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Abstract: A Set S € V(G) is a co-eccentric eccentric dominating set if S is a dominating set and for every
vertex v € V=S, there exists at least one eccentric vertex of v in S and another eccentric vertex of v in
V=S. The minimum cardinality of a co-eccentric eccentric dominating set is called the co-eccentric
eccentric domination number and is denoted by ¥...(G). In this paper we present several bounds on the
co-eccentric eccentric domination number, characterize graphs for whichy..(G) = 2 and find exact values

of Veee G) for some particular classes of graphs.
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1. Introduction
Graphs discussed in this paper are finite, undirected and simple. Unless otherwise
stated the graphs which we consider are connected. For a graph G, let V(G) and E(G) denote

its vertex and edge set respectively. The degree of a vertex v in a graph G is denoted by

degs(v). The minimum and maximum degrees in a graph G is denoted by S(G) and A(G)
respectively. For graph theoretic terminology refer to Harary [5], Buckley and Harary [3].
The concept of distance in graphs plays a dominant role in the study of structural
properties of graphs in various angles using related concept of eccentricity of vertices in
graphs. The length of any shortest path between any two vertices u and v of a connected
graph G is called the distance between u and v and it is denoted by d(u, v). For a connected

graph G, the eccentricity e(v) of v is the distance to a vertex farthest from v. Thus,

e(v) = max{d(u, v) : u € V}. The radius r(G) is the minimum eccentricity of the vertices,
whereas the diameter diam(G) = d(G) is the maximum eccentricity. For any connected
graph G, r(G) < diam(G) < 2r(G). v is a central vertex if e(v) = r(G). When r(G) = d(G), the
graph G is called self-centered graph. The center C(G) is the set of all central vertices. For a

vertex v, each vertex at a distance e(v) from v is an eccentric vertex of v. Eccentric set of a

vertex v is defined as E(v) = {u € V(G) / d(u, v) = e(v)}. G is a unique eccentric vertex

(point) graph if no vertex of G has more than one eccentric vertex. The open neighborhood

N(v) of a vertex v is the set of all vertices adjacent to v in G. N[v] = N(v)\U{v} is called the
closed neighborhood of v.
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A bigraph or bipartite graph G is a graph whose point set V can be partitioned into
two subsets V, and V, such that every line of G joins V, with V,. If further G contains every
line joining the points of V, to the points of V, then G is called a complete bigraph. If V,
contains m points and V, contains n points then the complete bigraph G is denoted by K, ,..
A star is a complete bi graph K,

The concept of domination in graphs was introduced by Ore in his famous book
‘Theory of Graphs’ [8] in 1962. In 1977, Cockayne and Hedetniemi unfolded its diverse
aspects, by surveying all the available results, bringing to light new ideas and citing its

application potential in a variety of scientific areas, in their paper “Towards a theory of
domination in graphs’ [4]. A set D C V is said to be a dominating set of G, if every vertex
in V—D is adjacent to some vertex in D. D is said to be a minimal dominating set of G, if
no proper subset of D is a dominating set. The domination number Y(G) of a graph G is the
minimum cardinality of a dominating set in G. A dominating set with cardinality Y(G) is

known as minimum dominating set or a 'f-set. For a detailed study on domination refer to
Kulli [7] and Haynes et.al [9].
Janakiraman, Bhanumathi and Muthammai [6] introduced and studied the concept

of eccentric dominating sets in 2010. In [1] and [2], they have studied the Eccentric
domination in Trees and derived bounds for Y.4(G). A set D C V(G) is an eccentric

dominating set if D is a dominating set of G and for every v € V—D, there exists at least

one eccentric vertex of v in D. If D is an eccentric dominating set, then every superset

D’Q D is also an eccentric dominating set. But D" C D is not necessarily an eccentric
dominating set. An eccentric dominating set D is a minimal eccentric dominating set if no

proper subset of D is an eccentric dominating set. The minimum cardinality of an
eccentric dominating set is called the eccentric domination number and is denoted by VY.4(G).
An eccentric dominating set with cardinality Y.(G) is known as minimum eccentric

dominating set or a Y 4-set.
In this paper, we introduce a new dominating set called co-eccentric eccentric

dominating set of a graph through which we study the properties of the graph. A set
S C V(Q) is co-eccentric eccentric dominating set if S is a dominating set and for every vertex
v € V=S, there exist at least one eccentric vertex in S and another eccentric vertex in

