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Abstract: In a graph G = (V, E), a set SC V(G) is a distance closed set of G if for each vertex u€ §
and for each we V — S, there exists at least one vertex vE€ S such that d.s. (u, v) = dg (u, w). Also, S is
said to be a distance closed dominating set of G if (i) <S> is distance closed and (ii) S is a dominating
set. The critical concept in graphs plays an important role in the study of structural properties of graphs
and hence it will be useful to study any communication model. In this paper, we discuss the critical
concept in distance closed domination which deals with those graphs that are critical in the sense that
their distance closed domination number drops when any missing edge is added. Also, we analyze some
structural properties of those distance closed domination critical grapbs.
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1. Introduction

Graphs discussed in this paper are connected and simple graphs only. For a
graph, let V(G) and E(G) denotes its vertex and edge set respectively. The degree of a

vertex v in a graph G is denoted by deg(v) and minimum degree and maximum degree of

G are indicated by O(G) and A (G) respectively. The length of any shortest path between
any two vertices u and v of a connected graph G is called the distance between u and v and
it is denoted by ds(u, v). The distance between two vertices in different components of a
disconnected graph is defined to be . For a connected graph G, the eccentricity eg(v) =
max {dg(u, v):V ue V(G)} and the eccentric set E5(v) = {ue V(G):d(v, u) = eg(v)}. If
there is no confusion, we simply use the notation deg (v), d(u, v), e(v) and E(v) to denote
degree, distance, eccentricity and eccentric set respectively for a connected graph. The
minimum and maximum eccentricities are the radius and diameter of G, denoted by r(G)
and d(G) respectively. If these two are equal in a graph, that graph is called self-centered
graph with radius r and is called an r self-centered graph. Such graphs are 2-connected
graphs. A vertex u is said to be an eccentric vertex of v in a graph G, if d(u, v) = e(v) in
that graph. For v € V(G), the neighborhood Ng(v) of v is the set of all vertices adjacent to v
in G. The set Ng[v] = Ng(v) U {v} is called the closed neighborhood of v.
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One important aspect of the concept of distance and eccentricity is the existence
of polynomial time algorithm to analyze them. The concept of distance and related
properties are studied in [3], [6] and [14] and the structural properties of radius and
diameter critical graphs are studied in [7] and [15]. The new concepts such as ideal sets,
distance preserving sub graphs, eccentricity preserving sub graphs, super eccentric graph
of a graph, pseudo geodetic graphs are introduced and structural properties of those
graphs are studied in [11].

The concept of domination in graphs originated from the chess games theory and
that paved the way to the development of the study of various domination parameters and
its relation to various other graph parameters. A set D C V(G) is called a dominating set
of G if every vertex in V(G) - D is adjacent to some vertex in D and D is said to be a

minimal dominating set if D - {v} is not a dominating set for any ve€ D. The domination
number Y(G) is the minimum cardinality of a dominating set. We call a set of vertices a

Y-set if it is a dominating set with cardinality Y(G). Different types of dominating sets
have been studied by imposing conditions on dominating sets. A dominating set D is
called a connected dominating set if the induced sub graph <D> is connected. The list of
survey of domination and connected domination papers are in [4], [5], [8], [9], [13] and
[16]. Janakiraman and Alphonse [2] introduced and studied the concept of weak convex
dominating sets, which mixes the concept of dominating set and distance preserving set.
Using these, structural properties of various dominating parameters are studied.

Graphs which are critical with respect to a given property frequently play an
important role in the investigation of that property. Not only are such graphs of
considerable interest in their own right, but also a knowledge of their structure often aids
in the development of general theory. In particular, when investigating any finite
structure, a great number of results are proven by induction. Consequently, it is desirable
to learn as much as possible about those graphs that are critical with respect to a given

property so as to aid and abet such investigation. A graph G is said to be domination
critical if for every edge e Z E(G), Y(G + e) < Y(G). If G is a domination critical graph with

Y(G) = k, we will say G is k-domination critical or just k-critical. The 1-critical graphs are
K,, for n > 1. The concept of domination critical graphs and their structural properties are
studied in [1], [10] and [17].

