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1. Introduction

This paper deals with graph labeling. All graphs considered here are simple, finite
and undirected. The terms not defined here are used in the sense of Harary [20].

The graph labeling is an assignment of integers to the vertices or edges or both
subject to certain conditions. If the domain of the mapping is the set of vertices
(or edges) then the labeling is called a vertex labeling (or an edge labeling). By a (p,q)
graph G, we mean a graph G = (V,E) with |V| =p and |E| =q.

Graph labeling was first introduced in the late 1960’s. Many studies in graph
labeling refer to Rosa’s research in 1967 [24]. Rosa introduced a function f from a set of

vertices in a graph G to the set of integers {0, 1, 2, 3...}, so that each edge xy is assigned the

label \f(x)— f (y )‘, with all labels distinct, Rosa called this labeling ﬁ-valuation.

Independently, Golomb studied the same type of labeling and called this labeling as
graceful labeling.

Labeled graphs serve as useful models for a broad range of applications such as
x-ray crystallography, radar, coding theory, astronomy, circuit design and communication
network addressing. Particularly, interesting applications of graph labeling can be found
in [2-5].

Somasundaram and Ponraj [25-26] have introduced the notion of mean labeling
of a (p,q) graph. A graph G is said to have a mean labeling if there is an injective function
f from the vertices of G to {0, 1, 2, 3.., q} such that when each edge uv is labeled with
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if f(u)+f(v) is even and if f(u)+f(v) is odd

then the resulting edge labels are distinct. A graph that admits a mean labeling is called a

f@)+f(v) fw)+f(v)+1
2 2

mean graph.

Vaidya [30-33] and et al. have investigated several families of mean graphs.
Nagarajan [29] and et al. have found some new results on mean graphs. Ponraj, Jayanthi
and Ramya extended the notion of mean labeling to super mean labeling in [23]. Gayathri and
Tamilselvi [18-19, 28] extended super mean labeling to k-super mean, (k, d)-super mean,
k-super edge mean and (k, d)-super edge mean labeling. Manikam and Marudai [22]
introduced the concept of odd mean graph. Gayathri and Amuthavalli [1,6-8] extended
this concept to k-odd mean and (k, d)-odd mean graphs.

Different kinds of mean labeling are studied by Gayathri and Gopi in [9-17].
Swaminathan and Sekar [27] introduced the concept of one modulo three graceful
labeling. As an analogue, Jayanthi and Maheswari [21] introduced one modulo three mean
labeling and proved that some standard graphs are one modulo three mean graphs.
Motivated by the work of these authors, in this paper, we obtained some necessary
conditions and properties for the one modulo three mean labeling. Also, we prove the

converse part of theorems obtained in [21], where only partial results are obtained.

2. Properties
Definition 2.1

A graph G = ( p,q) is said to be one modulo three mean graph if there is a
function f from the vertex set of G to the set {O, 1, 3, 4,6, 7, ..3q-3, 3q —2} with

f is one-one and f induces a bijection f* from the edge set of G to the set
f)+7(v)

—‘ and the function f is
2

{1, 4, 7, 10,..,3q - 5, 3¢ -2} where f (uv)= {
called as one modulo three mean labeling of G. Here, f ) (uv ) =1(mod3) for every edge uv
in G.
Observation 2.2

i) 3q-2=1 (mod3) forall g

(ii) 3q - 2 is odd if g is odd and

3q - 2 is even if q is even
1(m0d6) if q is odd

0 2= 4(mod6) if g is even
(iv) 3q - 3 is even if q is odd and

3q - 3 is odd if q is even



)

Property 2.3

3g-3=
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O(mod6) if q is odd

3(mod6) if q is even

If a graph G is a one modulo three mean graph then 0 and 1 are vertex labels.

The induced edge label 1 can only be obtained by the adjacent vertex label pair

Property 2.4

(0,1). Therefore 0 and 1 are ought to be vertex labels.

