair of vertices by adding edges 

with the degrees of  Pp  Pn. It contains {2(p – 2)+ 2(n – 2)} 2C2+{(p – 2)(n – 2)}4C2 degrees. 

To find the MD(Pp  Pn ), the remaining degrees of  vertices and edges such as, 2(2C2)+(n 

– 2)4C2 and 2(n – 1) are added to Pp-1  Pn . 

Thus, q	 ൅	∑ ݀௨೔∈ೇ eg	ሺu୧ሻ	ܥଶ =  2(2C2)+(n – 2)4C2 + 2(n – 1) is   added to Pp-1  Pn   to get 
Pp	ൈ Pn   

      Hence MD(Pp  Pn)  = MD(Pp-1  Pn)	൅		
ଶሺଶେଶሻାሺ୬ିଶሻସେଶ	ାଶሺ୬ିଵሻ

ሺ௣௡ሻ஼మ
	

																										 	 ൌ	
ଶሺସሺ୮ିଵሻ୬ାଽሻିଵଶሺ୮ିଵା୬ሻ

ሺ௣௡ሻ஼మ
	

																										 	 ൌ			
଼௣௡ି଼௡ାଵ଼ିଵଶ௣ିଵଶ௡ାଵଶାଶ௡ିଶାଶା଺௡ିଵଶ

ሺ௣௡ሻ஼మ
	

																										 	 ൌ	
଼௣௡ିଵଶ௣ିଵଶ௡ାଵ଼

௣௡஼మ
	

      MD(Pp  Pn)		ൌ		
ଶሺସ௣௡ାଽሻିଵଶሺ௣ା௡ሻ

௣௡஼మ
	

Hence the result is true for p. 
 
Example 2.3:  
Consider the cardinal product of P2 and P4. Let P2 = {u1,u2} and P4 = {u4, u5, u6, u7} and    

V(Pp  Pn) = {v1 ( = u1,u4), v2 ( = u1,u5), v3 ( = u1,u6), v4 ( = u1,u7), v5 ( = u2,u4), v6 ( = u2,u5), 
v7 ( = u2,u6), v8 ( = u2,u7)} 
 
 
 
 
 

                                     Figure 1.2 Cardinal product of P2	and P4 : P2  P4	

v1  v3 v2 
v4 

v8 v7 v6 
v5 
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dom(v1, v3) = 1, dom(v1, v6) = 1, dom(v2, v4) = 1, dom(v2, v5) = 1, dom(v2, v7) = 1,             
dom(v3, v6) = 1, dom(v3, v8) = 1, dom(v4, v7) = 1, dom(v5, v7) = 1, dom(v6, v8) = 1. 

ሻ = ∑dom (u1,u2) = 10 and MD(P2  P4) = ்஽௏ሺீሻܩሺܸܦܶ
௡஼మ

 = ଵ଴
଼஼మ

. 

MD(Pp  Pn)  =  ଶሺସ௣௡ାଽሻିଵଶሺ௣ା௡ሻ
௣௡஼మ

 = ଶሺଷଶାଽሻିଵଶሺ଺ሻ
଼஼మ

	ൌ 	
ଵ଴

଼஼మ
. 

 
Theorem 2.4:  
The medium domination number of Cartesian product of path graph is                                    

MD (Pp  Pn) = ସሺଶ௣௡ାଵሻି଻ሺ௣ା௡ሻ
௣௡஼మ

. 

Proof: 

Step 1:  Let us prove this theorem by induction on n, let n = 2, In Pp  P2, Let V(P2) = 

{u1,u2} and V(Pp) = {v1,v2,.....,vp} then V(Pp  P2) = 2p and E(PpᇝPn) =  n(p – 1) + p (n – 
1) = 2np – n – p. Thus E (Pp ᇝ P2) =  3p – 2. The corner vertices {u1v1,u2v1,vpu1,vpu2} are 
of degree 2 and the remaining vertices { u1v2,.....,u1vp-1,u2v2,.....,u2vp-1} of degree 3. Hence 

deg (P2  Pn) = 4(2C2)+2(n – 2)3C2. 

