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Abstract: Let G (V, E) be a simple, finite, undirected connected graph. A non — empty set S 'V of a
graph G is a dominating set, if every vertex in V — S is adjacent to at least one vertex in S. A dominating
set S < Vis called a locating dominating set, if for any two vertices v, w € V=S, N(v) NS #N(w) N S.
A locating dominating set S < V'is called a co-isolated locating dominating set, if there exists at least one

isolated vertex in <V — S >. The co-isolated locating domination number Y . is the minimum

cardinality of a co-isolated locating dominating ser.

In this paper, upper bounds of co-isolated locating domination number for the Cartesian
product of two graphs namely, P> XP, (n 2 3), PsXP, (n 2 2),Ps XPy(n 2 2), P> XC, (n 2 3),
P; XC,(n23), P;XC,(n=3), P;XK, (n 2 2), Ps XK, (n > 2), P4+ XK, (n 2 3) and K, XK,
(m, n 2 3), are established.
Keywords: Dominating set, locating dominating set, co-isolated locating dominating set, Cartesian

product of two graphs.

1. Introduction

Let G = (V, E) be a simple connected graph with vertex set V and edge set E. The (open)
neighbourhood N(v) of a vertex v consists of the vertices adjacent to v. The closed
neighbourhood of v is defined by N[v] = N(v)u{v} and dg(v) = [N(v)| is the degree of v. The

minimum degree of a graph G is denoted by O(G).The concept of domination in graphs
was introduced by Ore [11]. A non - empty set S € V(G) of a graph G is a dominating set,

if every vertex in V(G) - S is adjacent to some vertex in S. The domination number Y(G) is
the minimum cardinality of a dominating set in G.A special case of a dominating set is a
locating dominating set. It was introduced by Slater [12, 13]. On recent studies on locating
domination [2, 3] and [4] are referred. A dominating set S in a graph G is called a locating
dominating set in G, if for any two vertices v, w EV(G)-S, Ng (v)NS, Ng (w)NS are distinct
. The locating domination number of G is defined as the minimum cardinality of a locating
dominating set in G. A locating dominating set SEV(G) is called a co-isolated locating
dominating set, if<V — S> contains atleast one isolated vertex. The co-isolated locating

domination number 7Y . (G) is the minimum cardinality of a co-isolated locating
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dominating set. A locating dominating set of minimum cardinality is called a Y;(G) - set
Y . — set is defined likewise.
The Cartesian product of two graphs G and H is the graph denoted by G X H with
V(G x H)=V(G)XV(H) (where X denotes the cartesian product of sets) and
((u,u),(v,;v)) € E(G X H) if and only if u = v and (u',v)) € E(H) or u' = v' and (u,v) € E(G).
If each of G and H is a path P, and P, respectively, then the graph P X P is called a grid
graph. The domination number of k x n grid graphs P, x P,, for 1 <k <10, n > 1 have been
previously established by Jacobson and Kinch.
In this paper, upper bounds of co-isolated locating domination number for the grid
graphsP, XP (n = 3), P;XP, (n 2 2), P, XP,( n 2 2), and the graphs P, XC,( n = 3),
P,xC,(n=>=3),P,xC,(n=>3),P,xK,(n=>2),P,xK, (n=2),P,XK,(n>3)and K, XK,

(m, n > 2) are found. For graph theoretic notations, [5] is referred.

2. Prior Results

In the following, some results involving co-isolated locating domination, already proved
in [8] and [9] are given
Theorem2.1 [8]: For every non-trivial simple connected graph G with p vertices,
1<y, (G <p-L

Theorem 2.2 [8]: Y _ (G) =lifand only if G = K,

cild

Theorem 2.3 [8]: ¥ . (K,) =n - 1, where K, is the complete graph on n vertices.

cild
Theorem 2.4 [8]: ¥V _, (K,-e) =n - 1, where e € E(K,)
Theorem 2.5 [9]: For the path P, on n vertices,
2n+4
Y o Pn) = »n =3
5
Observation 2.6 [9]: If S is a co-isolated locating dominating set of G(V, E) with |S| = k,

then V(G) - S contains atmost nC, + nC, + ... + nC, vertices.