If a graph G = ( p,q) is a one-modulo three mean graph then 3¢-3 and 3¢q-2 are

ought to be the vertex labels.

By definition 2.1, the number 3g-2 has to be an edge label. In order to have

Corollary 2.6

3g-2 as an induced edge label, the only possible vertex pair is (3g-3, 3q-2). Hence 3g-3

and 3g-2 are vertex labels.

The following theorem is proved in [21, Theorem 2.2].
Property 2.5 [21]
Let G = ( p,q) be a one modulo three mean graph with one modulo three mean

labeling f . Let ¢ be the number of edges whose one vertex label is even and the other is

odd. Then Z d (v )f (v ) +t=q (3q - 1) where d (v ) denotes the degree of vertex v.

vev(G)

If G= ( p,q) is a one-modulo three mean graph with one modulo three mean

labeling f , then Z d(v)f(v)ZqZ.

By Property 2.5

Z d(v)f(v)+t=4qq-1
D d(v)f(v)=q(3g-1)-1

Z d(v)f(v)Zqu -q-q (since t < q)
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D d(v)r(v)=q(3q-2)

vev(G)

Z d(v)f(v)Zq'q (since q = 1)

vEV(G)

D () =g’

vev(G)

Property 2.7
Let G =( p,q) be a [ regular one modulo three mean graph with I even.

Let t be the number of edges whose one vertex label is even and other is odd then ¢ is

even.
Proof
By Property 2.5
D da()r(v)+r=4(3q-1) ()
vev(G)

G being [-regular

1) f(v)+e=4(33-1)
t= q(3q—1)—lZf(v) .(2)

If q is even then ] is even implies right hand side of (2) is even.
If q is odd then 3q - 1 is even and [ is even implies right hand side of (2) is even.

Hence t is even.

Property 2.8
Let G = ( p.q ) be a one modulo three mean graph.
(i) If q is odd then 0,1, 3g-2 cannot be the vertex labels of the cycle C,
contained in G.
(ii) If g is even then 0,1, 3q-3 cannot be the vertex labels of the cycle C,
contained in G.
(iii) If q is odd then 1, 3g-3, 3q-2 cannot be the vertex labels of the cycle C,
contained in G.
(iv) If q is even then 0, 3g-3, 3q-2 cannot be the vertex labels of the cycle C,
contained in G.
Proof
Let G be a one modulo three mean graph. Let a,, a,, a, be the vertices of a cycle

C, contained in G (see Figure 1.1).
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dp

a; a,
Figure 1.1
(i) Let g be odd then by Observation 2.2(ii), 3g-2 is odd.
Suppose 0, 1, 3g-2 be the vertex labels of the cycle C, contained in G

(See Figure 1.2). Then without loss of generality, assume

fa,) =0 f(a) =1 f(a,) =3g-2

— ¢

30-2
Figure 1.2

In this case, the induced edge labels are

f'(aoal) =1
)_ 0+3g-2+1 3g-1

2 2
) 1+3g-2  3q-1

f (ala
2 2
a contradiction to G is a one modulo three mean graph.
Hence if, q is odd, then 0, 1, 3g-2 cannot be the vertex labels of the cycle C;
contained in G.
(ii) Let g be even, then by Observation 2.2(iv), 3g-3 is odd.
Suppose 0, 1, 3gq-3 be the vertex labels of the cycle C; contained in G

(See Figure. 1.3). Then without loss of generality, assume

f(a,) =0 f(a) =1 f(a,) =39-3
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1 39-3
Figure 1.3

In this case the induced edge labels are
f » (aoa1 ) =1
. 1+3g—3 3g-2
7 (as,) =

4 (a°a2) 2 2

a contradiction to G is a one modulo three mean graph.

