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Abstract: Let G be a (p, ¢q) - graph. A bijective funcion f : V(G)UE(G) —>
{1, 2, ..., p +qf such that fluv) = |f{u) - flv)| for every edge uv € E(G) is said to be a super graceful
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1. Introduction

By a graph, we mean a finite undirected graph without loops or multiple edges. A
path of length # is denoted by P,. The corona G, ® G, of two graphs G, and G, is defined
as the graph G obtained by taking one copy of G, (which has P, points) and P, copies of
G, and then joining the i point of G, to every point in the i copy of G, [2]. The concept
of graceful labeling has been introduced by Rosa [3] in 1967.

A function f is a graceful labeling of a graph G with p vertices and q edges if f is
an injection from the vertices of G to the set {I,2,...,q} such that when each edge uv is
assigned the label |[f(u) — f{v)| , the resulting edge labels are distinct. The gracefulness of
graphs motivates us to define a new type of labeling, called “Super graceful labeling”[6],
[7].

Let G be a (p, q) - graph. A bijective function f: V (G) UE(G) —> {1, 2, .., p + q}

such that fluv) = |f(lu) — f(v)| for every edge uv€ E(G) is said to be a super graceful
labeling. A graph G is called a super graceful graph if it admits a super graceful labeling.

In this paper, we show that the graphs H graph, H © mK, and H(@j) are super
graceful graphs.
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2. Main Results

Definition 2.1. 8]
Let Py(u, wu, .. u) and Pyuv, Vv, .. vVv,) be two paths of length

n-1 . Then we obtain a new graph by joining 4 andy_ (u"ﬂ and ynt1 ) if nis
2 2 2 2

even (odd). The resultant graph is called as H graph.

Theorem 2.2 H graph is super graceful.
Proof. Let P (u ,u,,.,u ) and P,(v,v,,.,v, ) be two distinct paths on N vertices
(n=3) inH graph. Now, | V(H) |=2#n, and | E(H)|=2n—1 .

We consider the following two cases.

Casei N is odd
Define f:V(H)\U E(H) — {1,2,...,4n—1} as follows.
an—i, 15i<n,i=1(mod 2)

(u,)=
s i—1, 15i<n—1,i =0 (mod 2)

and

n—1+j, ISan,jEI(modZ)

(v,) =
st 3n—j, 1<j<n—1, j=0(mod 2)

We construct the vertex label sets as follows:

et v, = |J {rwn = U W@n—ij=@4n—14n—3,.3n)

iEI(ir:nlodZ) iEI(i;llodZ)
n—l1 n—1

v,= U tfun= U i—13=0135..,n—2}
izol(:adz) iEOZjnlodZ)

v,= U o= U tn—1+ji=tmn+2..2n—1} and
j=1 {r:nlud 2) j=1 {r:nlod 2)
n—1 n—l1

v,= U o= U Br—ji=Bn—23n—4..2n+1}
jEOJ(;lodZ) jEOJ(jnlodZ)

We construct the edge label sets as follows:
n—2 n—2

tet £ = U (fou,= U 0£@)=fa. )

i=1 i=1
i=l1 (mod 2) i=1 (mod 2)
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- U tuen—p—i+1—-nyp= U #n—2i} =tan—24n—6,.2n+4}

i=1 i=1

i=1 (mod 2) i=1(mod 2)
n—l1 n—l1
E, = au b= U A f@)—fu, )b
=0 =0
n—l1 n—l1
- U gi—v=—un—a+ym= U {2i—4n)
i=0 l(:nlad 2) i=0 ::ad 2)

|
-

n

= {an—2i} ={4n—4,4n—38,..2n+2}

Il
—

i
i=0 (mod 2)

n—2 n—2
= U vop= U drep—ren
= et
jElimod 2) jEIZmod 2)
n—2 n—2
= U fe—1+p=cn—G+yp= U {2j-2n]
i1 i=1
jEI'Emod 2) jElémod 2)
n—2
- U pn—2ji=12n—22n—6,..4
=1
jEIZmodZ)
n—l1 n—l1
.= U vop= U (505000
=1 =1
jEOJ(mod 2) jEOJ(mad 2)
n—l1 n—l1
= U ten—p—e—1+j+np= U n—2j
=1 =1
jEOJ(madZ) jEO](modZ)
={2n—4,2n—38,...,2}
and Eg = flu, v | =] 4orr |7 F] Vo
2 2 2 2

J(H o

Case ii N is even
Define f:V(H)\JUE(H)—> {1,2,..,4n—1} as follows:
4n—i, 15i<n—1,i =1 (mod 2)

(u,)=
s, i—1, 15i<n,i=0(mod 2)

and
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3n—j, 1<j<n—1, j=1(mod 2)
f(vj) = . . .

n—l1+j 1<j<n, j=0(mod 2)
We construct the vertex label sets as follows:

n—1 n—1

et v = U (fwy= U Wn—i)={an—14n—3..,..3n+1)
i=1 i=1
i=1(mod 2) i=1(mod 2)
v,= U tfe= U ti-11=035..n—1)
i=1 i=1
i=0 (mod 2) i=0 (mod 2)
. n—l1 n—l
V, = U {f(vj)} = U 3n—j} ={3n—1,3n—3,..,2n+1} and
1 1
j=1(mod 2) j=1(mod 2)
v,= U o= U -1+ =tntin+3.2n—1}
j=1 j=1
j=0(mod 2) Jj=0(mod 2)