3. Main Results
In the following, Y . (P,,XP,), for m = 2, 3 and 4 are found.

3n+3
Theorem 3.1: Forn =3, Y _ (P, XP,) < 2

Proof: Let G = P, XP,. The blocksA,, B,, A,, B, and B,are constructed as given below.
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Let S be a co-isolated locating dominating set of G. The vertices with the symbol ‘X in
each of the blocks represent the vertices that are to be included in S. The vertices with the
symbol O in the blocks indicate that those vertices are not in the locating dominating set S
constructed upto this stage and to be considered while concatenation. In a sequence of
concatenations, if B;, 1<i< 3 is the last block, then |S] is increased by 1, otherwise S will not
be a locating dominating set of G.

A new block C obtained by concatenating the blocks A,, B;, A, and B, and the block

C?are given below.

C=ABA,B

C2
Also, let a, = |[ANS| =3,i=1,2;
b, =|B;NS|=0
b, =|B,NS| =1, by =|B;nS| = 1.
Then, a;,=3,b, =0,b,=1,b, = 1.
|ICNS|=a,+b,+a,+b, =6
If n = 3, then G =A, and |S| = a, = 3.
If n = 4, then G =A,B,and|S| = a,+ b, +1= 4, since G ends with the block B,.
If n = 5, then G =A,B,B, and |S| = a, + b, + b,+ 1 = 5, since G ends with the block B,.
If n = 6, then G =A,B,B, B, and |S| = a, + b; + b,+ by+ 1 = 6, since the graph ends with the
block B,.
If n =7, then G =A,B,A, and |S| = a;+ b, + a,= 6.
If n = 8, then G = C (=A,B,A,B,) and it ends with the block B,.
Therefore, |S|=a; +b, +a,+b, + 1=7.
Letn>8andn=8q+ 150 <r<7. Then, q= n-r

Then, the following cases arise.

Case (i): n = 0 (mod 8).Then G = Cland |S|<6q+1 =

3n+4_[3n+3w
4 | 4
3n+5_[3n+31

Case (ii): n = 1 (mod 8). Then G = CB; and |S| < 6q + 2 = 2 2
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Case (iii): n = 2 (mod 8). Then G = C%B,B, and |S| <6q + 3 =

3n+6_[3n+3w
4 | 4

3n+3
Case (iv): n =3 (mod 8). Then G = CJA, and S| < 6q + 3=

3n+4 3n+3
Case (v): n =4 (mod 8). Then G = CiA B, and |S| < 6q + 4 = 2 = 2

3n
Case (vi): n = 5 (mod 8). Then G = C9A,B,B, and |S| < 6q+5= 2 =

3n+6 [3n+3
Case (vii): n =6 (mod 8). Then G =C9A,B,B,B; and [S| < 6q+6 = 2 = 2

Case (viii): n = 7 (mod 8). Then G =C%A;B,A,and |S| <6q + 6 = 3n+3
In all the above cases, Y, (P, XP,) < |S| = ’73n4+ 3—‘
Theorem 3.2: For n = 2,
Y., (PsxP,) < {6n5+ 3J ,  ifn=0,1,2,3 (mod 5)
+3

{6n5 —‘, if n =4 (mod 5)

Proof: Let G = P; XP,, n = 2. The blocks A,, B, B,are constructed as below

A, B, B,

Let S be a co-isolated locating dominating set. The vertices with the symbol X in each
of the blocks represent that the vertices are to be included in S and the vertices with the
symbol O in the blocks indicate that those vertices are not in the locating dominating set
S constructed upto this stage and to be considered while concatenation. For S to be a locating
dominating set of G, in a sequence of concatenations, if B, is the last bock, then [§] is
increased by 1. For B,, it is increased by 2. Then, a, = |[A;NS| = 3, b; = |B,NS| = 0 and
b, = |B,NS| =1,

If n =2, then G= A, and |S| = 3.
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If n = 3, then G = A, B,. Since B, is the last block, |S] is increased by 1 and hence, |S| = 4.
Ifn=4,then G= A, BB,and |[§| =6
Let C be the new block obtained by concatenating the blocks A,, B, and A, and is given

below.