V—S. The co-eccentric eccentric dominating set S is a minimal co-eccentric eccentric
dominating set if no proper subset of S is a co-eccentric eccentric dominating set. The

minimum cardinality of a co-eccentric eccentric dominating set is called the co-eccentric

eccentric domination number and is denoted by Y...(G). We find upper and lower bounds

for this new domination number in terms of various already known parameters.
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2. Prior Results

We need the following results to prove certain results in co-eccentric eccentric

domination. Let G be a graph on n vertices.

Theorem 1.1: [9] For any graph G, I_n/(1+A(G))—| <YG) < n—A(G).
Theorem 1.2: [6] V. 4(K,) =1

Theorem 1.3: [6] V.4(K,,,) =2.

Theorem 1.4: [6] Y .4(W;) =1,V s(W,) =2,V4(W,) =3forn >7.
Theorem 1.5: [6] V4(P,) =Y(P,) or Y(P,) + 1.

Theorem 1.6: [6] (i) V.4(C,) = n/2 if n is even.
(ii) Yea(Cy) = | n/3 if n = 3m and is odd.
|_n/3—| if n = 3m+1 and is odd.
|_n/3—| + 1 if n = 3m+2 and is odd.

3. Co-eccentric eccentric dominating sets in graphs
In this paper, we define a new domination parameter namely, co-eccentric eccentric

domination as follows.

Definition 3.1: A set S & V(G) is a co-eccentric eccentric dominating set if S is a
dominating set and for every vertex v € V—S, there exist at least one eccentric vertex of v

in S and in V—S.

The co-eccentric eccentric dominating set S is a minimal co-eccentric eccentric

dominating set if no proper subset S’’ C S is the co-eccentric eccentric dominating set.

The minimum cardinality of a co-eccentric eccentric dominating set is called the

co-eccentric eccentric domination number and is denoted by Y ..(G).
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Example 3.1:
V3
v V10
6
Vi V2 Vg
Va Vs Vo Vi1

G:
D, = {v,, Vi Vg} is a minimum dominating set. Therefore, Y(G) = 3.

D, = {v}, V3, Vg, Vy} is @ minimum eccentric dominating set. Therefore, ¥.4(G) = 4.

D; = {vy, Vy, V3, Vi Vs, Vg, Vs Vg, Vo, Vi, Vit = V(G) is a co-eccentric eccentric dominating set

and ¥...(G) = 11.

Example 3.2:

17

16 14
In this example, Y(G) = V.a(G) = Ve (G) = 8.

D ={2,5, 8,11, 14, 17, 20, 22} is a co-eccentric eccentric dominating set.

Observations:

3.1: Let D be a ¥.-set then v € V — D has at least two eccentric vertices in V.

3.2: For a graph G with n vertices, Y(G) < V4(G) < Veo(G) < n.

3.3: If G is a unique eccentric point graph then D = V(G) is a minimum co-eccentric

eccentric dominating set and hence Y..(G) = n.

3.4: If v € V(G) has only one eccentric vertex, then v € D.
3.5: If G has exactly two eccentric vertices and all other vertices are not eccentric to any

other vertices then D = V(G) is the minimum co-eccentric eccentric dominating set and

Ycee(G) =n.
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3.6: If there exists a vertex v € V(G) such that v is the only eccentric vertex of elements of
a subset S C V, then {v} and S are subsets of every co-eccentric eccentric dominating set.

3.7: If v.€ V(G) has exactly two eccentric vertices x, y and they are the only eccentric

vertices of G, then v, X, y are in every co-eccentric eccentric dominating set.

Following Theorems give the value of Y...(G) for some standard graphs G.

Theorem 3.1: Y..(K,) =1 if and only if G =K, n> 2.