In this paper, we introduced a new domination critical graph called distance
closed domination critical graphs through which the structural properties of those graphs
are studied. Since this concept deals the reduction in the cardinality of distance closed
dominating set for any addition of one new link in the original structure, it will be useful
to study the communication model, which reduces it dominating parameters by simple
addition of a link, which doesn’t exist in the system. Hence this critical concept can be

directly applied to the construction of a fault tolerant communication model.
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2. Prior Results
The concept of ideal set is defined and studied in the doctoral thesis of
Janakiraman [11] and the concept of ideal sets in graph theory is due to the related
concept of ideals in ring theory in algebra. The ideals in a ring are defined with respect to
the multiplicative closure property with the elements of that ring. Similarly, the ideal set in
a graph is defined with respect to the distance property between the ideal set and the
vertices of the graph. Thus, the ideal set of a graph G is defined as follows:
Let I be a vertex subset of G. Then I is said to be an ideal set of G if
(i) For each vertex u€l and for each weV - 1, there exists at least one vertex vel
such that d_, (u, v) = dg(u, w).
(ii) I is the minimal set satisfying (i).
Also, a graph G is said to be a 0-ideal graph if it has no non-trivial ideal set other than G.
The ideal set without the minimality condition is taken as a distance closed set in the
present work. Hence, the distance closed set of a graph G is defined as follows:
A vertex subset S of G is said to be a distance closed set of G if for each vertex
u€e S and for each we 'V - S, there exists at least one vertex ve S such that d. (u, v) =
dg(u, w). For example, in the graph given in Figure 2.1, S = {4, 1, 2, 5} is a distance closed

set.
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Figure 2.1 - An example of distance closed set

Thus, the distance closed dominating set of a graph G is defined as follows:
A subset SC V(G) is said to be a distance closed dominating (D.C.D) set, if
(i) <S> is distance closed;
(ii) S is a dominating set.

The cardinality of a minimum D.C.D set of G is called the distance closed

domination number of G and is denoted by V4.
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Clearly from the definition, 1 < Yy, < p and graph with Y, = p is called a 0-distance
closed dominating graph. Also, if S is a D.C.D set of G then the complement V - S need
not be a D.C.D set of G. The definition and the extensive study of the above said distance
closed domination in graphs are studied in [12]. The following results given in [12] are

used to prove many results in the present work.
Theorem 2.1 [12]: V44(G) = 1 if and only if G = K,.

Theorem 2.2 [12]: Let G be a graph of order p. Then
i) Y4a(G) = 2 if and only if G has at least two vertices of degree p - 1.
(ii) Y4a(G) = 3 if and only if G has exactly one vertex of degree p - 1.

Theorem 2.3 [12]: If a graph G is connected and d(G) = 3, then ydd(E) =4,

3. Main Results

Continuing the above, we studied the critical concept of the distance closed
domination in graphs while adding an edge in that graph. The distance closed domination
critical graph is defined as follows.

A graph G is said to be a distance closed domination critical if for every edge

eZE(G), Yaa(G + €) < Y4u(G). If G is a D.C.D critical graph with ¥,;,(G) = k, then G is
said to be k-D.C.D critical.

Theorem 3.1: There is no 2-D.C.D critical graph.

Y4a(G) = 1 if and only if G = K,. Also, there is no graph G in which
(G + e) = K,. Hence the result.

Theorem 3.2: G is 3-D.C.D critical if and only if
(i) G is connected.
(ii) G has ¥,44(G) = 3.
(iii) G has exactly one vertex with eccentricity equal to 1.
(iv) For every pair of non adjacent vertices at least one of them is of degree p - 2.

Proof: Results (i) and (ii) are trivial.

(iii) By (ii), Y4q(G) = 3. Then by Theorem 2.2, G must have exactly one vertex
with eccentricity equal to 1.

