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Abstract: A set S €V of vertices in a graph G = (V, E) is called [1,2] dominating set, if every vertex
vEV =51 |NW)NS| <2, that is, every vertex in V— S is adjacent to ateast one vertex and at
most two vertices in S. A [1, 2] dominating set is said to be a triple connected [1,2] dominating set if’
< 8 > is triple connected. The minimum cardinality taken over all the triple connected [1,2] dominating
sets is called the triple connected [1,2] domination number and is denoted by Y 1,2 (G). In this paper,

we extend the study of this parameter.
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1. Introduction.
By a graph we mean a finite, simple, connected and undirected graph G = (V, E). A

subset S of V of a nontrivial graph G is called a dominating set of G if every vertex in

V — S is adjacent to at least one vertex in S. The domination number Y(G) is the minimum
cardinality taken over all dominating sets in G. The concept of triple connected graphs was
introduced by Paulraj Joseph etc., in [4 ] . A graph G is said to be triple connected if any
three vertices are lie on a path in G. A set S © V of vertices in a graph G = (V, E) is called
[1,2] dominating set, if every vertex v €V — §,1 < [N(v) N S| < 2, that is, every vertex
in V - § is adjacent to ateast one vertex and at most two vertices in S. A [1, 2] dominating
set is said to be a triple connected [1,2] dominating set if < S > is triple connected. The
minimum cardinality taken over all the triple connected [1, 2] dominating sets is called the
triple connected [1,2] domination number and is denoted by vy, (G). The corona
G, Qz is defined as the graph G obtained by taking one copy of G, of order p, and p,
copies of G, and then joining the i vertex of G, to every vertex in the i copy of G,. For

all the basic definitions and standard classes of graphs, we refer to [1].

1.1 Main Result.
In this paper we obtained the sharpness of the bound for triple connected [1, 2]

dominating set and triple connected [1,2] domination number for star related graphs. For
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any connected graph G, ¥bc (G) < ¥ (G) £ Viceom (G) £V e (G) £V ((G) £V o (G) < ¥
telG) £V 121(G) £V 44e(G) £ Vo) - From this sequence of domination parameter, For any
connected graph G of order p, Y. (G) < ¥ 1,.(G) < p . We describe the sharpness of this
bound by standard graphs as follows. We can characterize the graphs satisfying

Y{(G) £ Ve (G) and Y5 (G) <p.

Definition 1.2: A [1,2] dominating set is said to be triple connected [1,2] dominating set if

the (S) is triple connected. The minimum cardinality taken over all the triple connected

[1,2] dominating set is called the triple connected [1,2] domination number and is denoted

by Y2t (G).

For example,

Ve V7

In the above figure, S = {v,v,,v;,v,} is a minimum triple connected [1,2] dominating set of
G and hence Y, (G) = 4.

Definition 1.3: For a given graph G = (V, E), by subdividing each edge exactly once and
joining all the non-adjacent vertices of G. the graph obtained by this process is called central
graph and is denoted by C(G).

Definition 1.4: The middle graph of G is denoted by M (G) is defined as, M(G) is a graph
whose vertex set is V(G) U E(G) and in which two vertices are adjacent if and only if either

they are adjacent edges of G or one is a vertex of G and the other an edge incident with it.

Definition 1.5: The total graph T (G) of a graph G is the graph whose vertex set is
V(G) U E(G) and two vertices are adjacent whenever they are either adjacent or incident in
G.
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Definition 1.6: Double star K, ,, is a tree obtained from the star K, by adding a new

Lpp
pendant edge of the existing p pendant vertices. It has 2p + 1 vertices and 2p edges. Let

V(K ) = (V) U (Vi Voo, V) U (upu,,..51,) and E(K, ) = (€1,€5..5€,) U (81,85,85.058,)

2. Characterization triple connected [1, 2] domination number of a
graph

A dominating set can have all the vertices of G and there must be minimum 3

vertices by the definition of triple connected graphs. Hence 3 < y(,,,(G) < p and the

bounds are sharp. The lower bound attained for, wheel graph, flower graph, sunflower

graph, Friendship graph, Book graph etc. The upper bound attained for complete graph.