Then, [CNS| =6.1fn=5,then G=Cand |[S|=6.Letn > 6andn=5q+;0<r <4

+

Case (i): n = 0 (mod 5). Then G = C%and |S| =6 =%‘ = {6[’]5 3J
Case (ii): n = 1 (mod 5). Then G = CB, and |S| = 6q + 1 = { n5

6n+ 3
Case (iii): n = 2 (mod 5). Then G = C1A and |S|=6q + 3 = 5

: _ 6n+ 3
Case (iv): n =3(mod 5). Then G =C9A B, and |S| = 6q + 4 = 5

_ 6n + 3

Case (v): n = 4(mod 5).Then G = CA;B,B,and |S| =6q + 6 = 5

From the above cases,

Y., (P, XP) < [8| = {6n5+ 3J, ifn=0,1,2,3 (mod5)
{6[’]5*' 3—‘ s if n =4 (mod 5)

This completes the proof of the theorem.

on+1
Theorem 3.3: Forn =2, ¥ . (P,XP,) < 3

Proof:
Let G = P, XP,, n = 2. The blocks A,, A,, A;, A}A,, A A,A, are constructed as before

and are given below.
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®

X X— %
A, A, A, AA, C A, AA,

Let S be a co-isolated locating dominating set of G. While concatenation, if C is the last

block, then |[S] is increased by 1, for S to be a locating dominating set of G.
Then a, = |A;NS| = 2; 2, = |A,NS| =258, = [A|NS| =1 and c = |CNS]| = 5.
Ifn=2,then G= AA,and [S| =a, +a,=4.
Ifn=3,thenG=Cand|S|=c+1=6.
Letn=3q+150<r<2
5n+1

3

Case (i): n = 0 (mod 3). Then G = C%and |S| = cq + 1 :5q+1:|7

5Sn+1
Case (ii): n = 1 (mod 3). Then G = C%A; hence, |S| =cq+2=5q + 2 = lr —‘

3
on+1
Case (iii): n = 2 (mod 3). Then G = CIA|A;and [S|=5q+2+2=5q+4 = 3

From the above cases, ¥ _, (P,XP,) <[S| = ’V 3

5n+1w

In the following, Y, (P,,XC,), for m= 2 and 3 and n = 3 are found.

Theorem 3.4: For n > 3,

Y., (PxC) < [%ﬂ ,  ifn=0,2,3,57(mod8)
Fm + 4} _
, ifn=1,4, 6 (mod 8)

Proof: Let G = P,XC,, n =3. The blocks A,, A,, B;, B,, B; are constructed as before,

X X X
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Let S be a co-isolated locating dominating set of G. The vertices with the symbol ‘X’ in
each of the blocks represent the vertices that are to be included in S. The vertices with the
symbol O in the blocks indicate that those vertices are not in the locating dominating set
S constructed upto this stage and to be considered while concatenation. For S to be locating
dominating set of G, in a sequence of concatenations, if A;B, or B, is the last block, then |S|

is increased by 1.

If the graph G' is obtained by a sequence of concatenations of two (or) more blocks

mentioned above, then the graph G is obtained by joining the vertices in the first column
' /
of G to the corresponding vertices in the last column of G .

fC'= A B,A,B,, then the corresponding C is as below.

Let a;= |ANS| =3;i=1.2.

b, = |[B,nS| =0, b,=|B,NS| =1,b,=|B;nS| = 1

|CNS| =a, +b, +a,+b,=6.

If n = 3; then G’EAI, and |S| =a, = 3.

If n = 4; then G’EAIBI, and |S| =a, + b, +1 = 4.