(iv) To prove, for every pair of non adjacent vertices at least one of them is of
degree p - 2, let us take x, y be any two non adjacent vertices. As G is a 3-D.C.D critical
graph, the inclusion of the edge xy reduces the domination number to 2. Therefore, at

least one of the vertices x or y must dominate all the vertices of (G + xy). That is any one
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of x or y must have degree p - 1 in (G + xy). Hence, d(x) or d(y) must be equal to p - 2 in
G.

Proof of the converse is trivial.

Corollary 3.1: If G is a 3-D.C.D critical graph, then A(G) = p - 1 and 1< d(G) < p-2

Lemma 3.1: Any 3-D.C.D critical graph has diameter equal to two.
Proof: Let G be a 3-D.C.D critical graph. Then by result (iii) of Theorem 3.2, G must have
exactly one vertex with eccentricity equal to 1. Hence, the radius of G is 1 and hence the

diameter of G must be equal to two.

Lemma 3.2: Any 3-D.C.D critical graph with O > 2 is a block.
Proof: If G is a 3-D.C.D critical graph with O(G) = 1, then the vertex with eccentricity 1

must be a cut vertex of G. Hence, G cannot be a block. But if S(G) > 2, then G must be a
block.

Lemma 3.3: If G is a 3-D.C.D critical graph, then any minimum D.C.D set of G can have
at most one vertex of degree less than or equal to p - 3.

Proof: Let G be a 3-D.C.D critical graph and let D = {u, v, w} be the minimum D.C.D set
of G. Then clearly d(v) = p - 1 and also u and w are non adjacent. Suppose that, if both
d(u) and d(w) are of degree less than or equal to p - 3, then u and w are any two non
adjacent vertices of degree less than or equal to p - 3 in G, a contradiction to result (iv) of
Theorem 3.2. Hence, any minimum D.C.D set D of G can have at most one vertex of

degree less than or equal to p - 3.

Lemma 3.4: Any 3-D.C.D critical graph has at least two p — 2 degree vertices.
Proof: Let G be a 3-D.C.D critical graph and let D = {u, v, w} be the minimum D.C.D set
of G. Then by Lemma 3.3, D can have at most one vertex of degree less than or equal to
p - 3. Let d(u) < p - 3 and d(v) = p - 1. Then degree of w must be equal to p - 2, as it is
non adjacent to u. Hence, D must have at least one vertex of degree p - 2.

As d(u) < p - 3 and it is non adjacent to w, it must be non adjacent to at least one
vertex of V - D, say x. Then d(x) = p - 2, as it is non adjacent to a vertex of degree less
than or equal to p - 3. Hence, V - D has at least one vertex of degree p - 2 and hence G

has at least two vertices of degree equal to p - 2.

Theorem 3.3: If G is a 3-D.C.D critical graph and if A = {ue V(G) | deg(u) < p - 3} and
B ={veV(G) | ve E(u), u€ A }, then we have the following:
(i) <A> is a clique

(ii) deg (v) = p - 2, for every ve B and <B> is a clique
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Proof: Let G be a 3-D.C.D critical graph and let A = {ue V(G) | deg(u) < p - 3} and
B={veV(G) | veE(u), ue A}.

(i) By result (iv) of Theorem 3.2, for every pair of non adjacent vertices, at least
one of them is of degree p - 2 in G. Hence, no two vertices of degree less than or equal to
p — 3 are non adjacent and hence <A> is a clique.

(ii) If a vertex ve B, then v is an eccentric point of a vertex u of degree less than
or equal to p — 3. Therefore, v is non adjacent to u and degree of v must be equal to p - 2.
Also, v must be adjacent to all the vertices of V(G) - {u}, as d(v) = p - 2. This is the case

for every vertex v in B. Hence, <B> is a clique.