We construct the edge label sets as follows:

n—l1 n—l1
Ei: U {f(uiui+1)}= U {lf(”,)_f(”lﬂ)l}
i=1 (i:zlod 2) i=1 (ir:nlod 2)
= U1 {lan—i)—(@(+1-1)|} = Lj {4n—2i} ={4n—2,4n—6,..,2n+2}
i=1 (ir:nlod 2) i=1 Zr:nlnd 2)
n—2 n—2
E,= U tfwui= U (f@)—fw, )
iEOZjnludZ) iEOEjnludZ)
n—2 n—2
- U gi—v—un—d+yp= U {2i—4n}
=0 (mod 2 =0 (mod 2

n—2

= {4n—2i} ={4n—4,4n—38,...,.2n+ 4}
i=1
i=0 (mod 2)

E, = U o= U drep=—reun
j=1 zr_nod 2) jzlzr_nod 2)

= U {|Gn—j)—(n—1+j+1D[}= U {2n—2j} ={2n—2,2n—6,...,2}
j=1 j=1

Jj=1(mod 2) j=1(mod 2)
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n—2 n—2
.= U o= U 1rop—50,00
i=1 i=1
jEO':modZ) jEOJ(modZ)
n—2 n—2
= =1+ )—=Ga—G+0)t= U {l2j—2n]
iZ1 i=1
jEOimod 2) jEOJ(mad 2)
n—2
= {2n—2j}={2n—4,2n—38,...,.4} and
i=1
jEOimudZ)
. n n+2
E S = f uwv, . =931flu, |—f Vo ——1|—| 3n—
- — - 2 2
2 2 2 2
ntn+2
=4 ——— |—1=3np={|n+1—1—3n|} ={2n}
2

In both the cases, we observe that the entire vertices labeled sets are having odd
values and the edges labeled sets are having even values and they are distinct. Their union
is {1, 2,..., 4n — 1}. Therefore, f is a super graceful labeling and hence, H graph is super
graceful.

Example 2.3. Super graceful labeling of H graphs H, and H,, are given in Figure 1 and

Figure 2 respectively.

399¢u, 129
38 18
35¢ u, vi199 1du, va¢ 11
34 16 36 16
1¢u, v29 25 3T eus Vag 27
32 14 34 14
339 Us U39 11 13
30 12 12
3¢ uy v4e23 25
28 10 10
] =
'51 Us l Us 1'3 15
26 S 8
59 ug vet21 23
24 3 6
204 u- v-e 15 117
22 ! 2 4
19 ug vge 19 31 qug vet 21
20 D 22 B
274 ug vgé 17 Rty BRI
Fig. 1 Fig.2
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Theorem 2.4 H © mK, is a super graceful graph for all m.

Proof. Let P.(u,,u,,..,u,) and P,(v,v,,.,v ) be two distinct paths on n vertices in H
graph. Let u,  and v, ., 1<j<m, be the pendent vertices attached at u, and v,
respectively, 1 <i<n.

Let G = HOmK,. Then |V(G)|=2n(m+1),|E(G)|=2n(m+1)—1 and
| V(G)|\U| E(G)|=4n(m+1)—1 . We consider the following two cases

Case (i) N is odd
Define f:V(G)U E(G) — {1,2,....4n(m+1) —1} as follows:
dn+1—iYm+1)—1, 1<i<n,i=1(mod2)
flu,)= ) ) )
ilm+1)—1, 15i<1n,i=0 (mod 2)
(n+i)(m+1)—1, 15i<n,i=1(mod 2)
(v,)=
o, Gnt+1—i)m+1)—1, 1<i<n,i=0 (mod2)
For 1Si<nand i=1(mod2), f(u)=G—1D(m+1)+@2j—1,1<j<m
For 1<i<# and i =0 (mod 2), flu)=@n+2=i)m+1)—Q2j+1,1<j<m
For 1<i<n and i =1 (mod 2), for)=0n+2=i)m+1)—@2j+1,1<j<m
For 1SiSnand i=0(mod2), f(v,)=(n—1+)(m+1)+Q2j—1,1<j<m

We construct the vertex label sets as follows:

n n

et v, = |J {rwn= U {@n+1—iym+n—1
iEI(lr:nlodZ) iEI(lr:nlodZ)

={4n(m—+1)—1,d4n—2)m+1)—1,...Bn+1)(m+1)—1}
v,= U = U tim+n-y

izoz:nlodz) izoz;nodz)
={2m+1)—1,4(m+1)—1,.,(n—1)(m+1)—1}
v,= U o= U te+im+n—y

i=1 (l;nud 2) i=1 E;nad 2)

={n+1)(m+1)—1,(n+3)(m+1)—1,..2n(m+1)—1}

V,= U {fv)} = U {Bn+1—i)(m+1)—1}
i=0 (ljnlod 2) i=0 (ljnlod 2)