2 2
0+3g-3+1 _ 3q-2

Hence if, q is even then 0, 1, 3g-3 cannot be the vertex labels of the cycle C,
contained in G.
(iii) Let g be odd then by Observation 2.2 (ii) and (iv), 3g-2 is odd and 3g-3 is even

Suppose 1, 3g-3, 3q-2 be the vertex labels of the cycle C; contained in G

(see Figure 1.4). Then without loss of generality, assume

f(ao):l; f(al)=3q—3; f(az):3q—2
1
3q-—3 3q'—2
Figure 1.4

In this case, the induced edge labels are

fx(alaz) _3q-3+3q-2+1_69-4

2 2
fA(aoal) 1+3q—3+1:3q—1
f(aa) 2 2

a contradiction to G is a one modulo three mean graph.

=3q-2

2 2
1+3g-2  3q-1
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Hence if, q is odd then 1, 3g-3, 3¢q-2 cannot be vertex labels of cycle C, contained
in G.
(iv) Let g be even then by Observation 2.2(ii) and (iv), 3q-2 is even and 3¢-3 is odd.
Suppose 0, 3g-3, 3q-2 be the vertex labels of the cycle C, contained in G

(See Figure 1.5). Then without loss of generality, assume

f(a0)=0; f(al)=3q—3; f(az)=3q—2
0
3¢-3 3¢-2
Figure 1.5

In this case, the induced edge labels are

f)(alaz) _ 3g-3+3g-2+1 _ 6q -4

=3q-2
2 2
. 0+3g-3+1 3g-2
£ (o)== ==
. ~ O+3q—2:3q—2
S ac) - 2 2

a contradiction to G is a one modulo three mean graph.
Hence if, q is even then 0, 3g-3, 3g-2 cannot be the vertex labels of the cycle C,

contained in G.

3. Necessary Conditions
Theorem 3.1
Let G be a connected one modulo three mean graph. Let u be a vertex with label

f(u). Let v be any vertex adjacent to the vertex u with label f (v )
a) If f (1) =0 (mod 6) then f(v) =1 (mod 6)

b) Iff(u) =1 (mod 6) then f(v) =0 (or) 1 (mod 6)

0 If f (u) =3 (mod 6) then f(v) =4 (mod 6)

d) Iff(u) = 4 (mod 6) then f(v) = 3 (or) 4 (mod 6)
Proof

a) Let f(u) =0 (mod 6)

By the definition of one modulo three mean labeling, it is clear that for any v,
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f(v) Z 25 (mod 6) (1)
Claim 1: f(v) = 3 (mod6)

On the contrary, suppose f(v) = 3 (mod 6), then f(v) - 3 = 6k for some k,
which implies f (v) = 6k + 3. Since f (u) =0 (mod 6), f (u) = 6k, for some k.
. Fu)+f(v)+1
fw) = (

sincef(u)+f(v) is odd)

Therefore,

6k, +6k+3+1

2
6k, + 6k + 4

2
=3k, + 3k +2

=3(k+ k) +2
f* (uv) = 2(mod 3)
a contradiction to f is a one modulo three mean labeling.
Therefore, f (v ) Z 3 (mod 6) - (2)
Claim 2: f(v) = 4(mod 6)
On the contrary, suppose f (v) = 4 (mod 6), then f (v) - 4 = 6k for some k,
which implies f (v) = 6k + 4. Since f (u) =0 (mod 6), f (u) = 6k, for some k;.

f*(uv) = M (sincef(u)+f(v) is even)

6k, + 6k + 4

Therefore ,

2
3(k,+k)+2
fx(uv)EZ(mod 3)

a contradiction to f is a one modulo three mean labeling.
Therefore, f(v ) = 4(mod 6) .. (3)
Claim 3: f(v) = 0(mode6)

On the contrary, suppose f(v) = 0 (mod 6), then f(v) = 6k for some k,
Since f (u) =0 (mod 6), f (u) = 6k, for some k.

f*(uv) = JM (sincef(u)+f(v) is even)

Therefore,

6k, + 6k

2
=3k, + 3k

f(uv) =3k + k)
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f(uv) =0 (mod 3)
a contradiction to fis a one modulo three mean labeling.