Proof: When G = K, radius of G = diameter of G = 1. Hence any vertex u € V(G) dominate
other vertices and is also an eccentric point of other vertices and every vertex v € V—S,
where S = {u}, has one eccentric point in V and one in V — S. Hence, V..(K,) = L

Conversely, assume Y .(K,) = 1. The co-eccentric eccentric dominating set has only one

cee

vertex u of G. Thus u is adjacent to all other vertices of G and u is also an eccentric vertex

of other vertices of G. Hence, G is a complete graph with more than two vertices.

Theorem 3.2: Y _..(K, ) =2, > 2. If s =2,V (K, ) =3.If s = 1, V.. (K, |) =2.
Proof: G=K, , s> 2. Let S = {u, v} and let v be a central vertex. The central vertex dominates
all vertices of V=S and every vertex v & V—S has one eccentric point in S and in V—S.

Hence, V...(K, ,) = 2. By the definition of co-eccentric eccentric dominating set, we have

cee

Yeee K, o) = 3, when s = 2 and ¥ ..(K, ,) = 2, when s = 1.

Theorem 3.3: Y .(K,, ,) =2, m, n > 3.
Proof: Let G=K,, ,andlet V(G) =V, UV, |V|| =m,|V,| = n such that each element of

V,is adjacent to every vertex of V, and vice versa.
Let S={u, v}, u € V, and v € V,. u dominates all the vertices of V,and it is an
eccentric vertex of V,— {u}. Similarly v dominate all the vertices of V, and it is eccentric to

elements of V, — {v}. Hence, S is a minimum co-eccentric eccentric dominating set. Thus

Veee(Kin, ) = 2.

n ) .
5 if n=3m, misodd
n

Theorem 3.4: If n is 0dd, Y ...(C,) = {3—‘ if n=3m+1,miseven

EWH if n =3m+2, misodd

If n is even, Y .(C,) = n.
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Proof:
Case (i): When n is odd.

Let S be a co-eccentric eccentric dominating set of C,. Each vertex of C, has exactly

two eccentric vertices. If n = 2r+1, where r is the radius of C,, v; € V(G) has v,,,, Vi,(.1) a8
eccentric vertices. Since C, is a cycle, if a vertex v; is not in S implies either v, or v, is also
not in S and if v, v,,, are not in S then v, , and v,,, must be in S.

Subcase(i): If n = 3m = 2r+1, m is odd.

Consider S = {v;, v, V55 ... Vi Vipzs -0 Var g} S i @ co-eccentric eccentric dominating
setand [S|=n/3. Then?Y,.(C,) <n/3. e (1)

We know that ¥ ..(G) = V.4(G), and ¥4(C,) = n/3 if n = 3m.

Therefore, ¥...(C,) 2n/3. e (2)

From (1) and (2) we have Y..(C,) = n/3.

Subcase(ii): If n = 3m + 1, m is even.

Consider S = {v}, Vi, V5, vovs Vi Viess -0 Varq) » S IS a co-eccentric eccentric
dominating set and |S|= |_n/3—| s Veee(Cr) < |_n/3—|. ------- (3)
We know that ¥ 4(C,) = I_n/3—| if n = 3m+1, then Y .(C,) = |_n/3—| ——————— (4)

From (3) and (4) we get ¥..(C,) = |_n/3—|.
Subcase(iii): If n = 3m+2, m is odd.

Consider S = {v, Vi ooy Vi Voo Vi «-00 Vb S I8 @ co-eccentric eccentric

dominating set. |S| = |_n/ 3—| +1.

Then V..(C,) < T — (5)
We know that ¥ 4(C,) = |_n/3—| +1 if n = 3m+2
VG 2 Y@ Y@ 2030 ©)

From (1) and (2) we get ¥...(C,) = |_n/3—| +1.
Case(ii): If n is even, n = 2r.

In even cycles, every vertex has exactly one eccentric point. Therefore, S contains

all the vertices of C,. Hence, ¥...(C,) = n.

Theorem 3.5: Let n be an even integer. Let G be obtained from the complete graph K, by

deleting edges of a linear factor. Then Y ..(G) = n.