={B3n—1)(m+1)—1,3n—3)(m+1)—1,...2n+2)(m+1)—1}
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i=1 i=1 i1
i=l1 (mod 2) i=l1 (mod 2)

v,= U [U{f(uij)}]— U (U{(i—l)(m+l)+2j—l}j

n

= U {(—Dm+1D)+1,G—(m+1)+3,...G—1)(m+1)+2m—1}
iEl(r:nlodZ)

={1,3,..2m—1;2(m+1)+1,2(m+1)+3,...2(m+1)+2m—1;

4m+1)+1,4m+1)+3,...4m+1)+2m—1;..;
(mn—1)(m+1)+1,(n—1)(m+1)+3,., (m—1)(m+1)+2m—1}

vo= U [U{f(u,j)}j— U [U{(zm+z—i)(m+1)—(zj+1)}j
j=1

i=1 i=1 j=1
i=0 (mod 2) i=0 (mod 2)

n

= U {4n+2—i)(im+1)—3,4n+2—i)(m+1)—5,..,
i=1
i=0 (mod 2)

4n+2—i)(m+1)—(2m+1)}
={4n(m +1)—3,4n(m +1) —5,...,4n(m +1) — (2m +1);

(An—2)(m+1)—3,4n—2)(m+1)—5,.,(4n—2)(m+1) —2m +1);...:
Bn+3)(m~+1)—3,3n+3)(m+1)—5,.,(3n+3)(m+1)—(2m+1)}
v,= U [U{f(v,.j)}j= U (U{(3n+2—i)(m+1)—(2j+1)}j
iEI(lr:nlodz) = iEI(lr:nloniZ) =

n

- U (Grt+2—im+1)—3,@n+2—i)m+1)—5,.,
i=1
i=1 (mod 2)

Bnt+2—i)(m+1)—(2m+1)}
={Bn+1)m+1)—3,B3n+1)m+1)—5,..,B3n+1)m+1)—(2m+1);
(Bn—1)m+1)—3,3n—1)(m+1)—5,...(3n—1)m+1)—(2m+1);...;
2n+2)m+1)—3,2n+2)m+1)—5,....2n+2)m+1)—(2m+1)} and

v,= U [U{f(",j)}J U (U{(H—1+i)(m+1)+(2j—1)}]

i=1 i=1 iq
i=0 (mod 2) i=0 (mod 2)

n

= U {(n—1+i)(m+1)+1,(n—1+i)(m+1)+3,.
i=1
i=0 (mod 2)

(n—1+i)(m+1)+02m—1)},



International Journal of Engineering Science, Advanced Computing and Bio-Technology

={n+1)(m+1)+1,(n+1)m+1)+3,.,.(n+1)(m+1)+2m—1);
(n+3)m+1)+1,(n+3)m+1)+3,...(n+3)m+1)+2m—1);.;
2n—2)m+1)+1,2n—2)(m+1)+3,...2n—2)m+1)+(2m—1)}

We construct the edge label sets as follows:

n—2 n—2

Lt £, = U (Foua )= U 07@)=fu,)D
i=1(mod 2) i=1(mod 2)

= U {|(4n+1—i)(m+1)—1)—((+1)(m+1)—1) |}

i=1

i=1(mod 2)
n—2 n—2
- U tdm+van—2pp= |J Lm+nen—i}
i=1 i=1
i=1(mod 2) i=1(mod 2)

={2m+1)2n—1),2(m+1)2n—3),...2(m+1)(n+2)}

n—1 n—1

E= U fuu = U 17@)= D
iEoz;nod 2) i=0 l(;nod 2)

- U gam+y—n—(@n+i—i—)m+1—-1)}

iEOl(:nlodZ)

- U {|(m+1)(2i—4n) |} = U 2(m+1)2n—i)}

i=0 (mod 2) i=0 (mod 2)

={2m+1)2n—2),2(m+1)2n—4),...2m+1)(n+1)}
={4dm+1)(n—1),4m+1)(n—2),...2m+1)(n+1)}

g = U oma= U trop=ro.00
i=1 z;rmd 2) i=1 (l;nod 2)
= U {|((n+i)(m+1)—1)—((3n+1—i—1)(m+1)—1)|}
iEl(lr:nlodZ)
- U {|(m+1)Q2i—2n)|} = U 20m+1)(n—i)}
i=1 (lr_nod 2) i=1 (lr_nlod 2)
={2m+1)(n—1),2(m+1)(n—3),...,.4m+1)}
E, = U {fr v, )} = U | fo)—fv DD

i=0 (mod 2) i=0 (mod 2)
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U (@Gr+i—iym+1)—n—((n+1+i)m+1)—1)|}

i=
i=0 (mod 2)

= U ten—20m+np= U 2m+nem—i)
i=0 :;nod 2) i=0 :;nod 2)

={2m+1)(n—2),2(m+1)(n—4),...2(m+1)}

n

Es = U (U{f(uz”,, )}J = U (U{l f(”i)_f(”ij) |}j

i=1 i=1 i=1
i=1(mod 2) i=1(mod 2)

n

U U{|((4n+1—i)(m+1)—1)—((i—1)(m+1)+2j—1)|}J
i=1 j=1
i=1(mod 2)

n

U LmJ{(4n +2—2i)(m+1) —2j}]

i=1 i1

i=1(mod 2)

n

U t@n+2—20m+1)—2,4n+2—20)(m+1)—4,..,

i=1
i=1 (mod 2)

