International Journal of Engineering Science, Advanced Computing and Bio-Technology

One Modulo Three Mean Labeling of Some Family

of Trees

B. Gayathri and V. Prakash

PG and Research Department of Mathematics,
Periyar E.V.R. College, Tiruchirappalli-620 023, India.
E-mail: maduraigayathri@gmail.com, prakashmaths§6@gmail.com

Abstract: The concept of mean labeling was introduced by Somasundaram and Ponraj [26]. Different
kinds of mean labeling are further studied by Gayathri and Gopi [9-17]. Swaminathan and Sekar
[28] introduced the concept of modulo three graceful labeling. As an analogue Jayanthi and Mabeswari
[22] introduced one modulo three mean labeling and proved that some standard graphs are one modulo
three mean graphs. In [20], we have obtained some necessary conditions and properties for the one
modulo three mean labeling. In this paper, we obtain the one modulo three mean labeling of some

Jamily of trees.

Key words: Mean labeling, Mean graphs, One modulo three mean labeling, one modulo three mean

graphs.
AMS (MOS) Subject Classification: 05C78

1. Introduction

This paper deals with graph labeling. All graphs considered here are simple, finite
and undirected. The terms not defined here are used in the sense of Harary [21].

The graph labeling is an assignment of integers to the vertices or edges or both
subject to certain conditions. If the domain of the mapping is the set of vertices (or edges)
then the labeling is called a vertex labeling (or an edge labeling). By a (p,q) graph G, we
mean a graph G =(V,E) with |V| =p and |E| =q.

Graph labeling was first introduced in the late 1960’s. Many studies in graph
labeling refer to Rosa’s research in 1967 [25]. Rosa introduced a function f from a set of

vertices in a graph G to the set of integers {0, 1, 2, 3...}, so that each edge xy is assigned the

label V(x)— f (y )‘, with all labels distinct, Rosa called this labeling B-valuation.
Independently, Golomb studied the same type of labeling and called this labeling as

graceful labeling.

Labeled graphs serve as useful models for a broad range of applications such as
x-ray crystallography, radar, coding theory, astronomy, circuit design and communication
network addressing. Particularly, interesting applications of graph labeling can be found in
[2-5].

Somasundaram and Ponraj [26-27] have introduced the notion of mean labeling

of a (p,q) graph. A graph G is said to have a mean labeling if there is an injective function
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f from the vertices of G to {0, 1, 2, 3.., q} such that when each edge uv is labeled with

M iff(u)-l—f(v) is even and f(u)+j;(V)+l

if f(u)+f(v) is odd

then the resulting edge labels are distinct. A graph that admits a mean labeling is called a
mean graph.

Vaidya [31-34] and et al. have investigated several families of mean graphs.
Nagarajan [30] and et al. have found some new results on mean graphs. Ponraj, Jayanthi
and Ramya extended the notion of mean labeling to super mean labeling in [24]. Gayathri and
Tamilselvi [18-19, 29] extended super mean labeling to k-super mean, (k,d)-super mean,
k-super edge mean and (k,d)-super edge mean labeling. Manikam and Marudai [23]
introduced the concept of odd mean graph. Gayathri and Amuthavalli [1,6-8] extended
this concept to k—-odd mean and (k,d)-odd mean graphs.

Different kinds of mean labeling are studied by Gayathri and Gopi in
[9-17]. Swaminathan and Sekar [28] introduced the concept of modulo three graceful
labeling. As an analogue, Jayanthi and Maheswari [22] introduced one modulo three mean
labeling and proved that some standard graphs are one modulo three mean graphs. In
[20], we have obtained some necessary conditions and properties for the one modulo three
mean labeling. In this paper, we obtain the one modulo three mean labeling of some

family of trees.

2. Prior Results
Observation 2.1 [20]:
1) 3g-2=1 (mod3) forall g
(ii) 3q - 2 is odd if q is odd and
3q - 2 is even if q is even
l(mod6) if q is odd
i 2= 4(mod6) if q is even
(iv) 3q - 3 is even if q is odd and
3q - 3 is odd if q is even
O(m0d6) if g is odd

) 3q-3=
3(mod6) if q is even

Property 2.2 [21]:
Let G = ( p,q) be a one modulo three mean graph with one modulo three mean

labeling f. Let t be the number of edges whose one vertex label is even and the other is odd.

