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Abstract: A graph G is said to be domination dot stable ( DDS ) if y (Gouwv) = y (G ), V'u, ve V(G),
u adjacent to v. In this paper we introduce a DDS graph. We have obtained a necessary and sufficient
condition for a graph to DDS. We have initiated a study on DDS graph. We have discussed the
properties of graph that are excellent and DDS.
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1. Introduction

A set of vertices D in a graph G is a dominating set if every vertex of G — D is
adjacent to some vertex of D. If D has the smallest possible cardinality of any dominating

set of G, then D is called a minimum dominating set — abbreviated MDS. The cardinality

of any MDS for G is called the domination number of G and is denoted by ¥ ( G ). For

graph theoretic terminologies refer to [ 4 ].

The private neighborhood of v € D is denoted by PN [ v, D], is defined by PN [ v, D
]=N(v)-N(D-{v}). Avertex v is said to be a, down vertexif Y (G-u ) < Y (G),
level vertex if Y(G-u)=Y(G),upvertexif Y (G-u )>Y (G). Avertexv
is said to be selfish in the Y- set D, if v is needed only to dominate itself.

A vertex v is said to be good it there is a '} - set of G containing v. If there is no Y - set
of G containing v, then v is said to be a bad vertex. A graph G is said to be excellent if

every vertex of G is good. In [ 5] Yamuna. M had defined a graph G to be
1. Just excellent if it to each u € V, there is a unique Y - set of G containing u.
2. Very excellent if there is a ¥ - set D of G such that, to each vertex u € V - D
there exists a vertex v € D such that (D-v)U{u}isay-setof G. A
Y - set D of G satisfying this property is called a very excellent ¥ - set of G. It has
been proved that R;,. If G :tK_nis Just Excellent, then | PN (u, D) |22 Vu €
D where D is any Y - set of G

For a pair of adjacent vertices u, v of G, we denote by Geuv the graph obtained by

identifying u and v. Let uv denote the identified vertex. In [ 1 ] Tamara Burton and David.
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P. Sumner defined a graph to be domination dot critical if ¥ ( Geuv ) <Y (G) Y u v
u adjacent to v denoted by u _L v. They have been proved that
R,. Leta,b € V (G ) for a graph G. Then ¥ ( Geab ) <Y ( G ) if and only if either

there exists an MDS S of G such that a, b € S or atleast one of a or b is critical in
G.
In this paper we introduce a new kind of graphs called domination dot stable graphs and

initiate a study on them.

2. Domination Dot Stable Graphs

A graph G is said to be dominating dot stable ( DDS ) if Y (Geuv ) =Y (G) Yuvev
(G)ulv.

Eg: P, path with n vertices is DDSiff Y (P, ., ) =Y ( P, ). C,, cycle with n vertices is
DDSiffY (C,.,) = Y (C,). The complete graph K,, Star graph S, are DDS graphs.

Theorem2.1. A graph G is DDS iff every Y - set of G is an independent dominating set.
Proof. Let G be a DDS graph and D be a Y - set of G. Let u, v € D such that u L v. Then
Y (Geuv) <Y (G).[By(R,)]. HenceD is an independent dominating set.

Conversely, let us assume that every Y - set of G is independent. If G is not DDS then 3

at least one pair of adjacent vertices u, v such that Y (Geuv ) <Y (G ). Since Y - set of G

is independent u, v does not belongs to a common MDS. [ By ( R, ) ] either u or v is
critical. Let us assume that u is critical. Lt H=G - {u}. Then Yy (H)= 7Y (G) - L. Let
D be a’y - set for H.

Case1IfN (u) € D

LetvE N(u).SinceN(u) & D'El one x such that x € D'where x v, D”=DIU{

v}isaY - setfor G, wherex,v € D such that x | v which is contradiction as D is not

an independent dominating set.

Case 2 If there exists at least one vertexin N (u) € D '.