Remark 3.1: From the above theorem, it is clear that the vertex set of any 3-D.C.D critical
graph V(G) - {v} (where v is a vertex of degree p - 1) is partitioned into three disjoint
subsets A, B and C, where A = {ue V(G) | deg(u) < p -3} B={veV(G) | deg(v) =p - 2
and veE(u), ue A} and C = V(G) - A U B = {weV(G) | deg(w) = p - 2}. Also, the

structure of any 3-D.C.D critical graph is given as follows.

Figure 3.1 - Structural design of 3-D.C.D critical graphs

From the above structure, we have the following:

1. <A> and <B> are cliques.

2. Every node w in C has its eccentric node in C itself. Also, every node w in C is
non adjacent to exactly one vertex of C and it must be adjacent to all the vertices
of A and B. Therefore, |C| is always even.

3. Every node v in B has its eccentric node in A and also every node in B is adjacent

to all the vertices of C.
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4. Every node u in A has its eccentric set in B. That is, E(u) © B, for every u in A.

Also, every node in A is adjacent to all the vertices C.

5. Any 3-D.C.D critical graph with 0 = 2 is Hamiltonian.
If G is a 3-D.C.D critical graph, then G has the structure given in Figure 3.1 and
also G has a cycle (v—™ A— C— B v) that covers all the vertices of G (refer

Figure 3.1). Hence, G has a Hamiltonian cycle and hence G is Hamiltonian.

Proposition 3.1: There exists no graph G for which both G and G are 3-D.C.D critical.
Proof: Without loss of generality, let us assume that G is a 3-D.C.D critical graph. Then

any vertex in G is of degree at least 1. Hence, the degree of any vertex in G is of degree at

most p — 2 and hence G cannot be 3-D.C.D critical.

1

Proposition 3.2: If G is a 3-D.C.D critical graph, then q < 5 (p-1>~
Proof: Let G be a 3-D.C.D critical graph. Then, we know that G has exactly a vertex of
degree (p - 1) and 0< p-2

> d(u)
usv(G)
=1p-D+ (-1 (©)
<sp-D+pP-1D(p-2)
sp-Dp-D

Therefore, 2q =

1
Hence, q < > (p- 1>~

Theorem 3.4: A graph G is 4-D.C.D critical if and only if

(i) G is connected.

(ii) G has V44(G) = 4.

(iii)For any two non adjacent vertices at least one of them is of degree p - 2.
Proof: Proof for results (i) and (ii) are trivial.

(iii) Let G be a 4-D.C.D critical graph on p vertices and let x, y be any two non
adjacent vertices of G. Now the inclusion of the edge xy reduces the domination number
to either 3 or 2.

Case (i): The D.C.D number of G is reduced to 2

If the D.C.D number of G is reduced to 2, then it means that the set {x, y} forms
the D.C.D set for (G + xy). That is, both the vertices x and y must dominate all the
vertices of (G + xy). Hence, both x and y are of degree p - 1 in (G + xy) and hence in this
case both the vertices x and y are of degree p - 2 in G.

Case (ii): The D.C.D number of G is reduced to 3
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If the D.C.D number of G is reduced to 3, then it means that one of the vertices x
or y must dominate all the vertices of (G + xy). Let it be x. That is x is of degree p - 1 in
(G + xy). Now x U {u, v}, where u, ve N;(x) (u can be y also) forms a D.C.D set for
(G + xy). Hence, x is of degree p — 1 and y is of degree p - 2 in (G + xy) and hence in this
case any one of the vertices (x or y) is of degree p - 2 and the other one (x or y) is of
degree p - 3 in G. Therefore, if G is a 4-D.C.D critical graph, then for any two non
adjacent vertices, at least one of them is of degree p - 2 in G.

Proof of the converse is trivial.

Corollary 3.2.: If G is a 4-D.C.D critical graph, then A(G) =p-2and 2 < OG)<p-2.

Lemma 3.5: Any 4-D.C.D critical graph is self centered of diameter 2.