Then Z d(v )f (v ) +t=gq (3q —1) where d(v) denotes the degree of vertex v.

vev(G)
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In [20], we have obtained the results listed below.
Property 2.3:

If a graph G is a one modulo three mean graph then 0 and 1 are vertex labels.

Property 2.4:
If a graph G = (p,q) is a one-modulo three mean graph then 3q — 3 and 3¢q - 2

are ought to be the vertex labels.

Corollary 2.5:
If G= ( p,q) is a one-modulo three mean graph with one modulo three mean

labeling f, then Z d(v)f(v)Z qz.

vev(G)

Property 2.6:

Let G =( p,q) be a [ regular one modulo three mean graph with I even.

Let t be the number of edges whose one vertex label is even and other is odd then ¢ is

even.

Property 2.7:

Let G = ( p.q ) be a one modulo three mean graph.

(i) If qis odd then 0,1, 3q — 2 cannot be the vertex labels of the cycle C, contained in G.
(i) If g is even then 0,1, 3q — 3 cannot be the vertex labels of the cycle C, contained in G.
(iii) If q is odd then 1, 3g - 3, 3q - 2 cannot be the vertex labels of the cycle C; contained

in G.

(iv) If qis even then 0, 3q - 3, 3q — 2 cannot be the vertex labels of the cycle C; contained
in G.

Theorem 2.8:

Let G be a connected one modulo three mean graph. Let u be a vertex with label

f (u) . Let v be any vertex adjacent to the vertex u with label f (v)
a) Iff(u) = 0 (mod 6) then f(v) =1 (mod 6)

b) If f (u) =1 (mod 6) then f(v) =0 (or) 1 (mod 6)

<) Iff(u) = 3 (mod 6) thenf(v) =4 (mod 6)

d) If f (4) =4 (mod 6) then f (v ) =3 (or) 4 (mod 6)
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Theorem 2.9:
If G is a connected one modulo three mean graph then all its vertices receive
labels as either 0 (or) 1 (mod 6).

Theorem 2.10:

If G= ( p,q) is a connected one modulo three mean graph then g is odd.

Corollary 2.11:
If G is a connected graph with g even then it is not a one modulo three mean

graph.

Theorem 2.12:

If G= ( p,q) is a tree of odd order then it is not a one modulo three mean tree.

Theorem 2.13:
If G is a unicyclic connected graph with g even then it is not a one modulo three

mean graph.

Theorem 2.14:

If G is a connected one modulo three mean graph of odd size and then

1
A< it . Where A is the maximum degree of a vertex in G.
2

3. Main Results
Definition 3.1:

A graph G = ( p,q) is said to be one modulo three mean graph (OMTMG) if
there is an injective function f from the vertex set of G to the set
{0, 1, 3, 4,..,3g —5, 3q —3, 3q—2} with f is one-one and f induces a bijection fA
from the edge set of G to the set {1, 4, 7, 10,...,3g —5, 3q—2} where

f*(w):[f(u);rf(ﬁ—‘

and the function f is called as one modulo three mean

labeling (OMTML) of G. Here, f ’ (uv) = l(mod 3) for every edge uv in G.

Definition 3.2:

A Y-tree is a graph obtained from a path by appending an edge to a vertex of a
path adjacent to an end point and it is denoted by Y, where n is the number of vertices in
the tree.
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Theorem 3.3:

The Y-tree Y, (n > 6) is a one modulo three mean graph if and only if # is even.
Proof:

Assume 7 is even.

To prove that Y, (n > 6) is a one modulo three mean graph.

Let {v), V5, V3, ..., v,,} be the vertices of Y, and {e,, e,, €, ..., e, ;} be the edges of Y,
which are denoted as in Figure 3.1.

Vi
€1

V2
Figure 3.1: Ordinary labeling of Y,

First we label the vertices as follows:

Define f : V —>{0, 1, 3, 4, 6,7,..,3g —5, 3q—3, 3g—2} by

n—2

= 6i, for 15i <
2
n—4

F(vy) =6G-D+1, for1<i<
2
Then the induced edge labels are:

f»(ef):3i—2, for1<i<n-3
f*(en—z) =3(n-2)+1
f»(enﬂ) =3(n-2)-2

The above defined function f provides one modulo three mean labeling of the

graph Y,(n 2 6). Hence, the Y-tree Y, (n 2> 6) is a one modulo three mean graph when
n is even.