(4n+2—2i)(m+1)—2m}

={4n(m+1) —2,4n(m +1) — 4,..4n(m +1) — 2m}
U {4n—4)(m+1)—2,(dn—4)(m+1)—4,..,(4n—4)(m+1) —2m}
U {4n—8)m+1D{(4n—8)(m+1)—2,(4n—8)(m+1) —4,..,,
(4n—8)(m+1)—2m}
U..Upn+nm+)—220+1)m+1)—4,..2(n +1)(m~+1)—2m}

E6 = U [U{f(uiu;j )}] = U (U{l f(”i)_f(uij) “‘J
iEOZ:llod 2) = iE(]E:llod 2) =

n—l1
1

i=
i=0 (mod 2)

(UH(i(m+1)—1)—((4n+2—i)(m+1)—2j—1)|}}

i1

n

( {|(i—4n—2+i)(m+1)+2j|}j

i=1 i1
i=0 (mod 2)
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n—l1 m
- U U{I(Zi—4n—2)(m+l)+21'|}J
i=1 i=
i=0 (mod 2) =
n—l1 m
= Ut@n+2—2i)m+1)—2j
i=1 i
i=0 (mod 2) -
n—l1

U {dn+2—2)(m+1)—2,(4n+2—2i)(m+1)—4,.,(4n+2—2i) —2m}

i=1

i=0 (mod 2)
={dn—2)m+1)—2,4n—2)m+1)—4,..,4n—2)(m+1) —2m}
Utan—6)m+1)—2,(4n—6)(m+1)—4,...,(4n — 6)(m +1) — 2m}
Uian—10)m+1)—2,(4n—10)(m+1)—4,...,(4n—10)(m +1)—2},U...
Uten+4)(m+1)—2,en+ 4)(m+1)—4,..,2n+ 4)(m+1)— 2m}
E = | (U{f(viv,.])}J— U [Uu f(vi)—f(vu.)l}}
iEl(l:llodZ) = iEl(lrznlodZ) =

n

U [Uln+dm+n—1)—Grnt+2—im+1—2j—1) |}J

i=1 i
i=1 (mod 2)

n

- U U{|(n+i—3n—2+i)(m+1)+2j|}}

i=1

j=1
i=l1 (mod 2)
- U [Ut=2n—2420m+1)+2j |}j
i=1 i
i=l1 (mod 2) =
- U U{(2n+2—2i)(m+1)—2j}j
i=1 i
i=1 (mod 2) -

n

- U ten+2—20m+1—2,@n+2—2i)(m+1)—4,.,
i=1
i=l1 (mod 2)

2n+2—2i)(m+1)—2m}
={2n(m+1)—2.2n(m+1)—4,...2n(m+1) —2m}
U{(Zn —4)(m+1)—2,2n—4)(m+1)—4,..,2n—4)(m+1)—2m}
Uien—8)m+1)—2,2n—8)(m+1)—4,..2m+1)—2m ..
U@m+1)—2,2(m+1)—4,..2(m +1)— 2m}
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@JUWwQJ U [Uﬂf@»—f@ﬁﬂ}

E, = U
et o i=1 i1
(m i=0 (mod 2)
(LJH((?M-H i)m+1)—1)—((n— 1+1)(m+1)+2]—1)|}]
—O(modZ)
n—l1 m
- U [Uten+1—i—n+1—i)m+1)—2j|}
iEO(lr=nlod2) =
n—l1 m
- U |Uten+2—2iym+1)—2j
iEOZjnadZ) U
n—l1
= U {@n+2—2i)(m+1)—2,2n+2—2i)(m+1)—4,..,
iEO:jnlodZ)
2n+2—2i)(m+1)—2m}
={2n—2)(m+1)—2,2n—2)(m+1)—4,.,2n—2)(m+1) —2m}
Uien—6)m+1)—2,2n—6)(m+1)— 4,.., 2n— 6)(m +1)—2m)}
U{(Zn—lO)(m+1)—2,(2n—10)(m+1)—4,...,(2n—10)(m+1)—2m}
U. Uam+1)—2.4m+1)—4,..,40m+1)—2m}

E, = f{umvmj =<\f u,m]_f[vm]
{((n+1) ( (n+1)) j
- (m+1)—1|=[|BGn+1)—| —— | |[(m+1)—1
2 2

={|{(m+1)(—2n) [} = {2n(m+1)}

|

Case ii n is even.

Define f:V(G)\JE(G) —{1,2,3,....4n(m+1) —1} as follows.