Therefore, f (v) Z 0(mod6) . (4)
From equations 1 to 4 we have

f (v) =1 (mod 6) which proves (a).

b) Letf(u) =1 (mod 6)

Then f (u) - 1 = 6k, for some k,, which implies f (u) =6k +1

By the definition of one modulo three mean labeling, it is clear that for any v,

f(v)#2,5(mod6) . (1)

Claim 1: f(v);——“'S(mod6)

On the contrary, suppose f (v) = 3 (mod 6), then f (v) - 3 = 6k for some k,
which implies f (v) =6k + 3. Now f (u) =6k +1

Therefore, f*(uv) = JM (sincef(u)+f(v) is even)
2
. 6k +1+6k+3
flur) = =———
6k, +6k+4
) 2

f(uv) =30k +k) +2
f(uv) =2 (mod 3)

a contradiction to fis a one modulo three mean labeling.

Therefore, f (v ) = 3(m0d6) .. (2)
Claim 2: f(v),‘=‘(4(mod 6)
On the contrary, supposef(v) = 4 (mod 6), then f(v) — 4 = 6k for some k,
which implies f(v) =6k + 4. Nowf(u) =6k, + 1.
. fu)+f(v)+1
fw) == (

sincef(u)+f(v) is odd)
6k +1+6k+4+1

Therefore,

fw) =
6k, +6k+6
- 2
6(k,+k+1)
- 2

f(uwv) =30k +k+1)
f'(uv) =0 (mod 3)

a contradiction f is a one modulo three mean labeling.
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Therefore, f (v ) =z 4(m0d6) .. (3)
From equations (1) to (3) we have, f (v) =0 (or) 1 (mod 6) which proves (b).
c) Let f(u) = 3 (mod 6)
Then f (u) - 3 = 6k, for some k,, which implies f (u) =6k +3

By the definition of one modulo three mean labeling, it is clear that for any v,

f(v) Z 2,5(mod6) (1)
Claim 1: f(v),z' 0(m0d6)
On the contrary, suppose f(v) EO(mod6), f(v) = 6k for some k. Now
f(u)=6k +3.

sincef(u)+f(v) is odd)

Therefore,

F(w) =f(u)+12f(v)+1 (

£ w) = 6k, +3+6k +1

2

=3(k,+ k) +2
f(uv) =2 (mod 3)
a contradiction to f is a one module three mean labeling.
Therefore, f(v ) = O(mod 6) .. (2)

Claim 2: f(v) Z1(mod6)

On the contrary, suppose f(v) = l(mod 6), then f (v)—l =6k for some k,
which implies f (v) =6k +1. Now f (u) =6k, + 3.

f(uv) = JM (sincef(u)-i-f(v) is even)

6k, +3+6k +1

Therefore,

f () -
2
=3(k,+ k) +2

f (uv) = 2(mod 3)

a contradiction to f is a one modulo three mean labeling.
Therefore, f(v ) = l(mod 6) .. (3)
Claim 3: f(v) Z3(modé)
On the contrary, suppose f (v) = 3(mod 6) , then f (v) - 3 = 6k for some k,

which implies f (v) =6k + 3. Now f (u) = 6k, + 3.

f(uv) = JM (sincef(u)-i-f(v) is even)

6k, +3+6k+3

Therefore,

flw) =
=3k, +k+1)
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fA(uv) =0 (mod 3)
a contradiction to f is a one modulo three mean labeling.
Therefore, f (v) Z 3(mod 6) . (4)
From Equations 1 to 4 we have
f (v) = 4 (mod 6) which proves (c).
d) Let f (1) =4 (mod 6)
Then f (u) - 4 = 6k, for some k,, which implies f (u) =6k +4
By the definition of one modulo three mean labeling, it is clear that for any v,
f(v):';éZ,S(mod 6) . (1)
Claim 1: f(v)ZO(mod 6)
On the contrary, suppose f(v) = O(mod 6), then f(v) =6k. Now
f(u)=6k +4