Proof: Let u and v be a pair of non adjacent vertices in G. Then u and v are eccentric to

each other. Also G is unique eccentric vertex graph. Therefore, ¥..(G) = n.

Therorem 3.6: Y..(P,) = n.
Proof: A co-eccentric eccentric dominating set of P,, n > 4 must contain the two end

vertices. In path, every non central vertex has exactly one eccentric vertex. Therefore,
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(n — 1) vertices must be in Y_.-set and the central vertex has two eccentric vertices. (That

is the two end vertices). These two end vertices are already in Y.-set. Therefore, every

cee

co-eccentric eccentric dominating set contains all the vertices of P,. Hence, Y..(P,) = n.

Theorem 3.7: Y ..(W,) = 3, n 2 5, V..o (W) = 4, Voo (W,) = 5.

Proof: When G = W, n > 6. Consider S = {u, v, w}, where u and v are any two adjacent
non central vertices and w is the central vertex. Then S is the minimum co-eccentric
(W) =3,n>26. Whenn =5,letS = {u, v, w}

where u and v are any two adjacent non central vertices and w is the non central vertex,

eccentric dominating set of G. Therefore, Y,

cee

which is not adjacent to both u and v. S is the minimum co-eccentric eccentric dominating

set of G. Hence, ¥ .(W5) = 3. It is easy to verify that ¥ .(W;) = 4, ¥...(W,) = 5.

Theorem 3.8: IfG = K+ K, + K, + K m, n>27.(G) =4

Proof: Inthe graph G, letS, = V( Km )and S,=V( Kn ). Let u and v be the central vertices,
u and v dominate all other vertices of G. Select any one end vertex in S, and another one
vertex in S,. u; €S, is an eccentric vertex of S, and v, €S, is an eccentric vertex of S;. Now,

S ={u, v, u, v} is the co-eccentric eccentric dominating set of G. Thus, ¥..(G) = 4.

Note 3.1: (i) If G = K, + K, + K, + K, then Y..(G) = |[V(G)| = m+3.

(ii) ’Ycee(Kl,n) =2.
(1) G =K, + K+ K, + K, n, m > 2, then 'Ycee(G) =2= 'Y(G) = 'Yed(G).

Theorem 3.9: If G is a spider with more than two legs, then Y _..(G) = AG) + 1.

Proof: Let G be a spider. Let u be the vertex of maximum degree A(G). Then |N(uw)]
vertices dominates other vertices of G. N(u) \U {v}, where v is an end vertex of G is a
co-eccentric eccentric dominating set. Hence, Y..(G) = [N(u)| + 1. Therefore,

Yeee G) = AG) + 1.

Theorem 3.10: Let G be a wounded spider having at least three non wounded legs, then
Yeee(G) = s(G) + 1, where s is the number of support vertices of the pendant vertices of G.
Proof: Let G be a wounded spider. Support vertices of pendant vertices dominate all other

vertices of G. For the eccentricity property we include one pendant vertex of non wounded

leg to the support vertices. This set form a co-eccentric eccentric dominating set. Therefore,

VYeee(G) = s(G) + 1.
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Theorem 3.11: (i) Ycee(c_3) =3 Ycee(C_4) = 2.

N =3k
3’
(ii) Forn > 5,V.(C, ) = (ﬂ n=3k +1
n
[—w +1, n=3k+2
3
Proof:
(i) Clearly Y.o(C3) = 3, Ve Cy ) =
(ii) Now, assume that n > 5. Let v,, v, ..., v,, v, form C,. Then C_n = K, - C, and each

vertex v; is adjacent to all other vertices except v;, and v;,, in Cn . Hence, eccentric point of
v; in Cn is v, and v,,, only. Therefore, any co-eccentric eccentric dominating set must

contain either v; or any one of v; ;, v;,,. Hence, ¥...( Cn )= |_n/3—|.

Case (i): n = 3m

D, ={Vy, Vo Vs ey Viets Virws -+ > Vara 1> if nis even and D, = {vy, Vi, Vo, vty Vio Viess -+o> Vi b
if n is odd are co-eccentric eccentric dominating sets and | D, | = | D, | =n/3.
Hence, V..( Cn )<n/3. e (1)

We know that Y 4( Cn ) = |_n/3—| and

Y C.) 2 Y (C, ). This implies that Yo (C, ) = n/3. o )
From (1) and (2), we get ym(C_n) =n/3.