@n+1—id(m+1)—1, 15i<n,i=1(mod?2)
S = ilm+1)—1, 1<5i<n,i=0(mod 2)

and
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Gn+1—iYm+1)—1, 1<i<n,i=1(mod?2)
S = (n+i(m+1)—1, 1<i<n,i=0 (mod2)

For 1<Xi<# and i =1 (mod2), f)=G=Dm+D+Q2j—1,1<j<m

For 1Si<n and i=0(mod2), f(u,)=@n+2—=i)(m+D)—2j+1),1<j<m
For 1Si<nand i=1(mod2), f(v,)=(n—1+i)(m+1)+@2j—1,1<j<m

For 1Si<n and i=0(mod2), f(v;)=Bn+2=i)(m+1)—(@2j+1),1<j<m

We construct the vertex label sets as follows:

n n

etv. = U (fwy= U t@n+i—im+n—1
i=1 (lr:nlod 2) i=1 (lr:nlod 2)

={4an(m+1)—1,@dn—2)(m+1)—1,..,3n+2)(m+1)—1}

v,- U trwy- U emtn-1
i=0 (lr_nod 2) i=0 (lr_nnd 2)

={2(m+1)—1,4(m+1)—1,...,n(m+1)—1}

n n

vi= U o= U Gri—pm+n-1
i=1 (l;nad 2) i=1 (l;nod 2)

={3n(m+1)—1,3n—2)(m+1)—1,..2m+1)(n+1)—1}

vi- U o= U +im+n—y
iEOZ;nodZ) iEOE;nodZ)

={(n+2)(m+1)—1,(n+4)(m+1)—1,...2m+1)n—1}

n n

v.- U U{f(u,»j)} - U |Uti—nm+n+@ej—1)

i=1 i i=1 j=1
i=1(mod 2) i=1(mod 2)

n

= U {(—Dm+D+1,—1)m+1)+3,...6 —1)(m+1)+(2m—1)}
iEI(r:nlodZ)

={1,3,...2m—1;2(m+1)+1,2(m+1)+3,..2(m+1)+(2m—1);..;
(n—2)m+1)+1,(n—2)m+1)+3,....(n—2)(m+1)+2m—1)}
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v,= U (U{f(u,.])}j - U [U{(4n+2—i)(m+1)—(2j+1)}j

i=1 i=1 -1
i=0 (mod 2) i=0 (mod 2)

- U {@n+2—im+1)—3,@n+2—i)m+1)—5,.,
i=1
i=0 (mod 2)

(4n+2—i)(m+1)—2m—+1)}
={4n(m+1)—3,4n(m+1)—5,.,4n(m+1)—(2m+1);
(4n—2)(m+1)—3,(4n—2)(m+1)—5,...,(4dn—2)(m+1) —2m+1);...;
Bn+2)(m+1)—3,3n+2)(m+1)—5,..,3n+2)(m+1)—(2m+1)}

n

v.- U (U{f(vij)}] - U (U{<n—1+i>(m+1)+<21—1)}j

i=1 i=1 j=1
i=1(mod 2)

j=1
i=1(mod 2)

n

- U {n—1+dm+D+Ln—1+)m+1)+3,.,
i=1
i=1(mod 2)

(n—1+i)(m+1)+(2m—1)}
={n(m+1)+1,n(m+1)+3,.,n(m+1)+2m—1);
(n+2)m+1)+1,(n+2)m+1)+3,..(n+2)m+1)+2m—1);..;
2m+1)n—1)+12m+1)(n—1)+3,..2m+1)(n—1)+(2m—1)}

ind v,- U ( {f(vij)})— U (U{(3n+2—i)(m+1)—(2j+1)}]

i=1 i=1 j=1
i=0 (mod 2) i=0 (mod 2)

U Grn+2=im+1)-306n+2-im+1)—5,..
i=1
i=0 (mod 2)

Bn+2—i)(m+1)—2m—+1)}

{3n(m=+1)—3,3n(m+1)—>5,...3n(m+1)—2m+1);

(B3n—2)m+1)—3,(3n—2)@n+1)—5,...,3n—2)m+1)—(2m—+1);...;
2m+1)(n+1)—32m+1)n+1)—>5,..2m+1)n+1)—2m+1)}

We construct the edge label sets as follows:

n—l1 n—l1
Lt £ = U tfwugi= U @)= e, h
i=1 (1r:nlod 2) i=1 ;r:nlnd 2)
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- U (| (@n+1—i)(m+1)—1)—((+1)(m+1)—1) |}
iEI(l;nodZ)

- U (| (m+1)(dn—2i) |} = U 2(m+1)2n—i)}
i=1(mod 2) i=1(mod 2)

={2m+1)2n—1),2(m+1)2n—3),....2(m+1)(n+1)}

n—2 n—2

g= U veer= U 1) —rw)n
i=0 Z;nad 2) i=0 l(;nad 2)

- U {Gm+y—1)—(@@n+1—i—1)(m+1)—1)|}

iEOanDdZ)

- U {|(m+1)2i—4n)|} = U 2(m+1)2n—i)

i=0 (mod 2) i=0 (mod 2)

={4dm+1)(n—1),4(m+1)(n—2),...,.2(m+1)(n+2)}

n—1 n—1

E, = U {fr v, )} = U |l fo)—fv DD
i=1 (lr_nod 2) i=1 Er_nod 2)

n—l1

= U {|(Bn+1—i)(m+1)—1)—((n+1+i)(m+1)—1)|}
iEI(r:nludZ)

= U 12m+0)m—i) )} = 2m+1)n—1)2n+1)(n—3),...20m +1)}

i=1

i=l (mod?2)
, n—2 n—2
= U tvovr= U 1ro)—fo )
i=1 i=1
i=0 (mod 2) i=0 (mod 2)

= U {l((n+i)im+1)—1)—(Bn+1—1—i)(m+1)—1)|}

i=
i=0 (mod 2)
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= U 2m+1)n—i)}={2m+1)(n—2),2m+1)(n—4),....4m+1)}

iEOI(jnlodZ)

