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Abstract: In a graph G = (V, E), a set D < V(G) is an eccentric dominating set if D is a dominating
set of G and for every v € V=D, there exists at least one eccentric point of v in D. The minimum
cardinality of eccentric dominating set is called the eccentric domination number and is denoted by y..(G).
In this paper, we determine the number of minimum eccentric dominating sets in paths.
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1. Introduction

Let G be a finite, simple, connected, undirected graph on n vertices with vertex set
V(G) and edge set E(G). For graph theoretic terminology refer to Harary [4], Buckley and
Harary [2].

The concept of distance in graph plays a dominant role in the study of structural
properties of graphs in various angles using related concept of eccentricity of vertices in
graphs. The length of any shortest path between any two vertices u and v of a connected
graph G is called the distance between u and v and it is denoted by dg(u, v). For a connected

graph G, the eccentricity e(v) of v is the distance to a vertex farthest from v. Thus,

e(v) = max{d(u, v) : u € V}. The radius r(G) is the minimum eccentricity of the vertices,
whereas the diameter diam(G) = d(G) is the maximum eccentricity. For a vertex v, each
vertex at a distance e(v) from v is an eccentric vertex of v.

The concept of domination in graphs was introduced by Ore in his famous book
‘Theory of Graphs’ [6] in 1962. In 1977, Cockayne and Hedetniemi unfolded its diverse
aspects, by surveying all the available results, bringing to light new ideas and citing its

application potential in a variety of scientific areas, in their paper “Towards a theory of
domination in graphs’ [3]. A set D C V is said to be a dominating set of G, if every vertex
in V=D is adjacent to some vertex in D. The cardinality of minimum dominating set is
called the domination number and is denoted by Y(G). A dominating set with cardinality
Y(G) is known as minimum dominating set or a'y-set. The number of minimum dominating

sets in a graph G is denoted by Y;5(G).
Janakiraman, Bhanumathi and Muthammai [5] introduced and studied the concept

of eccentric dominating sets in 2010. In [1], they have studied the Eccentric domination in
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Trees. A set D C V(QG) is an eccentric dominating set if D is a dominating set of G and for

every v € V—D, there exists at least one eccentric vertex of vin D. The minimum cardinality

of an eccentric dominating set is called the eccentric domination number and is denoted by
Y.a(G). An eccentric dominating set with cardinality Y.4(G) is known as minimum eccentric
dominating set or a Y 4-set. The number of minimum eccentric dominating sets in a graph G

is denoted by Ygp(G)

In 2007, Walikar et.al [7] determined the number of minimum dominating sets in
paths and cycles. Motivated by this, in this paper we study the number of minimum
eccentric dominating sets in Paths.

We need the following results to study the number of minimum eccentric dominating

sets in a path.
n
Theorem 1.1: [3] For any integer n > 1, Y, = lrg—‘, where ’_X—‘ denote the smallest

integer not smaller than x.

+1=k+1, if n=3k

+1=k+2, ifn=3k+2.

n
3
n

Theorem 1.2: [5] ¥V 4(P,) = — |=k+1, ifn=3k +1
3
n
3

Theorem 1.3: [6] There are exactly k-minimum dominating sets containing v, and v in

Py, with labellings v, v,, Vs, ... Vi Vaio Vaer-

2. Minimum Eccentric dominating sets in Paths

Let us denote the total number of minimum eccentric dominating sets in a graph

G by Yep(G). In this paper, Yp(P,), for n = 3k, 3k+1, 3k+2 for any integer k = 1 is found

out.

Observation 2.1: In P, with labellings v, v,, vs,..., V., V., V, the pendent vertices

vy, v, € D, where D is any arbitrary minimum eccentric dominating set of P,.

Theorem 2.1: Vgp(P;) = k.
Proof: Let v, v, V; ... V5 V3, represents the path Py, ,. Number of minimum dominating sets

in Py, containing v, and v; is the number of minimum eccentric dominating sets of Py,.
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3
Yea(Pa) = k+1 and Y 4(Ps,,) = k+1. Hence VY 4(Ps) = Vea(Psy,1). By Theorem 1.3, there are

exactly k minimum dominating sets containing v, and vy in Py, and these are the minimum

n
By Theorem 1.1, Y(P,) = lr——‘, Y(Ps) =k, Y(Py,,) = k+1. By Theorem 1.2, we have

eccentric dominating sets of Py.. Hence Vg (Py) = k.