Let v € N (u) such that v € D’.ThenD'U {u}isay-setforGwhereVJ_ u,
which is contradiction as every Y - set of G is an independent dominating set.

ie., u is not critical. Also each Y - set of G is independent. Hence G is DDS.

Observation: Let G be DDS graph and let D = { u;, u,, ..., u, } be a Y - set for G. Let x, y
EV(G)ulw
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Casel x € D,y € D.

Letx=u. Then D =D - {u;} U {uy}is Y - set for Ge xy.

Case2 x,y € D.

Then D itself is a Y - set for Ge xy.

By the above cases we observe that if G is a DDS graph then V x,y € V ( G ) either D or
D/isaY—setforG.xy.ThisistrueVX,y EV(G)ulwv

Theorem 2.2. A DDS graph cannot have a down vertex.
Proof. Let G be DDS. Let D be a Y - set of G. Let u, v € V ( G ) such that u 1 vanduis
critical. Then ¥ ( Geuv ) < Y ( G ). Since by converse part of theorem [ 2.1 ], if u is

critical then Y ( G ) is not an independent. ie., G has no down vertex.

Theorem 2.3. Let G be a DDS graph. Any vertex v € V ( G) is not selfish.
Proof. Let v € V ( G ) such that v is selfish and let D bea Y - set for G. Let u € N(v).
Jonew €EDsuchthatw L u.D-{ul}isa Y - set for Ge uv, since in Ge uv, uv will be

dominated by w ie., Y (Geuv) =Y (G ) - 1, which is contradiction as G is DDS.

Hence v is not a selfish vertex. ie., G has no selfish vertex.

Theorem 2.4. If G is DDS graph, u is a support vertex such that,
1.PN [u, D] = 1, then u is a level vertex V Y - set D containing u.
2.PN[u,D]2 Z,V possible Y - set D such that u € D, then uis an up vertex.

Proof
1. Let G be a DDS graph. Let D be a dominating set for G. Let u be a support vertex such
that PN [ u, D ] =1, say PN [ u, D ] = v, where v is a pendant vertex. Consider G - u.

SincePN[u,D]=v in G, N (u) -vis2 - dominated. Hence (D-u) U {v}isa¥y
-setfor G-u.ie, Y (G-u)=7Y (G). Hence u is a level vertex.

2. Let G a DDS graph and let D be a ¥ - set for G. Let u be a support vertex in G such that
PN[uD]2>2V Y - set of G. Let x be a pendant vertex adjacent to u. We know that a
DDS graph does not have a down vertex. If possible let u be a level vertex. Let D "bea Y
-setforG—u—x.ThenDzD'U{u}isa’y-setfoeruchthatPN[u,D]= 1,

which is contradiction. Hence u is an up vertex.

Theorem 2.5. If G is DDS, then a pendant vertex is always a level vertex.
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Proof. Let G be a DDS graph. Let v be a pendant vertexande= (uv) € E (G). Then
Geuv=G-vasGisDDS graph. Y (G )= 7Y (Geuv)=7Y (G -uv). Hence u is a level

vertex. ie., In DDS graph a pendant vertex is always a level vertex.

Theorem 2.6. Let G be a graph such that Y (G ) =Y ,( G). Then G is not DDS.

Proof. Let G be a graph such that Y (G ) =7 ,( G). Let D be a Y - set of G. We know that
for any u € V - D  vertices x, y € D such that x, y dominates u. Now D = (D-x)U
{u}and DN: (D-y)U{u}areY - sets of G such thaty, u € D/whereyJ_u

andx,u € D , where x | u which are not independent Y - sets. Hence G is not DDS.

Theorem 2.7. Let G be DDS graph,

1.If PN[u,D]=1sayPN [u, D] =vthen Geuvis not DDS.

2.Letu € V(G)and Dbeay - set for G. Let x, y € D such that x | uandy L u.
Then ( Geux ) and ( Geuy ) are not DDS.