Case (ii): n=3m + 1

D, = {V, Vi Vos eens Viets Viras <+ > Vo Vax + if 1 is even, D, = {Vy, Vi, Vs ovs Vil Vi «- -5 Voo
Vo) if n is odd are co-eccentric eccentric dominating sets and | D, | = = |_n/3—|.
Hence,Y.(Co<[n3l 3)
We know that Y,.( C_n) 2 Y (C_n ). Hence we have V..( C_n) > |_n/3—|. ------- (4)

From (3) and (4), we get Ycee(C_n ) = I_n/3—|.

Case (iii) n = 3m + 2

D, ={Vi Vi Vs ey Vio Viess eoe > Vaoror> Vi + if s even, D, = {vy, Vi, Vo ooty Viets Vieas <+ 5 > Voo
Vo) if 1 is odd are co-eccentric eccentric dominating sets with |_n/3—| + 1 vertices and no
eccentric dominating set of C_n is a co—eccentric eccentric dominating set of C_n Hence,
Yl C )= T34 1.

Following theorem characterizes minimal co-eccentric eccentric dominating set of a graph
G.
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Theorem 3.12: A co-eccentric eccentric dominating set D is a minimal co-eccentric

eccentric dominating set if and only if for each vertex u € D, one of the following is true.
i) u is an isolated vertex of D or u has no eccentric vertex in D or u has no eccentric

vertex in V - D.

(ii) There exists some v € V — D such that N(v) MD = {u} or E(v) M D = {u}.

Proof: Assume that D is a minimal co-eccentric eccentric dominating set of G. Then for
every vertex u € D, D - {u} is not a co-eccentric eccentric dominating set. That is there
exists some vertex v in (V — D) U {u} which is not dominated by any vertex in D — {u} or
there exists v in (V — D) U {u} such that v has no eccentric vertex in D — {u} or u has no
eccentric vertex in V — D.

Suppose u = v. Then u is an isolate of D or u has no eccentric vertex in D or in V — D.
Suppose v € V - D. If v is not dominated by D - {u} but is dominated by D, then v is

adjacent to only u in D. That is N(v) M D = {u}. Suppose v has no eccentric vertex in

D - {u} but v has an eccentric vertex in D. Then u is the only eccentric vertex of v in D, that

is E(v) M D = {u}. Suppose u has no eccentric vertex in V— D, then E(u) M (V—D) = (I)

Conversely, suppose D is a co-eccentric eccentric dominating set and for each

u € D one of the conditions holds. We show that D is a minimal co-eccentric eccentric
dominating set.

Suppose that D is not a minimal co-eccentric eccentric dominating set, there
exists a vertex u € D such that D — {u} is a co—eccentric eccentric dominating set. Hence
u is adjacent to at least one vertex v in D — {u} and u has an eccentric vertex in D - {u}.
Therefore, condition (i) does not hold. Also if D — {u} is a co-eccentric eccentric
dominating set, every vertex v in V — D is adjacent to at least one vertex in D — {u} and v

has an eccentric vertex in D — {u} and u has an eccentric vertex in V — D.

Hence, condition (ii) and (iii) does not hold. This is a contradiction to our

assumption that for each u € D, one of the conditions holds.
This proves the theorem.

Now, let us study co-eccentric eccentric domination in trees.
If T is a tree of radius one, then G = K, ; and by Theorem 3.2, ¥ ..(K, ) =2, s > 2,
Vel K1 2) =3 and Voo K, ) = 2. If G = K| + K, + K| + K| 'm, n > 2, then Y,..(G) = 4 by

Theorem 3.8. If G = Km + K1 + Kl + Kn m 22andn =1, then ¥.(G) = 3.

Theorem 3.13: If T is a unicentral tree of radius two having at least three pendant vertices

u, v, w at a distance diam(T) from each other and the degree of the support vertex of any
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one of them is two, then ¥..(G) < s(T) + 2, where s(T) is the number of support vertices of
T.
Proof: Let T be a unicentral tree of radius two. The set S of support vertices of the pendant

vertices dominate all other vertices of G. Let the degree of the support vertex of w be two.