If n = 5; then G =A,B,B, and |S| = a, + b, + b,+ 1 = 4.

If n = 6; then G'=A,B,B, B, and |S| = a, + b, + b+ b+ 1 = 6.
If n = 7; then G’EAIBIA2 and |S| =a, +b; +a,=6.
Ifn=8,then G'= C and S| = 6.
Letn>8andn=8q+r0<r<7.

Then the following cases arise,

Case (i):n = 0 (mod 8). Then G’E(C’)q and |S| = 6q = ’73%—‘

3n+4
Case (ii):n = 1 (mod 8). Then G’E(C’)qB3 and S| =6q+2 = lr —‘

3n
Case (iii):n = 2 (mod 8). Then G’E(C’)‘*B3B2 and |S| = 6q + 2= ’77—‘

3n
Case (iv):n = 3 (mod 8). Then G’E(C’)qu and |S| =6q +3 = [T—‘

3n+4
Case (v):n = 4 (mod 8). Then G,E(C,)quB1 and |S| = 6q + 4 :’V —l
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3n
Case (vi):n = 5 (mod 8). Then G,E(C’)qAIBIB2 and |S| = 6q + 4= ’77—‘

. N, 3n+4
Case (vii)mn = 6 (mod 8). Then G =(C )qu B,B,B;and |S|=6q + 6 =

3n
Case (vii):n = 7 (mod 8). Then G’E(C’)“‘AIBIA2 and |S| =6q + 6= ’VT—‘

From the above cases,

Y., (PXC) < [8] = F’Tn—‘ ifn =0,2,3,5,7 (mod 8)
[Sn + 4} .
, if n =1, 4, 6 (mod 8)

Note 3.4: Forn =3, ¥ . (P;xC,) = ¥, (P;XP,).

an + 2
Theorem 3.5: Forn =3, Y . (P,XC)) < 3

Proof: Let G =P, XC_, n>3 .As before, the blocks A;, A, and B,are constructed. A new block
C by concatenating the blocks A, A, and B, is also obtained below. Let S be a co-isolated

locating dominating set of G. The vertices with the symbol ‘X’ in each of the blocks
represent the vertices that are to be included in S. The vertices with the symbol ‘()’in the
blocks indicate that those vertices are not in the locating dominating set S constructed upto

this stage and to be considered while concatenation.

®

JoNY
Z

—X—®

A, A, B, C

If the graph G' is obtained by a sequence of concatenations of two (or) more blocks

mentioned above, then the graph G is obtained by joining the vertices in the first column
of G to the corresponding vertices in the last column of G’ as mentioned in Theorem 3.3.
Leta,= |[A;NS|=2,a,=|A,NS|=2,b, = |B;NS|=0and c = |C’ NnS| =4.1f C’ is the last block

’
in the graph G obtained by a sequence of concatenations, then |S| increases by 1.
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Letn=3q+r; 0<r<2

’ / 4n + 2
Case (i): n = 0 (mod 3). Then G =(C )qand S|=cq+1=4q+1= 3
.. ! / an +2
Case (ii): n = 1 (mod 3). Then G =(C )qu and [S|=cq+2=4q+2= 3
/ / 4n + 2
Case (iii): n = 2 (mod 3). Then G =(C )9A,A, and |S| = 4q + 4 = 3

4n+ 2

From the above cases, Y . (P, XC,) < [ —l This completes the proof of the

theorem.

In the following, Y
Theorem 3. 6:

ld (P,,XK,), for m = 2, 3 and 4 are found.

3, ifn=2

n; ifn >3

Proof: If n = 2, then P,XK, = C, for which Y _ (C,) = 3.Let S be a co-isolated locating

Forn=>2; Y . (P,XK,) = {

dominating set of G. It is to be observed that two copies of K, are subgraphs of P,xK,.