3.Letx,y € V(G)suchthat PN[u,D]=1sayPN [u,D]=xand PN [v,D ] =1 say
PN[v,D]=yandx L y for some Y - set D of G, then Ge xy is not DDS.

4.LetPN[u,D]:ZSayPN[u,D]:{x,y}suchthatx_Ly.LetzbeaZ—dominated

vertex such that z | u, v, y. Where u, v € D then Ge zy is not DDS.
Proof. Let G be DDS graph,

LIf PN[u,D]=v,thenD -{u}U {uv}is?Y - set for Geuv ie., uv is a selfish vertex
for Ge uv. Hence by theorem [ 2.3 ] Ge uv is not DDS.

2.LetuEV(G)andDban—setforG.Letx,yEDsuchthatx_LuandyJ_uand
D’=D—{u}U{ux} isa'y-setforG.ux,wherequ_yandxu,yED'.Similarly
D”:D—{u}U{uy}isaY—setforG.uvsuchthatuy_Ly,uy,yE D . Hence Ge
ux and Ge uy are not DDS.

3.Letx,y€V(G),xJ.yandletDbea’y-setfoeruchthatPN[u,D]={x}and
PN[v,D]={y}. AsGisDDS,Y(G) = 'Y(Goxy).D’isa'Y—setforGoxy.PN[V,
D’]:(I)and PN [ u, D’]:(I). Hence Ge xy is not DDS.

4. LetPN[u,D]=2say PN [u, D] =x%,ysuch thatxJ_y. Let z be 2 — dominated vertex
suchthatzJ_u,v,ywhereu,veD.InGozy,D,:D—{u}U{zy}isa’y-setforG.

zy, where yz 1 u, x, v. Here v, zy € D such that v _L zy. Hence G e zy is not DDS.

Remark. If PN [ u, D | = 1 for a DDS graph G, then Ge uv has at least one selfish vertex.
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2.1. Excellent and DDS Graphs

In this section, we discuss properties of graphs which are DDS and excellent.

Theorem 2.1.1. Let G be DDS and excellent, then Ge uv is excellent,v LVvEV(G)u
L

Proof. Let G be DDS. So,'Y(G.uV)zy(G)V uv e V(G),uJ_V. Since G is
excellent let D, be the Y - set for G containing u and D, be a ¥ - set for G containing v. In
Ge uv all the vertices that are dominated by u and v is now dominated by uv. Hence D, -
{u}U{u}tand D,-{v}) U {uv} willbeay - sets for Geuv ie, all } - sets of G
including u or v will now be Y - sets for Ge uv including uv instead of u or v. The
remaining Y - set for G will be a Y - set for Ge uv also. Every vertex of Ge uv is included in

some Y - set for Ge uv. Hence Ge uv is an excellent graph.
Remark. If G is not DDS ie., then if G is excellent, Ge uv may or may not be excellent.

Theorem 2.1.2. If G is non - excellent and DDS graph then number of bad vertices in Ge

uv is at least one less than the number of bad vertices in G.
Proof. Let G be DDS and non - excellent graph. Let D = { u;, u,, ..., u } be a 'y - set for G.
Let v be a bad vertex. Since v is a bad  one u; L v. Then {u,, u,, ..o u;_puy, 1 oo uy } U

{uv}is Y- setfor Gewyv. By observation uv is a good vertex ie., Ge u;v has at least one

bad vertex less than the number of bad vertices in G.

Remark. If G is a DDS and non - excellent graph with exactly one bad vertex u, then we

can generate N (u ) excellent graphs.

Theorem 2.1.3. Let G be DDS and non - excellent graph. Let u be a bad vertex in G. Then
uv is never a selfish vertex in Ge uv V v € V ( G ) such thatu L v.

Proof. Let G be a DDS and non - excellent graph. Let u be a bad vertex. Let v € V ( G)
such thatu L v.