Then S U{u, v} is an eccentric dominating set for T and w is eccentric to other vertices

which are not support vertices. Therefore, s(T) + 2 vertices form a co-eccentric eccentric

dominating set. Hence, ¥..(G) < s(T) + 2.

Theorem 3.14: For a tree T with radius > 2, ¥..(T) = V4(T) or n.
Proof: Let T be a tree with n vertices and let d = diam T.

Case (i) Tree has only one pair of peripheral vertices at distance d = diam T > 2.

Let D be a Y., set. T has one pair of peripheral vertices that are in D. Then every

vertex in V — D has eccentric vertex in D and no eccentric vertex in V — D. Therefore, we

take all the vertices in D. Hence V,(T) = n.

Case (ii) Tree has more than one pair of peripheral vertices at distance d to each other.

Let D be a ¥, set. If D has exactly one pair of peripheral vertices implies V - D

has at least one pair of peripheral vertices at distance d to each other. Therefore, every vertex

in V - D has at least one eccentric vertex in V — D. Hence, ¥ .o(T) = Y.4(T).

Theorem 3.15: For any connected graph G, ¥ ..(G) = n or V¥..(G) <n—2.
Proof: By the definition of co-eccentric eccentric dominating set either V—D = (I) or
| V=D | 2 2, where D is a co-eccentric eccentric dominating set. Therefore,

Y eee(G) <n—2or YeeelG) = n. Thus Y..(G) #n —1.
Next, we study minimal co-eccentric eccentric dominating sets of graphs with radius one

and diameter two.

Theorem 3.16: If G is a graph with r(G) = 1, d(G) = 2 and G has more than one central
vertex then Y..(G) < n—2.

Proof: If G has at least two central vertices then the set of all vertices with eccentricity two

form a co-eccentric eccentric dominating set. Hence 7V.(G) < n—2. This proves the

theorem.

Theorem 3.17: If G is a graph with r(G) = 1, d(G) = 2 and has only one central vertex then

Ye(G) = n if and only if each vertex v € V(G) satisfies any one of the following conditions:

(i) v has only one eccentric vertex.
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(ii) v € V(G) has more than one eccentric vertex but each of these vertices has exactly one

eccentric vertex.

Proof: V..(G) = n = |V(G)| implies that V is the only minimum co-eccentric eccentric

dominating set. By the definition of co-eccentric eccentric dominating set, D is a
co-eccentric eccentric dominating set implies for v € V—D, v is dominated by some
u € D and there exists v; € D and v,€ V — D such that v, and v, are eccentric vertices of
vevVv.

Hence, if v € V has only one eccentric vertex in G then it cannot be in V — D.
Thus, v € D. Similarly, if v has vy, v,, ..., v as eccentric vertices and if v; has exactly one
eccentric vertex in G, then these v;’s are in D, for 1 < i < k. Hence, v has no eccentric vertex

in V—D. Therefore, v must be in D. This proves the result.

Converse is obvious.

Theorem 3.18: If G is a graph with p > 3, r(G) = 1, d(G) = 2 and G has exactly two peripheral

vertices, then Y ..(G) = 2.

Proof: Let u, v be the only peripheral vertices of G. Then D = {u, v} is a minimum

co-eccentric eccentric dominating set of G. Also p > 3 implies |[V—D| = 2. Hence,

YCEC(G) =2.

Theorem 3.19: Let G be a graph with p > 3 and r(G) = 1, d(G) = 2. Then Y(G) = 2 if and

only if G satisfies any one of the following conditions:

(i) |E\(G)| 2 2 and |E,(G)| = 2.

(ii) There exist u, v € E,(G) such that G — {u, v} is an eccentricity preserving subgraph of
G and {u, v} is a Y-set of < E,(G) >.

(iii) There exists v € E,(G) such that deg(v) = |[E,(G)| and G — v is an eccentricity preserving
subgraph of G.