E;= U [U{f(“,”,j)}J— U [Uﬂf(u,»)—f(uij)l}}
iEer:nlodz) - iEl(,rznlodZ) =

—1 m
= U U{|((4n+1—i)(m+1)—1)—((i—1)(m+1)+2j—1)|}]

j=1

=

'

U{|(4n+1—i—i+1)(m+1)—2j|})j

j=1
i=1(mod 2)
n—1 m
- U | Ut@n+2—2i)m+1)—2j}
i=1 j=1
i=1(mod 2)
n—l1
= | {@n+2—20)m+1)—2,@n+2-2i)(m+1)—4,.,
i=1
i=1 (mod 2)

(4n+2—2i)(m+1)—2m}

={4n(m+1)—2,4n(m+1)—4,...4n(m+1) —2m}
U{(4n—4)(m+1)—2,(4n—4)(m+1)—4,...,(4n—4)(m+1)—2m}
Ut@an—8)m+1)—2,(4n—8)(m+1)—4,...,(4n—8)(m+1) —2m} U...

U{(2n+4)(m+l)—2,(2n+4)(m+1)—4 ..... 2n+4)(m+1)—2m}

= U (U{f(u,ui])}]— U (Uu flu)— f(u,j)|}]
iEOEjnlodZ) - iEOanodZ) -

- U U{|(i(m+1)—1)—((4n+2—i)(m+1)—2j—1)|}}

iEOI(jnlodZ) =

- U U{|(i—4n—2+i)(m+1)+2j|}j

iEOZnIOdZ) =
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U (U{(4n +2—2i)(m+1) —2]-})

i=1 i1
i=0 (mod 2)

n

U {@n+2—2i)m+1)—2,64n+2—2i)(m+1)—4,.,

i=1

i=0 (mod 2)
(4n+2)(m+1)—2m}
={(4n—2)(m+1)—2,4n—2)(m+1)—4,..,(4n—2)(m+1)—2m}
U{(4n—6)(m+1)—2,(4n—6)(m+1)—4 ..... (4n—6)(m+1)—2m}
Ui@n—10)(m+1) —2,(4n—10)(m~+1)—4,...,(4n—10)(m+1) —2m} U...
Upm+nm+1)—2,24+1)(m+1)—4,...,2(n +1)(m+1) —2m}
n—l1 m n—l1 m
E = | (U{fwiv,,)}J— U (U{If(vi)—f(vi,)l}J
iEI(ir:nlodZ) = iElér:nlodZ) =
n—1 m
= U{|((3n+1—i)(m+1)—1)—((n—1+i)(m+1)+2j—1)|}]
1=1(tr=nlod2) =
n—1 m
- U{|(3n+1—i—n+1—i)(m+1)—2j|}]
=t omoan N
n—l1 m
- U U{(2n+2—2i)(m+1)—2j}j
iEI(ir:nlodZ) =

U {@n+2—2i)(m+1)—2,2n+2—2i)(m+1)—4,..,
i=1
i=1(mod 2)

2n+2—2i)(m+1)—2m}
={2n(m+1)—2.2n(m+1)—4,..,.2n(m+1)—2m}
U{(Zn—4)(m+1)—2,(2n—4)(m+1)—4 ..... 2n—4)(m—+1)—2m}
Uien—8)m+1)—2,2n—8)(m+1)—4,...2n—8)m+1)—2m}U...
Utam +1)—2,40m+1)—4,...,4(m +1) — 2m}

= U [U{f(vlvw}j— U [U{If(vi)—f(vlj)l}j

i=1 j=1 i=1 j=1
i=0 (mod 2) i=0 (mod 2)
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- U |Uln+dm+y—1n—(@Gn+2—i)m+1)—2j—1) |}

j=1

= U |Utln+i=s3n—2+im+D+2j)

j=1

- U Lmj{(zn+2—2i)(m+1)—2j}

i=1 i=1
i=0 (mod 2)

n

= U {@en+2—2im+1)—2,@n+2—2i)(m+1)—4,.,
iEOZrtlodZ)
2n+2—2i)(m+1)—2m}
={2n—2)(m+1)—2,2n—2)(m+1)—4,..,2n—2)(m+1)—2m}
Uien—6)m+1)—2,2n—6)(m+1)—4,..,(2n—6)(m +1) — 2m}
Uien—10)m+1)—2,@n—10)(m~+1) —4,...,2n—10)(m+1) —2m} ...
Um+1)—2.20m+1)—4,..2(m+1) — 2m}

n
Ej=9flu,v, , when —iseven.=<|fl u |—f|lu,

) 2 — —+1

={|(m+1)(—2n) |} ={2(m+1)(n)} = {2n(m+1)} and

n n
(—(m-i—l)—l)—((%———1+1j(m+1)—1 }:{
2 2

n n
(m+1) ——3n+—)

: n

E,=9f|lu,v, ,when —isodd. =4 |fl u [—f| v,
— - 2 — —+1

2 2 2 2

A

={|(m+1)(2n) |} = {2n(m +1)}

In both the cases, we observe that all the vertex label sets are having odd values
and the edge label sets are having even values and their union is {1, 2, ..., 4n(m+1) — I}.
Therefore, f is a super graceful labeling and hence, H © mK; is a super graceful

graph.
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Corollary 2.5: By taking m=1, in the above theorem H CK| is a super graceful graph.