		MD (Pp  P2)		ൌ		
୯	ା	∑ ௗೠ೔∈ೇ

ୣ୥	ሺ୳౟ሻ	஼మ

ଶ௣஼మ
	

																							ൌ		
ሺଷ୮ିଶሻା	ሼସሺଶେଶሻାଶሺ୮ିଶሻଷେଶሽ

ଶ௣஼మ
	

																							ൌ		
ሺଷ୮ିଶሻାସା଺୮ିଵଶ

ଶ௣஼మ
		

																						ൌ			
ଽ௣ିଵ଴

ଶ௣஼మ
				

Hence the result is true for n=2.  
Step 2: Consider the Cartesian product of Pp and Pn – 1 has n(p – 1) vertices and 2n(p – 1 ) 
edges. The corner vertices {u1v1,u1vn-1,upvn-1,upvn-1} are of degree 2 and the outer horizontal 
and vertical degrees such as, { u1v2,u1v3,.....,u1vn-2, u2v1,u3v1,.....,up-1v1,...., upv2, upv3.....,upvn-2, 
u2vn-1,u3vn-1,.....,up-1vn-1} of degree 3 and the remaining inner vertices (p – 3)(n – 2) are of 
degree 4. 

Suppose the result is true for MD(Pp  Pn-1)		ൌ		
௤ାଶሺଷ௣ሺ௡ିଵሻିଷ௣ିଷሺ௡ିଵሻାଶሻ

௣௡஼మ
	

																																		ൌ		
௤ାଶሺଷ௣௡ିଷ௣ିଷ௡ାଷିଷ௣ାଶሻ

௣௡஼మ
	

																							ൌ	
௤ାଶሺଷ௣௡ି଺௣ିଷ௡ାହሻ

௣௡஼మ
	

The total number of vertices that dominate each pair of vertices by adding, the total number 
of edges, vertices of degree 2, vertices of degree 3, vertices of degree 4. In Pp□ Pn, the 
additional edges and vertices will be 2(3C2)+ (p – 2 ) 4C2+2(2C2) – (p – 2 )3C2 – 2 (2C2) + 
(p – 2 )3C2 = 2(3C2) + (p – 2 )4C2 . Hence MD(Pp□ Pn-1) is added to TD(V(G) =           

2(3C2)+(p – 2 )4C2 to get Pp  Pn. 

Hence MD(Pp□ Pn)	ൌ	MD(Pp□ Pn-1)	൅		
்஽௏ሺீሻ

௣௡஼మ
																							

		MD(Pp□ Pn)	ൌ	
௤ା଺௣௡ିଵଶ௣ି଺௡ାଵ଴ା଺ା଺௣ିଵଶ

௣௡஼మ
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																								ൌ	
ଶ௣௡ି௡ି௣ା଺௣௡ି଺௣ି଺௡ାସ

௣௡஼మ
	

																								ൌ	
଼௣௡ି଻௣ି଻௡ାସ

௣௡஼మ
	

																							ൌ
ସሺଶ௣௡ାଵሻି଻ሺ௣ା௡ሻ

௣௡஼మ
	

Hence the result is true for n. 
 
Example 2.4: consider the Cartesian product P2 and P5, Let P2 = {u1,u2} and P4 = {u4, u5, u6, 

u7,u8} and V(Pp  Pn) = {v1 ( = u1,u4), v2 ( = u1,u5), v3 ( = u1,u6), v4 (= u1,u7), v5 ( = u1,u8),    v6 
( = u2,u8), v7 ( = u2,u7), v8 ( = u2,u6), v9 ( = u2,u5) v10 ( = u2,u4)}. 
 