Therefore, f (uv) =

M (sincef(u)"‘f(v) is even)

6k, +4+6k

2
=3(k,+ k) +2

f'(uv) =2 (mod 3)
a contradiction to f is a one modulo three mean labeling.
Therefore, f (v ) Z 0(mod 6) . (2)
Claim 2: f(v)Zl(m0d6)
On the contrary, suppose f(v) = 1(mod 6) , then f(v)—l =6k for some k,
which implies f (v ) =6k +1. Now f (u) = 6k, + 4
£ () = f(u)+£(v)+l (

sincef(u)-i-f(v) is odd)

6k, +4+6k+1+1

Therefore,

fw) =
2
=3(k,+k+1)
f(uv) =0 (mod 3)
a contradiction to f is a one modulo three mean labeling.
Therefore, f (uv ) Z 1(mod 6) . (3)

From equations 1 to 3 we have

f (v) = 3 (or) 4 (mod 6) which proves (d).
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Theorem 3.2

If G is a connected one modulo three mean graph then all its vertices receive
labels as either 0 (or) 1 (mod 6).
Proof

Let G be a one modulo three mean graph. Then by Property 2.3, 0 and 1 are
vertex labels. Now by Theorem 3.1 (a) and (b) all the vertex labels are of either
0 (or) 1 (mod 6).

Theorem 3.3

If G= ( p,q) is a connected one modulo three mean graph then g is odd.
Proof

Let G = ( p,q) be a one modulo three mean graph.

Then by Property 2.4, 3q —2 is a vertex label.
Claim :gqis odd
Suppose q is even, then by Observation 2.2(iii), 3q — 2 = 4 (mod 6).

a contradiction to Theorem 3.2.

Corollary 3.4

If G is a connected graph with g even then it is not a one modulo three mean
graph.
Proof

Follows from Theorem 3.3.
Theorem 3.5

If G= ( p,q) is a tree of odd order then it is not a one modulo three mean tree.
Proof

Suppose G = ( p,q) be a one-modulo three mean tree of odd order then p is odd

implies g = p — 1 is even, a contradiction to Theorem 3.3.

Hence the theorem.

Theorem 3.6

If G is a unicyclic connected graph with g even then it is not a one modulo three
mean graph.
Proof

Follows by Corollary 3.4.
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Theorem 3.7
If G is a connected one modulo three mean graph of odd size and then
q+1
A <—— . Where A is the maximum degree of a vertex in G.
2
Proof

Let G be a connected one modulo three mean graph of odd size then by Theorem 3.3,

q is odd and by Theorem 3.2, all the vertex labels are congruent to either 0 (or) 1 (mod 6).
i.e., G contains vertex labels from the set {0, 6, 12, ..., 3g—3} or {1, 7, 13, ..., 3q—2}.

Hence,
33—2—1 3—3—0
A < q—+1 (or) ASq—+1
6 6
A<3q—3+6 A<3q—3+6
B 6 B 6
A <dt! A it
2 2
+1
Thus A Sq—.
2

4. Necessary and Sufficient condition for Certain family of One
Modulo Three Mean Graphs

In [21], one modulo three mean graph is introduced and some standard graphs are
verified for one modulo three meanness.

In [21 Theorem 3.1), it has been proved that the path P, is a one modulo three
mean graph if n is even.

In the following theorem, we prove that n is even is also a sufficient condition.

Theorem 4.1

The path P, is not a one modulo three mean graph if » is odd.
Proof

Let n be odd. On the contrary, assume that P, is a one modulo three mean graph.
Then by Theorem 3.3, g = |E (Pn )| =n—1 1is odd, which implies n is even, a

contradiction to »n is odd.

Now, we have the stronger version as given under.