Theorem 2.2: Yp(Pyy,,) = 1.
Proof: Let v, v, v; ... v, , V., v, represents the path P, on n vertices. When n = 3k+1, each

eccentric dominating set of P, contains the end vertices and there is exactly only one

eccentric dominating set containing the end vertices of P;,,,. Hence Ygp(Py,,) = 1.

Lemma 2.1: There is only one minimum eccentric dominating set containing v,, vy, and
Va2 0 Py, with labeling vy, vy, V3, ..., Vo VanVas Where vy and vy, are the pendent
vertices.

Proof: Let v, v, v; ... v, , V., V, represents the path P, on n vertices, with n = 3k+2. By
Theorem 1.2, ¥ 4(Ps,1) = k+1, Yea(Psy,,) = k+2. By Theorem 2.2, there is only one minimum
eccentric dominating set D containing v, and vy, in Py,,. D\U{v,,,} is a minimum
eccentric dominating set of Py, containing v,, vy, and vy,,, since | D\U{vy,,} | = k+1+1

= k+2 = ,Yed(P3k+2)'

Lemma 2.2: There are exactly k-minimum eccentric dominating sets containing v,, vy and
Vi 10 Py, with labeling vy, v,, Vs, ..., Vo Vi Vigeo-
Proof: Let v, v, v; ... v, V,; v, represents the path P, on n vertices, with n = 3k+2. By

Theorem 1.2, Y 4(Py) = k+1, Y 4(Pyy,,) = k+2. By Theorem 2.1, there are exactly k-minimum
eccentric dominating sets D;, i=1, 2, 3, ..., k, containing v, and v, in P,.. Now, D,\U{v,,,},
i=1, 2, 3, ..., k is a minimum eccentric dominating set of Py, containing v,, vy and vy,,,

since |D1U{V3k+2} | = k+1+1 = k+2 = Y.o(Ps,,). Hence, there are exactly k-minimum

eccentric dominating sets containing v;, vy and vy, in Py,

Lemma 2.3: Number of minimum eccentric dominating sets of P;,,, containing v,, vy, and
V2 I8 equal to the number of minimum eccentric dominating sets of Py ;.

Proof: Let v, v, v5 ... v, v, V, represents the path P, on n vertices, with n = 3k+2. By
Theorem 1.2, Vo4(Pa 1) = Ved(Pagerysz) = K-1)+2 = k1, YV 4(Psy,,) = k+2. Also the distance
between v;, and vy, is 3. If D is a minimum eccentric dominating set containing v, and
Viq in Py, then D\U{vy,,,} is @ minimum eccentric dominating set of Py, containing v,

Vi and vy,,. Hence the lemma is proved.
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From Lemmas 2.1, 2.2 and 2.3, we see that Vi (Ps.2) = Vep(Pair) +k+1 = Yep(Psgeryn) +k+1.
That is, YED(P3k+2) = YED(P3(k—1)+2)+k+1'

From the recurrence relation established above, we find the value of Vg (P5,,) as a

function of k as follows:
Ye(Paii2) = Vep(Pagerya) = k1.
YeoPagn2) ~ Ven(Pagayi) = (k-1)+1.
Yeo(Pag2) — Ven(Pagayn) = (k-2)+1.

YED(PII) - YED(PS) = 3+1.

YED(PS) _YED(Ps) =2+1.
Summing up all the above equations, we get

Yep(Paia) — Vep(Ps) = kt(k—1)+(k—2)+... +3+2+(1+1+1+...+1)

2 —
_k(k+1) 14 (k-1) = k®+3k-4
2 2
k?+3k -4
YED(P3k+2)_ YED(P5) = T
k?+3k—4 k?+3k—4
Yep(Paa) = T+ Ven(Ps) = T+3
k? +3k +2
Yeo(Pan) = - —
Hence, we have the following theorem.
k, when n =3k
Theorem 2.3: Yp(P,) = 1, whenn=3k +1
K’ +3k+2
—, whenn=3k+2
2
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