 
 
 
 
                          

Figure 1.3 Cartesian product of  P2 and P5 : P2  P5 

 
dom(v1, v2) = 1, dom(v1, v3) = 1, dom(v1, v9) = 2, dom(v1, v10) = 1, dom(v2, v3) = 1,           
dom(v2, v4) = 1, dom(v2, v8) = 2, dom(v2, v9) = 1, dom(v2, v10) = 2, dom(v3, v4) = 1,           
dom(v3, v5) = 1, dom(v3, v7) = 2, dom(v3, v8) = 1, dom(v3, v9) = 2, dom(v4,v5) = 1,             
dom(v4, v6) = 2, dom(v4, v7) = 1, dom(v4, v8) = 2, dom(v5, v6) = 1, dom(v5, v7) = 2,            
dom(v6, v7) = 1, dom (v6,v8) = 1, dom(v7, v8) = 1, dom(v7, v9) = 1, dom(v8, v9) =1,              
dom(v8, v10) = 1, dom(v9, v10) = 1 

	MDሺP2	and	35	ൌ	∑dom (u1,u2)	ൌ	ሻܩሺܸܦܶ 	P5ሻ	ൌ	
்஽௏ሺீሻ

௡஼మ
	ൌ	

ଷହ

ଵ଴஼మ
.	

MD (P2  P5)	ൌ	
ସሺଶ௣௡ାଵሻି଻ሺ௣ା௡ሻ

௣௡஼మ
		ൌ		

଼ସିସଽ

ଵ଴஼మ
	ൌ 	

ଷହ

଼஼మ
.	

 
Theorem 2.5:  
The medium domination number of Equivalent product of path graph is                          

MD(Pp○ Pn)	ൌ	
ସ୮୬	–	ଷ୮	–	ଷ୬	ା	ଶ	ା	ሺ୬	–	ଵሻሺ୬	–	ଶሻሾሺ୮	–	ଶሻାሺ୮	–	ଷሻା	……	ା	ሺ୮	–	ଵሻ୲୧୫ୣୱሿ
	ାሺ௡ିଶሻሺ଼஼మሻାଶሺହ஼మሻାଶሺ௡ିଶሻሾሺ௣ିଶሻሺ௡ିଷሻାହሿ஼మାସሾሺ௡ିଶሻାଷሻ஼మሿ	

௣௡஼మ
 

Proof:  
In Pp ○  Pn, Let V(Pn) = {u1.......un} and V(Pp)={v1,v2,.....,vp} then  

V(Pp  ○ Pn)= np and  E(Pp ○ Pn) = 4pn – 3p – 3n + 2 + (n – 1)(n – 2){(p – 2) +(p – 3) + 
...... + (p – 1) times}. 

Pp○ Pn contains (n – 2) times of vertices contains a degree 8, two times of vertices contains 
a degree 5, 2(n – 2) times of vertices contains a degree [(p – 2) (n – 3) + 5]  and four times 
of vertices contains a degree (n + 1) .  
Hence Medium domination number of Pp○ Pn can be written as, 

v6 

v5 v1  v3 v2 
v4 

v7 v8 v9 
v10 
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MD(Pm○Pn)ൌ		
ସ୮୬	–	ଷ୮	–	ଷ୬	ା	ଶ	ା	ሺ୬	–	ଵሻሺ୬	–	ଶሻሾሺ୮	–	ଶሻାሺ୮	–	ଷሻା	……	ା	ሺ୮	–	ଵሻ୲୧୫ୣୱሿ
	ାሺ௡ିଶሻሺ଼஼మሻାଶሺହ஼మሻାଶሺ௡ିଶሻሾሺ௣ିଶሻሺ௡ିଷሻାହሿ஼మାସሾሺ௡ିଶሻାଷሻ஼మሿ	

௣௡஼మ
	

We can verify the result for p = 3, 
Consider P3○ Pn , let V(P3) = {u1,u2,u3} and V(Pn)={v1,v2,.....,vn} then V(P3 ○Pn)=3n and 
E(P3○ Pn) = 12n – 9 – 3n + 2 + (n – 1)(n – 2)(1) = n2 + 6n – 5   

 Sum of the degrees of P3○ Pn are 4(n+1)C2 + 2(5C2) + (n – 2)8C2 + 2(n – 2) {(n+2)C2}.  
To find the total number of vertices that dominates each pair of vertices, sum up the edges 
and degrees of MD(Pp○ Pn) using the formula, 
TD(MD(Pp○ Pn)= q	 ൅	∑ ݀௨೔∈ೇ eg	ሺu୧ሻ	ܥଶ 