Conversely, let us assume that Y, is a one modulo three mean graph. To prove
that n is even.

Suppose not, let n be odd, that is p is odd. Then by Theorem 2.12, Y, is not a one
modulo three mean graph, which is a contradiction to our assumption that Y, is a one
modulo three mean graph.

Hence #n is even.

145
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One modulo three mean labeling of the graph Y, and Y, are given in Figure 3.2

and Figure 3.3 respectively.

N
31
w
-
w
S
=
©
[N
=
-
w
=
o
~
=
)
-

Figure 3.3: OMTML of Y,

Definition 3.4:
A twig is a tree obtained from a path by attaching exactly two pendant edges to

each internal vertex of the path.

Theorem 3.5:

The twig TW(n) (n 2> 4) is a one modulo three mean graph if and only if n is
even.
Proof:

Assume 7 is even.

To prove that TW(n) (n 2 4) is a one modulo three mean graph.

Let {V,-’ 15i<n, u,w, 1<5i< n—Z} be the vertices and {ei 1<i< 3n—5}
be the edges of TW(n) which are denoted as in Figure 3.4.

Uz uz Un_3 Un-2

Figure 3.4: Ordinary labeling of TW(n)
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First we label the vertices as follows:
Define f : V(TW (n)) = {0, 1,3, 4,..3¢ —3, 3¢ —2}

For1<i<n-2,
9i — 3, if i is odd

~
—~~
&
N—
1l

9(i—1)—2, ifiiseven

9i+3, ifiisodd

~
~~
=
~
Il

9i —5, ifiiseven

9(i—1), if i is odd
9(i—2)+1, if i is even
Then the induced edge labels are
Fe)=3i-2 for1<i<3n-5
The above defined function f provides one modulo three mean labeling of the

graph TW(n) (n 2 4). Hence, the twig TW(n) (n 2 4) is a one modulo three mean graph

when 7 is even.

Conversely, let us assume that TW(n) (n 2 4) is a one modulo three mean graph.
To prove that # is even.

Suppose not, let n be odd, that is p is odd. Then by Theorem 2.12,
TW(n) (n = 4) is not a one modulo three mean graph, which is a contradiction to our

assumption that TW(n = 4) is a one modulo three mean graph.

Hence 7 is even.

One modulo three mean labeling of the graph TW(6) and TW(10) are given in
Figure 3.5 and Figure 3.6 respectively.

6 7 24 25
4 13 22 31
o1 10 19 28 37,
0 1 18 19 36 37
7 16 25 34
12 13 30 31

Figure 3.5: OMTML of TW(6)
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6 7 24 25 42 43 60 61
p p q q q [ ] [ ] p
4 13 22 31 40 49 58 67
.1 10 19 28 37 46 55 64 3
0 1 18 19 36 37 54 55 72 73
7 16 25 34 43 52 61 70
] J L L L [ ] [ ] J
12 13 30 31 48 49 66 67

Figure 3.6: OMTML of TW(10)

Definition 3.6:

The Bistar B,,, is the graph obtained from K, by joining m pendant edges to one
end of K, and n pendant edges to the other end of K,. The edge of K, is called the central
edge of B, ..

Theorem 3.7:

The graph S (Bm +1) obtained by the subdivision of the central edge of the bistar

B, ., is a one modulo three mean graph.

Proof:
Let {u, v, w,u,15i<n, v, 1Si§n+l} be the verttices and

{a, b,a,1 <iln, b, 1 <i<n +1} be the edges which are denoted as in Figure 3.7.

Vi
Uy b
b Va
up
b. V3
a _ b
w v
Up-1 bn
Vn
n+1
un
Vn+1
Figure 3.7: Ordinary labeling of S (Bn et )
First we label the vertices as follows:
Define f : V —>{0, 1, 3, 4, 6, 7,..,3¢ —3, 3q—2}
f(u)zl; f(w)=o; f(v)=6(n+l)+l

f(ui)=6i+1, for1<i<n

f(vi):6i> for 1<i<m+1.
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Then the induced edge labels are

fla) =5 F(b) =30+2)-2
f»(a,-) =3i+1, for1<i<n
F(b) =3G-D+3m+2)+1, for1<i<n+1.