2.1. Classification of graphs satisfying ¥ (G) < V(121 (G) or Y (G) = VY (G) or ¥ (G)
< Y[1,2]tc (G)

Observation 2.1.1: For any graph G, ¥ (G) < V(1. (G).
Observation 2.1.2: If G is either a path or a cycle, then ¥ (G) = V(15 (G)
Observation 2.1.3: If G is a corona HQL then Y .(G) = Y. (G)
Observation 2.1.4: If T is Tree, then ¥ (G) < V[ (G).
Observation 2.1.5: For complete bipartite graph, ¥ (G) < ¥ (G).
Observation 2.1.6:

1. Inbistar graphs, ¥, (G) =3>2=y.(G) gives Y. (G) < V¥ (G).

2. In flower graphs and in sunflower graphs, V(. (G) =3 > 2 =y (G) gives

]/c (G) <y[1,2]tc (G)
3. In Barbell graphs, Lollipop graphs, Tadpole graphs, cocktail graphs,

y[l,Z]tc (G) =3>2= YC (G) gives yc (G) < y[l,Z]tc (G)
4. In Turan graph (complete multi bipartite graph), ¥, (G) =3 >2=y.(G) gives

yc (G) < y[l,Z]tc (G)
5. In grid graphs, 5. (G) =Y. (G).

2.2. Classification of graphs satisfying ¥, ;.. (G) < p (or) ¥ {12 (G)=p (0r) V1 (G) < p

Theorem 2.2.1: For any tree T, ¥;,,,. (G) =p - e, where e is the end vertices of T, if and
only if T is a caterpillar.

Proof: If T is a caterpillar, all the stalk is to be taken as the J/, ;). (G) set, thus the induced
sub graph of y|, ;. (G) is a path satisfying triple connected graph. Thus, ¥}, (G) =p - e.
Conversely, Let ¥}, . (G) = p - e, gives the removal of all end vertices makes ¥, ;.. (G) set,

thus p - e is a connected graph and is a path. Thus, G is a caterpillar.

Observation 2.2.2: For complete graph and ladder graph y, ;. (G) = p.
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Observation 2.2.3: For prism and crossed prism graph ¥, (G) =p/2<p

Theorem 2.2.4: For any cubic graph G, if g(G) < g then

Sifg@<?
Yia(G) < p forp >6and g is the girth of G.

pifg(G) > 3
Proof: Let S be the ¥, ;. set of G. The inequality is true for g(G) = 3 except for vertex 4. If

g (G) = 4 the vertex of v, € D dominates three vertices in N(u) = {v,,v;,v,} and since triple

connected any one of N(u) also in D. Hence ¥, 5, (G) < g

Let G be a cubic graph with vertex set V(G) = {v;,v,.cc..;VppueeesVoy ). Let S be the
Y121 set of G. The graph with maximum girth is obtained by joining v, with v,, v,,, and v,
(that is, middle vertex). And the remaining vertices v,,v;,....,v,, are also should join as well
then g(G) = p/2 . Hence g(G) <p/2. Each vertex of a cubic graph dominates three of its
neighboring vertices and for satisfying triple connected condition in between vertices are
also taken as ¥, (G) = p/2 . Consider the cubic graph of six vertices then
Y (G) < p/2.Thus, Y 1,5(G) = p/2.
Y (G) +8(G) < p/2 +p/2.
Yo (G) +8(G) < p.

2.3. Characterization of cubic graphs on which triple connected [1, 2]

domination number equals chromatic number
In this section, we obtained some cubic graphs whose chromatic number equals

[1,2] triple connected domination number of graphs.

Theorem 2.3.1: If G is a connected graph of 8 vertices then ¥, (G) = X(G) =3 if and
only if G = G,,G,and G,
Proof: Let G = (V,E) be a connected cubic graph of order p with ¥, =& = 3. We

P
consider cubic graphs for which, ¥, =8 =3. Buty; .2y = [m] )
P

A+l
Thus, ¥ 1 ZE]. Since, Y15 = 3, we have 6 < p < 15 and p # 14.