TD(V(P3○ Pn)) = ݍ ൅ ቄ∑ ቀdeg ௜ݒ
2

ቁ௨೔∈ೇ ቅ	

ൌ	nଶ ൅ 6n െ 5 ൅ ቂ4. ݊.
௡ାଵ

ଶ
ቃ ൅ 	20 ൅ ሺ݊ െ 2ሻ28 ൅

ଶሺ௡ିଶሻሺ௡ାଶሻሺ௡ାଵሻ

ଶ
	

ൌ	nଶ ൅ 6n െ 5 ൅ 2nଶ ൅ 	2݊ ൅ 20 ൅ 28݊ െ 56 ൅ ݊ଷ ൅ ݊ଶ െ 4݊ െ 4	
ൌ	nଶ ൅ 6n െ 5 ൅ ݊ଷ ൅ 3݊ଶ ൅ 26݊ െ 40	
ൌ	݊ଷ ൅ 4݊ଶ ൅ 32n െ 45	

MD(P3○ Pn)=	
	௤ାቄ∑ ቀୢୣ୥ ௩೔

ଶ
ቁೠ೔∈ೇ
ቅ

ଷ௡஼మ
	

																				ൌ	
௡యାସ௡మାଷଶ୬ିସହ

ଷ௡஼మ
	

For example, the equivalent product of P3 and P3 is given by, 
 
 
                              
 
 
 
                                                             
                                                                        
                             

Figure 1.4 Equivalent product of P3 and P3: P3○ P3 
 
dom(v1,v2)=3,  dom(v1,v3)=3,  dom(v1,v4)=3, dom(v1,v5)=4, dom(v1,v6)=2, dom(v1,v7)=2, 
dom(v1,v8)=3, dom(v1,v9)=2, dom(v2,v3)=3, dom(v2,v4)=3, dom(v2,v5)=5, dom(v2,v6)=3. 
dom(v2,v7)=3, dom(v2,v8)=3, dom(v2,v9)=2. dom(v3,v4)=2, dom(v3,v5)=4, dom(v3,v6)=3, 
dom(v3,v7)=3, dom(v3,v8)=3, dom(v3,v9)=2. dom(v4,v5)=5, dom(v4,v6)=3, dom(v4,v7)=3, 
dom(v4,v8)=4, dom(v4,v9)=3. dom(v5,v6)=5, dom(v5,v7)=4, dom(v5,v8)=5, dom(v5,v9)=4. 
dom(v6,v7)=3, dom(v6,v8)=3, dom(v6,v9)=3, dom(v7,v8)=3, dom(v7,v9)=2,                  
dom(v8,v9)=3. 
	
TDV(G) = 114 , MDV(G) = TDV(G) /nC2 = 114/9C2  
MD(P3○ P3) = 114/9C2 

v1=(u1,u4) 
v2=(u1,u5)  v3=(u1,u6) 

V6=(u2,u4) 
v5=(u2,u5) 

V4=(u2,u6) 

v7=(u3,u4)  v8=(u3,u5)  v9=(u3,u6) 



 
 

94 Medium domination Number of product of Path 

Using formula, MD(Pm○ Pn)=  
ସ୮୬	–	ଷ୮	–	ଷ୬	ା	ଶ	ା	ሺ୬	–	ଵሻሺ୬	–	ଶሻሾሺ୮	–	ଶሻାሺ୮	–	ଷሻା	……	ା	ሺ୮	–	ଵሻ୲୧୫ୣୱሿ
	ାሺ௡ିଶሻሺ଼஼మሻାଶሺହ஼మሻାଶሺ௡ିଶሻሾሺ௣ିଶሻሺ௡ିଷሻାହሿ஼మାସሾሺ௡ିଶሻାଷሻ஼మሿ	

௣௡஼మ
 

MD(P3○ P3)	ൌ	
ଷ଺ିଽିଽାଶାଶା଼஼మାଶሺହ஼మሻାଶሺହ஼మሻାସሺସ஼మሻ

ଽ஼మ
			

																					ൌ	114/9C2	
Hence verified. 
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