The above defined function f provides one modulo three labeling of S (BM “ )
Hence, the graph S (BM +1) is a one modulo three mean graph.

One modulo three mean labeling of the graph S (B 4’5) and S (BS) 6) are given in
Figure 3.8 and Figure 3.9 respectively.

6
! 19
4
2 12
13 7
1 = 16 25 018
10 1 0 31
19 28
13 24
31
25
30
Figure 3.8: OMTML of § (B45 )
6
2
12
25
28 18
1 ~ 19
0 37 31
24
34
37 30
36

Figure 3.9: OMTML of S (B“)

Theorem 3.8:

If m = n, then S (Bm,n ) is not a one modulo three mean graph.
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Proof:
Suppose S (Bm," ) is a one modulo three mean graph. The number of vertices in

p=m+n+3isodd, thatis g = m + n + 2 is even, a contradiction to Theorem 2.11.

Hence the Theorem.

Theorem 3.9:

The graph S (Bm)n ), m 2 n+2 is not a one modulo three mean graph.

Proof:
Suppose S (Bm’n ), m 2 n+2 is a one modulo three mean graph.

Case 1: m even, n even (or) m odd, n odd

In this case, the number of vertices in p = m + n + 3 is odd, thatis g=m + n + 2
is even.
a contradiction to Theorem 2.11.
Case 2: m even, n odd (or) m odd, n even

In this case, the number of vertices p = m + n + 3 is even, thatisg=m + n + 2 is
odd. Therefore by Theorem 2.14,

A(G)< at! (1)
2

Here G=S(Bm’n),A=m+ LLg=m+n+2

From (1), we have

< m+n+2+1
m+l1l & —m

2

2m+2 <m+n+3

m <n+l

a contradiction to m = n—+2.

Definition 3.10:

The graph G = (m : <K K >) is obtained by joining the centres of m copies

of <Kl,n :Kl’n> in parallel.

Theorem 3.11:
The graph (m : <K K >) is a one modulo three mean graph if and only if m is

even.
Proof:

Assume m is even.
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To prove that (m : <K K >) is a one modulo three mean graph.

Let V|:(m : <K1’n :Klm>):| Z{ui,vi,wi,lﬁ i< m,uij,vij,l <i< m,lSj < n}

be the set of vertices and

E|:(m:<Kl’n :Kl,n>)i|:{ei,f’,,lﬁiﬁm,gi,lﬁiSm—l,eij,fij,lﬁiﬁm,lﬁ 'Sn}

be the edges which are denoted as in Figure 3.10.

~

€on fan

an

Figure 3.10: Ordinary labeling of (m : <K1)n K, >)
First we label the vertices as follows:

Define f :V —>{0, 1, 3, 4,..,3g —3, 3¢ —2}

for 1<i<m, iisodd
(en+9)(i—1)+6(j—1),

andlgjgn

for2<i<m, i is even

f(uij)z

N

(6n+9)(i—2)+6(j—1)+6(n+1)+1, '
andj =1

for2<i<m, i is even
(en+9)(i—2)+6(j—2)+6(n+3)+1,

andZSan

\
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for 1<i<m, iisodd
6n+9)(i—1)+6j+1,
(n )(l ) / andlgjgn—l

for 1<i<m, iisodd
f(vtj)z J(6n+9)(i—1)+6(j+1),

andj=n

for 1<i<m, i is even

(en+9)(i—2)+6(j—1)+6(n+3),

andlSan
(6n+9)(i—1)+1, for 1<i<m, iis odd
( ') ) (6n+9)(i—2)+6(n+2), for 2<i<m, i is even

(6n+9)(i—1)+6n, for 1<i<m, i is odd
('): (6n+9)(i—2)+6(n+2)+1, for2<i<m, i is even