Corollary 4.2

The path P, is a one modulo three mean graph if and only if » is even.
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In [21, Theorem 3.2], it has been proved that the star graph K, is a one modulo
three mean graph if and only if n = 1.
We now establish this theorem with the help of properties obtained in section 2 and

necessary conditions of section 3.

Theorem 4.3
The star graph K, is a one modulo three mean graph if and only if n =1.
Proof

Necessary part
Let n # 1.

Case 1: n is even

To prove that K, , is not a one modulo three mean graph.

We know that the number of edges of K, , = g = n. Suppose K, , is a one modulo
three mean graph, then g = n is even.
a contradiction to Theorem 3.3.
Case 2: nis odd

By Properties 2.3 and 2.4, any one modulo three mean graph needs atleast 2 non-
adjacent edges to receive the edge labels 1 and 3q - 2 respectively, which contradicts the
structure of K ,..
Sufficiency part

When 7 = 1, the result is immediate.

Hence the theorem.

In [21, Theorem 3.3], the following is proved. “The caterpillar obtained by attaching

n pendant edges to each vertex of the path P,, is a one modulo three mean graph if m =0
(mod 2)”.

In [21], m =1 (mod 2) is left open in the above said theorem.

We now discuss this result in one of the two cases.

Theorem 4.4
The caterpillar G obtained by attaching n pendant edges to each vertex of the

path P, is not a one modulo three mean graph if m = 1 (mod 2) and # is even.
Proof

We now observe that G has m - 1 + mn edges. When 7 is even and m is odd,
clearly ¢ = m - 1 + mn is even. Suppose G is a one modulo three mean graph then it

contradicts Theorem 3.3.
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Theorem 4.5

The caterpillar G obtained by attaching »n pendant edges to each vertex of the
path P,, is a one modulo three mean graph if m is odd and n = 1.
Proof

We now observe that G has m - 1 + mn edges. When n =1, G is the comb graph

PmJr . So, by Theorem 3.4 of [21], G is a one modulo three mean graph.

Remark 4.6
By using lengthy arguments, we can achieve that the caterpillar G obtained by

attaching 3 pendant edges to each vertex of the path P, is not a one modulo three mean

graph whose proof we omit. In general, when m = 1 (mod 2) and n is odd, the one

modulo three mean labeling of G of Theorem 4.4 is left open.

In [21, Theorem 3.5], it has been proved that B, , is a one modulo three mean
graph if and only if m = n and the proof is lengthy.

We now give a short proof using necessary conditions.

Theorem 4.7

The Bistar B, , is a one modulo three mean graph for all n.
Proof

Let {ui, vl <i< n} be the vertices and {ei, 15il2n +1} be the edges of
B

n,n*

First we label the vertices as follows:
Define f : V(G) —>{0, 1, 3, 4, ..,3¢ —3, 3¢ —2}
f(u) =o
f(v) =6n+1

f(ui) =6i-5, for1<i<n

f(vi) = 6i, for1<i<n.
Then the induced edge labels are

Fe) =3i-2, for 1 <i<2m+1.

The above defined function f provides one modulo three mean labeling of the

graph B, ,. One modulo three mean labeling of B;; is given in Figure 4.1.
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Figure 4.1: OMTML of B;;

Theorem 4.8

If m # n then B,,, is not a one modulo three mean graph.
Proof
Suppose on the contrary, B, , is a one modulo three mean graph. Without loss of
generality assume m > n. The number of edgesin B,,, =q=m +n + 1.
Case 1: either m (or) n is odd
Then q is even, which contradicts Theorem 3.3.
Case 2: Both m, n are odd (or) even

Without loss of generality, let m and n be odd. Then since m > n and both are

odd, it follows that m = n + 2.
In this case g = m + n + 1 is odd. Therefore by Theorem 3.7.
q+1

A(G)<— (1)
2
Here G =B,,; A=m+1; g=m+n+1
from (1) we have
m+tn+1+1
m+l < ————
2

2m+2 S<m+n+2
2m <m+n

mSn

which is a contradiction to m > n.