That is, Y 2 2 [

Also, G is cubic, p is even then p = 8, 10 or 12.

Case 1: Cubic graphs of order 8

Let S = {v,, v,, v3} be a triple connected [1,2] dominating set of G and the complementary
set V - S = {v,, Vs, V¢, V5, Vg} Therefore (S) = P
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Figure 2.1 Graphs satisfying y, ;. (G) = X(G) =3

Fix the vertices of S be adjacent such that v, is adjacent to (v, and v;) , v, is adjacent to v,
v, is adjacent to v, and vy

Let v, is adjacent to

(1) vsand v (or v, or vy)
(ii) vs and v,(or vg)
(iii) v,and vy,

If v, is adjacent v;and v, (or v, or v) then v, isadjacent to vgand v; (or vg). Then v,
must adjacent to vg. Then, G = G,. If v, is adjacent to v¢ and v, (or v) then v; is adjacent to
vy and v (or v,) then v, must be adjacent to vi. Then G = G;. If v, is adjacent to v,and v,
then v; is adjacent to vz and v, (or vg), then v must adjacent to vy then G = G,.

Case 2: Cubic graphs of order 10 and 12:

Let S = { v, v,, v3} be triple connected [1,2] dominating set of Gand V - S = {v,, v5, v, V5,
Vg Vo, Vo), Therefore < S > P; or K, , Since G is cubic graph and ¥, = K = 3, then S is
adjacent to only 5 vertices of V - S and the remaining vertices does not belongs to the

neighbouring vertices of s. There is no graph exists for the graphs having 10 and 12 vertices.

3. Triple connected [1,2] domination number for star and double
star families of graphs

3.1 Total graph of star and double star families of graph

Theorem 3.1.1: Triple connected [1, 2] Domination number of Total graph of Star graph
is Y 20 (T(Kl,p)) =3

Proof: Let T(K,,) be a total graph of star graph has vertex set V(T(K, ) = V(K,,) U E(K,,)
={vgU{e/1<i<p}U{v,/1<i<p}=2p+1,in which the vertices {v,} U{e; /1 <i<p}

induces a clique of order (p + 1) and the vertex v, is adjacent to {v; / 1 <i < p}.
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Thus, assign S = {v,,e;,v;} forms a [1,2] triple connected domination number of T(x, )
implies ¥ [1,2]tc (T(Kl,p)) =3

Theorem 3.1.2: ¥ (5, (T(K,,,)) = 2p + L.
Proof : By the definition of total graph, each edge {vou; /1 <i<p}and{uv;/1<i<p}
be subdivided by the vertices { ¢, / 1 <i<p }and {w; / 1 <i < p } respectively in T(K, )
and V(T(K,,,)) ={vo} U{e; /1 <i<ptU{v;/1<i<ptU{y/1<i<plU{w;/1<i< p}
on which { e, /1 <i<p}isadjacentto{u;/1<i<p}and{w,/1<i<p}isadjacentto
fvi/1<i<p}l

Thus, ¥ e (T(Kpp) ={vtUfe /1 <i<ptU{y/1<i<pt<2p+L1If
{v,/1<i<p}and {w;/1<1i<p}aretaken as triple connected [1,2] dominating set then
Y (TK ) =t U{n,/1<i<ptlU{vi/1<i<ptU{w;/1<i<p}=3p+122p
+ 1. Hence, Y 15 (T(K,,,)) = 2p+1.

3.2 Middle graphs of star and double star of graphs

Theorem 3.2.1: Triple Connected [1,2] Domination number for Middle graph of Star graph
is ¥ e M(K,p) =p +1

Proof: Let M(K, ) be a middle graph of a star graph, each v,v; for 1 <i < p of K, is
subdivided by the vertices {e; / 1 <i < p} . Let S be any [1,2] triple connected dominating
set of M(K,,), since {v; / 1 <1i < p} are pendent vertices then either {¢; / 1 <i < p} € Sor
{v,/1<i<pl€E€S.Let{e;/1<i<p}€ Sand {v,} U{e /1<i<p} induces a clique of
order (p + 1). Then {vy} U {e; / 1 <i < p} forms a [1,2] triple connected dominating set of
G. Hence ¥ 1, (M(K, ) < p+1. If {v; / 1 <i<p} € Sthen, Y . (M(K,,)) = {vo} U {e; /
1<i<plU{v,/1<i<p}=2p+1 2p+ L Hencey , M(K,,)) =p+ L.