(6n+9)(i—2)+12(n+1)+1, for2<i<m, iiseven
Then the induced edge labels are

-

(6n+9)(i—1)+6n+1, for 1<i <m, i is odd
7(v) -

for 1Xi<m, iis odd
6n+9)i—1)+3(ji—1)+1,
(n )(1 ) (] ) andlﬁjﬁn

for 2<i<m, i is even

for 2<i<m, i is even
(6n+9)(i—2)+3(j—1)+6(n+1)+4,

andj =1

for 1<i<m, iisodd
6n+9)i—1)+3(j—1)+3(n+1)+1,
( " )(1 ) (] ) (n ) and 1< <n—1

( )_ for 1<i<m, i is odd
F ) =d(en+9)(i—1)+6j+4,

andj=mn

for 15i<m, i is even

(6n+9)(i—1)+3(j—1)+6(n+2)+3(n+1)+1,

and 1<j<n
) (6n+9)(i—1)+3n+1, for 1<i <m, i is odd
() -
' (6n+9)(i—2)+6(n+2)+1, for 1<i<m, i is even

) (6n+9)(i—1)+6n+1, for 1<i <m, i is odd
( 1) B (6n+9)(i—2)+6(n+1)+3(n+1)+4, for 1<i<m, i is even
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Fg)=@n+9G-1+6(n+1)+1, for1<i<m-1

The above defined function f provides one modulo three mean labeling of the
graph (m : <K1)n :Kl’n>). Hence, the graph (m : <K1)’1 :Kl)n>) is a one modulo three
mean graph when m is even.

is a one modulo three mean

N—

Conversely, let us assume that (m : <K1’n :K l,”>

graph. To prove that m is even.

Suppose not, let m be odd. Then the number of vertices in p = m(2n + 3) is odd. Now,

by Theorem 2.12, (m : <K KL >) is not a one modulo three mean graph, a contradiction

to our assumption that (m : <K K >) is a one modulo three mean graph.

Hence m is even.

—

One modulo three mean labeling of the graph (6 K, :K1’2>) and

(4<K1’5 1K >) are given in Figure 3.11 and Figure 3.12 respectively.

0 1 . 7
7 13
/ 1 12 N
6 18
19
19 30
2 34
25 31
28 24 % 37 37
31 36
40

49 55
54

w
ol
(5]

‘al
[ee]

N

N
\@s\/

w
=

\m\

B

©

S
fee]
[=2]
o

61

67 73
67

-
©

)

©

o
=
S o3
Ess
o
>
~
\
~
N

-
w
~
o<}

82

91 97
96

©
=
(s}
/
\i
©
=3

@
©
N

o

S

/ 8
90 102
103
103 06 1 114
109 115
112 108 109 121 27

et
N
o

115

[N}
=
[N}
~—
S~

Figure 3.11: OMTML of (6<K1) 1K
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7
19
- 13
1 31 25
19
30 31
28
25
34
. 36
37 a8
6
49 o4 54
43 58 67
55 60
43 73
70
61 66
73
67 72
76
78 85
84 01
90 S 109 97
108
9% 103
102 114
115
115 126
127 132
1330 121 136 138
121

139

145

Figure 3.12: OMTML of (4<K1,5 :

144

150
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Definition 3.12:
T, is a graph obtained by joining the centers of K,, and K,,, by a path P,

It consists of t + n + m vertices and t + n + m — 1 edges.

Theorem 3.13:
The graph T,,,, is a one modulo three mean graph for t(t 2> 2) is even and

n=m.
Proof:

Let V[tt’n,m] = {wl,wz,...,w[, UUy sl "1"’2’-""’m} be the set of vertices and

E[’Tr,n,m] - el’ez’“"en’ en+1’en+2""’en+t*1’ en+t’en+t+1’en+t+2’“"en+t+m71} be the edges

which are denoted as in the Figure 3.13.

up

€1
up e

2

€n+1 en+2 R _ Gneta
Wq Wp W3 W1

en

Up

Figure 3.13: Ordinary labeling of T, ,,

First we label the vertices as follows:

Define f :V(T )—){O, 1, 3, 4,..,3g —3, 3q—2} whereg=n+t+m-1.

t,n,m
f(ui)=6(i—l), for1<i<n
f(vi)=3t+6(i—l)+l, for1<i<m
ForlSiSt,
3i—2, if i is odd

f(wi) B 3(1’ —2)+6n, if i is even
Then the induced edge labels are
f*(ei)=3i—2, for1<i<t+n+m-1
The above define function f provides one modulo three mean labeling of the

graph T,,,,, for £(t = 2) is even and n = m.
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One modulo three mean labeling of the graph T,;; and Tgs are given in

Figure 3.14 and Figure 3.15 respectively.