Example 2.6. Super graceful labelings of H; ©3K,; and Hg @3K, are given in Figure 3 and

Figure 4 respectively.

11
G1
U2
o9
i".l“
57
a1
25
Uz
27
Uag
29
U
22,53

s

Fig. 3 Fig. 4

Definition 2.7. The graph H(éf) is a graph obtained from the H graph by attaching i

pendant vertices at each i vertex on the two paths of n vertices, 1 <i < n.
® . —
Theorem 2.8. Ff,, isa super graceful graph when n =1 (mod 2) .

Proof. Let P,(u,, u,, ..., u,) and P,(v,, v,, ..., v,)) be the paths of n vertices.
Let G = H(@j). Let u; and v;, I < j < i be the pendant vertices attached to u; and v,

respectively, 1 < i < n.
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Now, | V(G)|=n" +3n,| EG)|=n" +3n—1 and | V(G)\UE(G) |=2n" +6n—1.

Define f:V(G)\UE(G) —> {1,2,...,2112 +6n—1} as follows.

2 .
i +2i—1
on’ +6n—(l—J 15i< n,i =1(mod2)

2
fu)=1,
i +2i—2
L 15i< n,i =0(mod2)
2
and
2 .
P 42i—1
n2+3n—£;j 15i< n,i =1(mod2)
2
fiv) =
5 iP+2i—2
n +3n+| ————— | 15i < n,i = 0(mod2)
2

2

i" 41
For 1<i<n and i =1 (mod2), f(uij)zl——i-z(j—l),lSiSj
2

2
1

For 1<i <1 and i =0 (mod2), f(uij)=2n2 +en—1———2(j—1),15i<
2

2

i +1
For 1<i<n and i =1 (mod2) f(vij)=n2+3n+ — |+2(—1),1<5i<j
> 2

2

1
For 1<i<# and i =0 (mod2) f(vij)znz+3n—1———2(j—1),1§i£j
> 2

We construct the vertex label sets as follows:

n n it 42i—1
et v,= U tfun= U q2n"+en—| ——
i=1 i=1 2
i=1 (mod 2) i=1(mod 2)
3n° +10n+1

=<2’ -|-6n—1,2n2 -|-6n—7,2n2 +6n—17,..,
2



International Journal of Engineering Science, Advanced Computing and Bio-Technology

2 2
" " i +2i—2 n —3
v,= U trun= U {————(=931123,.,
i=1 i=1 2 2
i=0 (mod 2) i=0 (mod 2)
n n i’ +2i—2
2
v,= U tron= U n'+m—| ——
i-1 i=1 2
i=1 (mod 2) i=1(mod 2)
s , n’ +4n+1
=<n +3n—Ln +3n—7,.,——
2
n n , i’ +2i—2
v,= U tron= U a3+ ———
i=1 i=1 2
i=0 (mod 2) i=0 (mod 2)
) ) 3n° +6n—3
=qn +3n+3,n +3n+11,..,——
2
n i n i i2
v=U |Ure = U (U +2(j—1)
i=1 j=1 i=1 j=1 2
i=1(mod 2) i=1(mod 2)
n 41 n+1 n’ +1
=1415,7,9;13,15,17,19,21;...; R +2,.., +2(n—1)
2 2 2
n i n i i2
2 .
vo= U |Utram = U [Us2n +6n—1—;—2(]—1)
i=1 i i=1 j=
i=0 (mod 2) ! i=0 (mod 2) !
2 2 2 2 2
2n +6n—32n +6n—>52n +6n—92n +6n—112n +6n—13,
- , 3n" +14n—3 30" +14n—7 3n° +14n—11 30" +10n+5
2n +6n—15;..; R R revos
2 2 2 2
. . 2
n 1 n 1 ) l +l )
v,= U |Uuo|= U |Uin" +an+| —— [+2(-1)
i=1 =1 i=1 j=1 2
i=1(mod 2) i=1 (mod 2)

n -|-3n-|-1;n2 -|-3n-|-5,n2 -i-3n+7,n2 +3n+9;.;

= 3n° +6n+1 3n +6n+5 3n +10n—3 and

> PYITTY

2 2 2

2

3

m

v,= U |Uuon|= K +3n—1———2(j—1)
i=0(m

j=1 i=1 j=1 2
od 2) i=0 (mod 2)
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n2 +3n—3,n2 -|-3»n—5;n2 -|-3m—9,n2 -i-?»n—ll,n2 +3n—13,

) n’+8n—3 n’+8n—7 n’+4n+s
n +3n_15,, 5 300y
2 2 2

We construct the edge label sets as follows:

n—2 n—2
tet £, = U (fuu = U @) —fa b
i=1 i=1
i=1 (mod 2) i=1 (mod 2)
n=2 , it +2i—1 G+ +206+1)—2
- U 2 +en—| — | |—
i=1 2 2
i=1 (mod 2)
n—2 2 .2 . n—2
4n” +12n—2i" —6i ) )
- U - U en’+en—i’—3i)
i=1 2 ‘ i=1
i=1(mod 2) i=1(mod 2)