Let V,(K,) = {V,,V12-.-sVin} and V,(K,) = {u,,u,, ..., u,,} in P,XK,. For a co-isolated locating
dominating set, there should exist atleast one isolated vertex in V - S. Let v, be isolated in
V - S. Then, N(v;) € S. That is, vy,,...,vy,, Uy € S which implies that |[S| < n. Also, N(u,)NS
= {u,;, vio}, N(uy)NS = {u,;, vi3}, .. N(u,)NS = {u,,, vi,.}.Hence N(u)NS # N(v)NS, for any u,
v €V - S. Therefore, S is a cild-set of P,XK,. Hence, Y, (P,XK,)< n. All the vertices in
P,xK.,is of degree n and there should be atleast one isolated vertex in V - S. Thus, any

Y- set of P,XK, contains atleast n vertices. Therefore, Y . (P,XK,) =n. Hence,

Y . (P2XK,) = n. This completes the proof of the theorem.

Theorem 3. 7: For n>2; Y, (P;xK,) = {21 . ‘iff rr11=>23

Proof: Let G =P,xK,

Ifn=2,then G =

and Y, (G) = 3.Let S be a co —isolated locating dominating set of G. Three copies of K, are
subgraphs of P,XK,. Let V(K ={v;, v ...V LViK) = {u, ugy,..,uland
Vi(K,) = {Wi, WappenrsW3,} in PoXK L
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For a co-isolated locating dominating set, there should exist atleast one isolated vertex
in V- S. Let v;; be isolated in V - S. Then, N(v;;) € S.Let s’ =NV, )={Vi2 Vi3 oo Vipo Uy}
Here S’ cannot be a co-isolated locating dominating set of P,XK,, since N(w3)NS' = @, for
i=1,2,..,n LetS = S’U{w33,w34,...,W3n}.Then, V=S ={ vi, Uy, Uys, .oy Wy, Wiy, Wyt and
|S| <2n - 2. Also, N(u)NS # N(v)NS for any u, v € V - S. Therefore, S is a cild-set of P,xK,.
Hence, Y, (P;XK,) <2n - 2. All the vertices in P;XK, is of degree n and there should be
atleast one isolated vertex in V - S. Hence, any Y . - set of P;XK, contains atleast n vertices.
Therefore, Y . (P;XK,) =2n - 2. Hence, Y, (P;XK,) = 2n - 2. This completes the proof

of the theorem.
Note 3.8: Forn >3, Y_, (P,xK,) = V_, (P;xK,).

In the following, Y . (K, XK,,) is found.

Theorem 3. 9: For m, n > 3; Y (K, XK,)=n+m - 2.

Proof: Let S be a co-isolated locating dominating set of K, XK. It is to be observed that, m
copies of K, are subgraphs of K, XK. Let the vertex sets of those copies of K, be V|(K,) =
Vi Vi ceeesVind Vo(KD) = Va1 Vazs «ovesVands +oos Vin(KD)={Vin1sVins - eeesVinnt 10 K XK.

For S to be a co-isolated locating dominating set, there should exist atleast one isolated
vertex in V-S. Without loss of generality, it is assumed that v,,is isolated in V- S. Then,
N(vy;) € S. That is, Vi3, Vis «ver Vi Vap, VapoeeeeVy € S which implies that |S| <n + m - 2.
Also, N(v,)NS = {vyy, vio}, N(v3)NS = {vyy, vish..., N(vya)NS = {vyy, vinh, N(v3,)NS = {vyy, vio},
< uN(W3)NS = {vy, vinh o, N(vi)NS = (v, vish N(v)NS = { vy, vish - N, )NS = { v,
Vint-

Hence N(u)NS # N(v)NS, for any u, v € V - S. Therefore, S is a cild-set of K, XK. Hence,
Y i K, XK,,) < n+m-2. All the vertices in K, XK, is of degree n + m - 2 and there should

be at least one isolated vertex in V - S. Thus, any Y_ - set of K, XK, has at least

n + m - 2 vertices. Therefore, Y _ (K, XK,) = n+ m - 2. Hence, Y _, (K, X K,) = n+m-2.

This completes the proof of the theorem.
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