13
25
28 19
16 . 19 22 3 s
30 7 36
34
31
37
37
Figure 3.14: OMTML of T, ;
19
S 2
3
31
19 22 25 28 31

36 7 42 13 48 43
37

46
49 43
49

Figure 3.15: OMTML of T

Theorem 3.14:
The graph T,

tnsln isaone modulo three mean graph for #(¢ 2 3) is odd.

Proof:
Let V[Tt’nﬂn:lz{wl,wz,...,w[, UUy sl UL vl,vz,...,vn} be the set of

vertices and E[TLMM:I = {el,ez,...,et_z,et_l, a,,a,,...a ,a bl,bz,...,bn} be the edges

n’ nt1’

which are denoted as in the Figure 3.16.

ug
a; Vi
uz b
as g Vo
2
uz a3
&, & . G oVs
Wy Wp W1 Wi
bn
Up an+y
Vi
Up+1

Figure 3.16: Ordinary labeling of T,

n+1,n
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First we label the vertices as follows:

Define f :V(Tt)nﬂ’n ) —> {0, 1, 3, 4,...3g —3, 3q —2} where g =2n + ¢t

f(ui)=6(i—1), for1<i<n+1
Fv,)=3t+66-1)-2, for 1 <i<n
For 1ISi<t-1,
3i—2, if i is odd

f(W,-): 3(i—2)+6(n+1), ifiiseven

F(w,)=3en+n-2
Then the induced edge labels are

f*(ai)=3i—2, for1<i<n+1
F(v)=3G-D+30+n-D+1,  for1<i<n
Fe)=3G-D+3m+1)+1, for1<i<t-2

f‘(et_l) =32n+1) -2
Then above defined function f provides one modulo three mean labeling of the
graph T,,,, , for t(t > 3) is odd.

One modulo three mean labeling of the graph T,,, and T,4; are given in
Figure 3.17 and Figure 3.18 respectively.

Figure 3.17: OMTML of T, ,;

19
3
37 25
19 22 25 28 31 49 40 a1
36 7 42 13 48 49
43
37

43

Figure 3.18: OMTML of T, ;
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Definition 3.15:
The H-graph of path P, is the graph obtained from two copies of P, with vertices

u,u,,...u, and v ,v ,..,v by joining the vertices u,,, and v, by an edge if n is odd

2 2
and the vertices 4, and v, if nis even.
2 B
Theorem 3.16:
The H-graph H (Pn ) of apath P, (n > 3) is a modulo three mean graph for any .
Proof
Let {ui, v, 15i< n} be the vertices and {ei, 15 SZn—l} be the edges

which are denoted as in Figure 3.19 and Figure 3.20 respectively.

uq Vi u; ¢ oV
e1 €n+1 €1 €n+1
u2 V2 u e eV,
e v
u n (] pVn
n+l Vi 2
2 2 en
un+1 p
Un-1 Vo1 2
€n—2
€n-1 €2n-1
Up_19 [ AN
Un Vn
En-1 €2n-1
U, ® oV,
Figure 3.19: Ordinary labeling of Figure 3.20: Ordinary labeling of
H(Pn),nisodd H(Pn),niseven

First we label the vertices as follows:
Define f : V —){0, 1, 3, 4,..,3g — 3, 3q—2}
Case 1: nis odd
For1<i<n,
3(i—1), iisodd

~
—~~
=
A —
Il

3i—5, i is even
3(i—1)+3(n—1)+1, iisodd
3(i—2)+3(n+1), i is even
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Case 2: nis even
For1 <i< n,
3(i—1), iisodd

~
—~
=
N
1]

3i —5, i is even
3(i—1)+3n, i is odd
3(i—2)+3n+1, iiseven
Then the induced edge labels are:
fe,) =3i-2for1<i<2n-1,

The above defined function f provides one modulo three mean labeling of the
H(P).

One modulo three mean labeling of the H (P7) and H (PS) as given in
Figure 3.21 and Figure 3.22 respectively.

0¢
0 ®19
1
1 22
14
1 ¢ 24 4
4 25 6 d
6 ¢25 7
7 28 74
22
7 19 30 10
12
10 31
13
12 p 31
13¢
13 34
16
13 ¢ 36 184
16 37 19
18 ® 37 19e
Figure 3.21: OMTML of H(P,) Figure 3.22: OMTML of H (P, )
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