Proof: Y ...(G) = 2. Let D = {u, v} be a minimum co-eccentric eccentric dominating set.
Case(i): D = {u, v}, where e(u) = e(v) = 1.

This case is not possible, since D has no vertex of eccentricity 2, if cannot be an
eccentric dominating set.
Case(ii): D = {u, v}, where e(u) = e(v) = 2.
Subcase (a): e(w) = 1forallw € V—D.

This implies that u and v are the only peripheral vertices. Also, |[V—D| = 2 implies
that G has at least two central vertices. Hence, G is a graph with |E,(G)| = 2 and

|E,(G)| = 2, where E(G) = {v € V(G) with e(v) = i}.
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Subcase (b): e(w) = 1 for some w € V—D and e(w’) =2 for some w € V—D.
All vertices of eccentricity one is adjacent to u and v. But D is a dominating set

implies vertices with eccentricity two are adjacent to either u or v or both. Also, D is an

eccentric dominating set implies vertices with eccentricity two in V—D are eccentric to u or

V.

Hence, w € V—D, e(w) = 2 implies that w is adjacent to either u or v only (not
both).

Also, D is co-eccentric eccentric dominating set implies that w € V—D with
e(w) = 2 has eccentric vertices (at distance 2) in V—D. Hence, < V—D > =G — {u, v} is a
graph having radius one diameter 2, with the condition that E,(< V=D >) = E,(G) and

E,(< V=D >) = E,(G) — {u, v}. That is the central vertices of < V—D > are exactly the central

vertices of G.
That is, G — {u, v} is a eccentricity preserving sub graph of G.

Also, {u, v} dominates all the vertices of eccentricity two implies Y(< E,(G) >) = 2.

Case (iii): Suppose D = {u, v}, where e(u) = 1 and e(v) = 2.

In this case w &€ D with e(w) = 2 is always eccentric to v.. Thus w € D, e(w) = 2
is not adjacent to v. Thus only vertices adjacent to v are the vertices of eccentricity one.
Hence, deg (v) = | E{(G)|.

Also, for w € D with e(w) = 2 there exist another vertex in V—D which is eccentric

to w. Hence, G — v is an eccentricity preserving sub graph of G.

Example 3.3:

Theorem 3.20: Let G be a unicentral graph with center x and r(G) = 1, d(G) = 2. Then
Yee(G) = 2 if and only if G satisfies any one of the following conditions:

(i) u, v € E,(G) such that {u, v} is a Y-set of < E,(G) > and G — {u, v} is an eccentricity
preserving sub graph of G.

(ii) There exists a pendent vertex v € V(G) such that G — v is an eccentricity preserving
sub graph of G.

Proof: Follows from the proof of the previous Theorem.
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Theorem 3.21: Let G be a unicentral graph with more than four vertices and r(G) = 1,
d(G) = 2. Then Y .(G) = n—2 if and only if there exists two non adjacent vertices of degree

at most n—3 and exactly n—3 vertices of degree at most n—2 in G.
Proof: G has more than two eccentric vertices and there exist at least one vertex which has

more than one eccentric vertex.

cee

YeeelG) = n—2 implies that there exist a ¥..(G)-set D with cardinality n — 2. Hence
[V.— D| = 2. By the definition of co-eccentric eccentric dominating set, if
v € V—D, there exists v € V—D such v and v’ are eccentric to each other.

Also, G is an uni-central graph implies, e(v) = e(v') = 2. vand v’ are in V—D implies

. . ! . .
v has some non adjacent vertex in D and v has some non adjacent vertex in D. Hence,

degree of v < n—3 and degree of v/ < n—3.

Suppose there exists a vertex x in D which is not adjacent to v and is not adjacent

to an element of D, then D — {x} is also a co-eccentric eccentric dominating set, which is a
contradiction.

Hence, there exists no vertex in D which is not adjacent to v and not adjacent to a
vertex of D. Similar result is true for v' also. Thus if x € D with e(x) = 2, then degree of

x<n—2andify € V— D, then degree of y < n — 3.