Theorem 3.2.2: Triple connected [1, 2] domination number for the Middle graph of double
Star graph ¥ (1, (M(K,,,)) = 2p+l

Proof: By the definition of middle graph M(K,,,
fuyv, /1 <i<p} be subdivided exactly once by the vertices { ¢, / 1 <i < p } and
fw;/1<i<p}ltin M(K,,,) and VIM(K,,,)) ={vo} U{e; /1 <i<ptU{v,/1<i<p}U
fu/1<i<plU{w,/1<i<p},{vy} Ufe/1<i<p}U{w,/1<i<p} dominates all the
remaining vertices. Thus, ¥, (M(K,,,)) = {vo} U{e; /1 <i<ptU{w,/1<i<p}<2p+1.

IA
IA

), each edge {vyu; /1 <i<p}and

IN

If{fe; /1 <i<p}and {w; /1 <1i<p}aretaken as triple connected [1,2] dominating set then
Y 120 (M(KLP,P)) ={vgpU{y/1<i<plU{e/1<i<plU{w,/1<i<p}=3p+122p+1.
Hence ¥ (5 (M(K,,,)) = 2p+1.

3.3 Central graphs of star and double star of graphs

Theorem 3.3.1: Triple Connected [1, 2] Domination number of Central graph of Star graph
is Y e (C(Kyp)) = 3.
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Proof: Let {v; / 1 <i < p} be the pendent vertices of K, , and let v, be the apex of K, , adjacent
to {v; / 1 <i< p}. Then each edge {v,v, / 1 <1i < p} is subdivided exactly once and joining all
the non adjacent vertices of K, .

In C(K,,), {v; / 1 <i <p} induces a clique of order p and {e; / 1 <i <p} are

independent. Thus, {v,,v;e;} dominates C(K, ). Hence ¥ ;5 (C(K,,)) = 3.

Theorem 3.3.2: Triple Connected [1, 2] Domination number of Central graph of double
Star graph is ¥ ;5 (C(K,,,)) = p + L.
Proof: By the definition of central graph, each edge {vyu; /1 <i<pland{uyv,/1<i<p
} be subdivided by the vertices { ¢, / 1 <i<p}and{w;/1<i<p}inC(K,,,) and
V(C(K,,,) ={vgt Ufe /1<i<ptU{u /1< i <plU{w;/1<i<ptU{v/1<1i<p}
The vertices {u; / 1 < i < p} induces a clique of order p and{vy} U {v; / 1 <i < p}
induces a clique of order p + 1 and {w; / 1 <i<p}and {e /1<i< p} are the independent
vertex set. Thus, voand {v, / 1 <i<p}[or {w;/1<i<p}or {u/1<1i<p}should taken
asa ¥ g (C(K,,,)) set.

Without loss of generality, let us assume that vyand {v; / 1 <i< p} as a dominating
set. Hence ¥ (1, (C(Ky,,) ={vo U{vi/1<i<pt=p+ 1 If{w;/1<i<p}€S, then
Yo (CK,p) = {wy /1 <i<ptU{vU v, /1<i<pl =2p+tl 2p+ 11If
{fu, /1 <i<pl€S, theny [, (CK,,)) = {u,/1<i<ptU{vjU{e/1<i<p} =
2p+1 2p+ 1. Hence ¥ (5 (C(K,,,)) = p+ 1.

l,p,p)

4. Conclusion
In this paper we have investigated the sharp bound of the triple connected [1,2]
domination number and we obtained triple connected [1,2] domination number for
star and double star families of graphs. We will extend our results by obtaining more
graphs to the sharp of the bound K.(G) < ¥,,,,.(G) < p. we plan to find the triple

connected [1,2] domination number for special types of graphs.
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