—{2n° +6n—42n" +6n—182n" +6n—40,.,n" +7n+2}

n—l1 n—l1
E,= U wu = U dfw)—fa,h
i=1 i=1
i=0 (mod 2) i=0 (mod 2)
nl it 42i—2 R (i+1)° +2(+1)—1
= — |—| 2n +6n—
i=1 2 2
i=0 (mod 2)
n—l1

i 2i—2—4n —12n+i’ +2i+1+2i+2—1|

i 2 ‘

=1
i=0 (mod 2)
nt i+ 6i—4n’ —12n| aml ,
= - U Qi +3i—20" —6n|)
i=1 2 ‘ i=1
i=0 (mod 2) i=0 (mod 2)

|
-

- 2n° +6n—i’ —3i}
i=1
i=0 (mod 2)

- 2n° +6n—102n" +6n—282n" +6n—>54,.,n" +5n+2}

g= U vomat= U 170)= 50,00

i=1 (mod 2) i=1(mod 2)
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n—2 .2 . . 2 .
i +2i—1 i+1)y +2(+1)—2
= U n+3n—| —— | |=| n’ +3n+
i=1 2 2
i=l (mod 2)

"L‘j 2’ Fen—(i° +2i—1)—2n" —6n—(’ +2i+1)—2i—2+2|

i=1 2 ‘

i=1(mod 2)
=29’ —gj =2 | o +6i n2

_ UL _ U
i=1 2 i=1 2 i=1

i=1 (mod 2) i=1(mod 2) i=1 (mod 2)

= {4,18,40,...,n" —n—2}

n—l1 n—l1
E,= U tfove= U (r0)—fo 0D
i=1 i=1
i=0 (mod 2) i=0 (mod 2)
l , i’ +2i—2 , (i+1) +23G+1)—1
= U n +3n+| —— | |—| n +3n—
i=1 2 2
i=0 (mod 2)
n-l 2112+6n+i2+2i—2—2n2—6n+i2+2i+1+2i+2—1|
i=1 2 ‘
i=0 (mod 2)
=119 46i L T ,
- —r= U "+3i1=0102854,...n" +n—2}
i=1 2 i=1
i=0 (mod 2) i=0 (mod 2)

n

= U U{f(u,-u,.j)} - U U{lf(ui)—f(uij)|}
=1

i=1 i=1 i=1
i=1(mod 2) i=1(mod 2)
" i , it +2i—1 i +1
= U W] 2n* +6n—| —— | |- +2(j—1)
i=1 j=1 2 2
i=1 (mod 2)

—2n° +6n—22n" +6n—122n" +6n—142n" +6n—16;..;

n -|-5n,n2 -I-Sn—Z,n2 -|-5n—4,...,n2 +3n+2}

i n

o= U |Urepy = U Ul re)—fa)

i

n
=1 j=1 i=1 i1
i=0 (mod 2) i=0 (mod 2)
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" ” i’ +2i—2 , i’
- Uiy ——— || e’ +en—1)———2(j—1)
e 2 2

L
—_

i=0 (mod 2)

Utien® +6n+2)—G" +i+2j) |}
i=1 .
i=0 (mod 2) =

C:

2n° +en—62n +6n—82n" +6n—202n" +6n—222n" +6n—24,

o’ +6n— 26;... n + 7n, n +7n— 2, n +7n— 4,..., n +5n+4

n

g = U [Userr|= U [ Utren—soph
j=1

n

i=1
i=1mod 2 i=1mod 2

i=1 i1

2

" , i*+2i—1 , i’ +1
= U n+3n—| ——— | |—| n +3n+| — |+2(—1D)
i=1 =l 2 2
i=l1 (mod?2)
= U |Uii+i+2j—2p
i=1 i1
i=1(mod 2)

= {2;12,14,16;30,32,34,36,38;..;n" +mn- +n+2,n +n+4,..,n +3n—2}

i i

g= U [Urerpr|= U [Ulrep=repn

i=1

j=1 j=1

i=0 (mod 2) i=0 (mod 2)

L i"+2i—2 ) i’
= U W] »"+3n+| ——— | || n" +3n—1———2(i—1)

i=1 i1 2 2
i=0 (mod 2)

n i

2

= U Ut +it+2j—2p

i=1 i1
i=0 (mod 2)

=106,054V,22,24, ;...;nz —n,n2 -n ,nz —-n ooy n2 n—
{6,8;20,22,24,26 +2 + 4y Fn—4} nq
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By =0 oo |12 Mo | TS| Ve
2 2 2 2
2
n+1 n+1
4 |
=< 2n* +6n— 2 2 —| v’ +3n—
2

={] n -|-3n|}={n2 +3n}

o)

So far, we have observed that all the vertex label sets and the edge label sets are distinct

and their union is {1, 2, .., 2n*> + 6n — 1} . Therefore, f is a super graceful labeling and

hence, H(®n) is a super graceful graph, when n =1 (mod 2)

Example 2.9. Super graceful labeling of H((?) is given in Figure 5.

1 u”.—ai\" Uy 1114—2 e U1 41
79 39

77 U2y 74 76 1 G v21 37
72 Uso T

75 u E 13 v22 35

40

Fig. 5
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