Example 3.4:

Theorem 3.22: Let G be a graph with p > 4, r(G) = 1, d(G) = 2 and G has two central

vertices. Then Y ..(G) = n—2 if and only if there exists no vertex of eccentricity two such

that it is adjacent to a vertex of eccentricity two and not adjacent to at least two vertices of
eccentricity two. Otherwise ¥ ..(G) < n—2.
Proof: Let D be a Y,.-set.
Case(i): Suppose V — D contains a central vertex.

There exists a vertex u € V — D such that e(u) =1in G. Let V—D = {u, u'} such
that e(u’) =1or2.

Subcase(a): e(u') =1.
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Then D = E,(G) contains only vertices of eccentricity two. So, D is a Y .-set implies
that there exists no proper subset S of D such that for x € D — S, there exists y,y € §
and y” € D — S such that d(x, y) =1, d(x, y’) =2 and d(x, y”) = 2. If this S exists, S is a
Y ee-s€t, which is a contradiction.

Subcase(b): e(u') =2.

This case is not possible since u’ has no eccentric vertex in V — D.

Case(ii): V — D contains no central vertex.

Then D contains two central vertices, say X, y. But in this case D — {x} or D — {y}
is also a co-eccentric eccentric dominating set. So this case is also not possible.

This proves the theorem.

Example 3.5:
vi(1) V(1)

(2) ve 5(2)

vs(2) va(2)

In this graph G, D = {v,, v} is a co-eccentric eccentric dominating set. ¥_..(G) # n—2.

Example 3.6:

vi{l) V2(1)
(2) ve 3(2)
V5(2) V4(2)
In this graph, D = {v;, v, Vs, V¢} is a co-eccentric eccentric dominating set,

Ycee(G) =4=n—12.

Corollary 3.22: Let G be a graph with r(G) = 1, d(G) = 2 and |E,(G)| > 2, then
Veee(G) <n — 2.

Theorem 3.23: Let G be a connected graph with n vertices. Then Y. .(G©2K,) < n + e(G).

Proof: Let V(G) = {v, v,, ..., v,}. Let Vi' and Vi” be the pendent vertices adjacent to v; in
Go2K,fori=1,2,...,n.
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Let k = e(G) be the number of eccentric vertices of G and let them be {x;, x,,...,
x}. Then V(G) U {xl', xz', oo xk'} is a co—eccentric eccentric dominating set.

Therefore, Y..(Go2K)) < n + e(G).

Note 3.2: If H = Go 2K, where G is a unique eccentric point graph, then Y .(G) < 2n/3
where n = | V(G) | .

Theorem 3.24: If H is any self centered unique eccentric point graph with m vertices and

G = Ho2K,, then ¥.(G) = 2n/3 = 2m.
Proof: If H is any self-centered unique eccentric point graph then every vertex of H is an

eccentric vertex. Hence, m is even and G has 3m vertices. Let v;, v,, ..., v,, represent the
. ! 1A} . . . .

vertices of H and {v,, v; '} fori=1, 2, 3, ..., m be the vertices of m copies of 2K,. Then in
! ) . . . . . ! A

G, v;, v; are adjacent to v; and if v; is the eccentric vertex of v;in H, then v;, v; * are

. . . !/ 14} . . .
eccentric vertices of v;in G and v;, v; * are the eccentric vertices of v. It is clear that {v,, v,,
! ’ !’ 144 A A . .
oVt Uvi, v, s v tand { v, vy, c v, Y I v L v, 0, oL, v, are minimum co-

eccentric eccentric dominating sets of G. Hence, ¥...(G) = 2n/3 = 2m.

Note 3.3: If H is self centered but not a unique eccentric vertex graph then Y..(G), where
G = Ho 2K, need not be 2n/3.

For example, when G = C;02K,, V..(G) = 8 < 2n/3 = 10.

Ve

V7

Vis

Vig

Vi3

D = {v}, v, V3, V,, Vs, Ve, Vg, Vi) IS @ co-eccentric eccentric dominating set.
ID| = 8 < 2n/3 = 10.
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Conclusion: In this paper, we have defined and studied the new domination parameter

Yee(G). We have characterized graphs G with radius one and diameter two having

’Ycee(G) = 2; n—2 and n.
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