Case 1 v is a bad vertex. Consider Ge uv. If uv is a selfish vertex then 3 a Y - set D for
Ge uv such that N (uv ) is 2 - dominated. Then D - {uv}\U {u}lorD-{uv}U {v}is

a'y - set for G. ie,, 3 Y - sets for G containing u and v which is not possible, since u and v

are bad vertices.
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CaseZVisagoodverteX.D/:D—{uv}U{u}isay—setforG,whereDisaY—setfor

Ge uv where uv is a selfish vertex. Thus 3 a Y - set for G containing u which is not

possible.

Hence uv is never a selfish vertex in Ge uv.

Theorem 2.1.4. Let G be a DDS and just excellent such that Y (G) 2 2. Then Ge uv is not
just excellent VYV uveVv(G)ulv.

Proof. Let G be DDS and JE graph. Letu,v € V (G ), u L v. Since G is excellent let D,
be a Y - set containing u and D, be a Y - sets containing v. Since G is DDS, D, # D,. By
theorem [ 2.1 ], we know that Ge uv is an excellent graph. Also (D, - {u}) U {uv}and
(D, - {v}) U {uv}are two distinct ¥ - sets for G containing the vertex uv. Hence Ge uv

is not just excellent YuvevVv(G)ulw

Theorem 2.1.5. A JE graph ( # K, ) is not DDC.

Proof. It is enough to prove the result for graphs with Y( G ) # 1 (ie., Gisnot K, n >2).
Let G be JE and DDC.
Claim 1. A JE graph does not have a selfish vertex.

Let G be just excellent. Suppose 3 a selfish vertex say u. Let D be a Y - set for G including
u.ThenPN[u,D]=(|).AlsoD1=D—{u}U{V},wherevE N (u)isalsoa? - set

for G, ie., D, D, are two distinct Y - sets for G containing D - u which is contradiction as
G is just excellent. Hence G has no selfish vertex.

Claim 2. A JE graph has no down vertex.
Suppose a JE graph G has a down vertexu,thenY (G-u)=Y(G) - 1. LetD' beay -

set for G - u. Then D ‘U {u}isa?y - set for G where u is selfish , which is not possible

by Claim lie., a JE graph does not have a down vertex.

G is DDC and has no down vertex. [ By R, ] YVuve V(G),UJ_VH a Y - set
containing u and v ie, if v, v, ..., v, € N (u), 3 Y - sets containing uv,, uv,, ...,uv,.
Since G is JE 3 a unique Y - set containing u which implies N [ u | belongs to a common
MDS set say D. In D, PN [u,D ] = (I), which is not possible by R;. ie.,E| no common MDS

set containing uv V u, v € V ( G). ie,, a JE graph is not DDC.

Theorem 2.1.6. Let G be a very excellent graph. Let D be Y - set of G. Each one of the
following conditions implies that G is not DDS graph.

1. If v € D is selfish,

2.If v € D is not used for vertex exchange,
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3.If w € V- D is 2 - dominated,
Proof
1. If v is selfish then G is not DDS by theorem [ 2.3 ].

2.If v € D is not used for vertex exchange. Let u € N (v ). Now as G is very excellent 3

onew € DsuchthatD—{w}U{u}isa’Y-set.HenceHone’Y—setforGwhereu

and v are adjacent. Hence G is not DDS.
3. Suppose x is 2 - dominated say x is dominated by u and v. 3 one y € D such that D - {

y1\U {x}isaY—setforG.ButGisnotDDSaqu_xJ_ v ( y may be one of uor v).
Hence G is not DDS.

Remark
If G is DDS and VE, then G

a. Cannot have a selfish vertex.
b. d no vertex that cannot be used for vertex exchange.

3 no vertex that is 2 — dominated.

0

o

. Any vertex can be interchanged only with the vertex ~dominating it ie., PN [u, D] =

N (u)and N (u) is complete for every Y - set of G.

Conclusion
From theorem [ 2.1.6 | and its remark we conclude that, K, is the only DDS and VE

connected graph V n 2> 2.
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