Theorem 4.9
B,,, is a one modulo three mean graph if and only if m = n.
Proof

Follows from Theorem 4.7 and Theorem 4.8.
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In [21, Theorem 3.6], it has been proved the T,-tree with even number of vertices is
a one modulo three mean graph.
In the following theorem, we prove that the T,-tree with odd number of vertices is

not a one modulo three mean graph.

Theorem 4.10

A T,-tree with odd number of vertices is not a one modulo three mean graph.
Proof

Let the T,-tree has odd number of vertices, that is p is odd. Then g = p - 1 is even.
Suppose T,-tree is a one modulo three mean graph, then it is a contradiction to Theorem
3.3.

Hence we have,
Theorem 4.11

A T-tree is a one modulo three mean graph if and only if p is even.
Proof

Follows from Theorem 4.10 and Theorem 3.6 of [21].

In [21, Theorem 4.1], the cycle C, is proved as one modulo three mean graph when

n =1 (mod 4) and all other modulo’s are left open.

In the theorem to follow, we discuss the remaining cases.

Theorem 4.12
If =0 (or) 2 (mod 4), the cycle C, is not a one modulo three mean graph.
Proof
If n =0 (or) 2 (mod 4), then ¢ =|E(Cn )| =n is even. Suppose C, is a one

modulo three mean graph, then it contradicts Theorem 3.3.

Remark 4.13

With lengthy arguments, we can prove that C, is not a one modulo three mean

graph whose proof we omit. We observe that C,, n = 3 (mod 4) is not a one modulo three

mean graph, but whose short proof is left open.

In [21, Theorem 4.2], it has been proved that the ladder graph L =P XP, is a
one modulo three mean graph if n is odd.
In the following theorem, we prove that the ladder graph L =P X P, is not a one

modulo three mean graph if n is even.
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Theorem 4.14
The ladder graph L = P X P, is not a one modulo three mean graph if 7 is even.
Proof

Let n be even. Then ¢ =|E(Ln) =3n—2 is even. Suppose L =P XP, isa

one modulo three mean graph, then it contradicts Theorem 3.3.

Hence we have,

Theorem 4.15

The ladder graph L =P XP, is a one modulo three mean graph if and only if n
is odd.
Proof

Follows from Theorem 4.14 and Theorem 4.2 of [21].

In [21, Theorem 4.3] it has been proved that K, , XK, isaone modulo three mean
graph if n is even.

In the following theorem, we prove that K XK, is not a one modulo three mean

graph if n is odd.

Theorem 4.16
The graph K XK, is not a one modulo three mean graph if # is odd.
Proof

Let n be odd. Then g = E(Kl,n sz) =3n+1 is even. Suppose K XK, isa

one modulo three mean graph, then it contradicts Theorem 3.3.

In [21, Theorem 4.4] it has been proved that K, is a one modulo three mean graph

if and only if n < 2. But we provide very short proof in the following theorem.

Theorem 4.17

The graph K, is a one modulo three mean graph if and only if n < 2.
Proof

Assume 1 2 3. When 7 = 3, Clearly C, is not a one modulo three mean graph.
Let n > 3.

Claim: K, is not a one modulo three mean graph
On the contrary, suppose K, is a one modulo three mean graph.

Case 1: nis even
. n(n—l)

2

= even which is a contradiction to Theorem 3.3.

Then ¢ :|E(Kn)
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Case 2: n is odd

By Property 2.8(i), 0, 1 and 3g - 2 cannot be the vertex labels of any cycle C,
contained in G. But in K (n > 3), every edge is an edge of a cycle C;, which contradicts the
Properties 2.3 and 2.4, that 0, 1 and 3g - 2 are ought to be the vertex labels of a one

modulo three mean graph.

Conversely, if n < 2, then K, and K, are clearly one modulo three mean graphs.
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