Proof: Let G be a 4-D.C.D critical graph and let x and y be any two non adjacent vertices
of G. Then at least one of the vertices x or y must be of degree equal to p — 2. Without loss
of generality, let x be of degree p — 2 in G. Then clearly, x is of degree p - 1 in (G + xy)
and also x must be in every minimum D.C.D set of (G + xy). Hence, the neighbors of y
will be adjacent to x in (G + xy) and hence in G also. Therefore, the diameter of G must

be equal to 2. Also, A(G) = p - 2 implies that G is a self centered graph of diameter 2.

Lemma 3.6: Any 4-D.C.D critical graph is a block.
Proof: Let G be a 4-D.C.D critical graph. Then, G is a self centered graph of diameter 2

and 8(G) > 2. Since, any self centered graph of diameter 2 is 2-connected, G must be a
block.

Theorem 3.5: If G is a 4-D.C.D critical graph and if S is a minimum D.C.D set of G, then
<S> is a cycle.
Proof: Let G be a 4-D.C.D critical graph and let S = {x, u, v, y} be a minimum D.C.D set
of G.
Claim: <S> is a cycle C,
Case (i): <S > does not contain a C,

Suppose that <S> contains a C,. Then, it will not satisfy the distance closed
property (as radius of <S> is 1). Hence, it does not contain a C,.
Case (ii): <S> cannot be a tree

If <S> is a tree on 4 vertices, then <S> must be isomorphic to K, ;. Hence, in this
also the radius of <S> is 1 and hence it does not satisfy the distance closed property.
Therefore, <S> cannot be a tree.

Case (iii): <S> cannot be a path
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Suppose that <S> is a path xuvy. Then addition of an edge xy will not reduce the
distance closed domination number of G, a contradiction to G is critical. Hence, <S>
cannot be a path.

Thus from cases (i), (ii) and (iii), <S> must be cycle C,.

Lemma 3.7: If G is a 4-D.C.D critical graph (which is not (p - 2) regular) then, any
minimum D.C.D set of G can have at most two vertices of degree less than or equal
to p-3.
Proof: Let G be a 4-D.C.D critical graph. Then for every pair of non adjacent vertices at
least one of them is of degree p - 2 and O(G) < p - 3. Also, if D is a minimum D.C.D set
of G, then <D> is a cycle C, (by Theorem 3.5).
Case (i): If all the four vertices of D are of degree less than or equal to (p - 3), then <D> is
K, (since the set of vertices with degree less than or equal to (p - 3) forms a clique in a
4-D.C.D critical graph). Hence, D cannot be a minimum D.C.D set of G, a contradiction.
Case (ii): If D has three vertices of degree less than or equal to (p - 3), then <D>is K,-e.
Hence, D cannot be a minimum D.C.D set of G, a contradiction.

Therefore, from cases (i) and (ii), any minimum D.C.D set of a 4-D.C.D critical

graph can have at most 2 vertices of degree less than or equal to (p - 3).

Lemma 3.8: Any 4-D.C.D critical graph has at least four vertices of degree (p - 2).

Proof: Let G be a 4-D.C.D critical graph and let D = {x, y, u, v} be a minimum D.C.D set
of G. Then by Theorem 3.5, <D> is a cycle.

Claim: D must contain at least two vertices of degree equal to (p - 2)

By Lemma 3.7, D can have at most two vertices of degree less than or equal to
(p - 3). Also, the set of vertices with degree less than or equal to (p - 3) in G forms a
clique. Without loss of generality let d(x) < p - 3 and d(y) < p - 3. Then, clearly x and y
are adjacent and also x is non adjacent to u and y is non adjacent to v in D. Hence, u and
v must be of degree (p - 2) as they are non adjacent to vertices of degree less than or equal
to (p - 3) and hence D must contain at least two vertices of degree equal to (p - 2).

As d(x) < p - 3 and d(y) £ p - 3 and they are non adjacent to u and v
respectively, they each must be non adjacent to at least one vertex of V - D say u is non
adjacent to u'and v is non adjacent to v'. Then d(u') = p - 2 and d(v') = p - 2, as they are
non adjacent to vertices of degree < p — 3. Hence, V - D has at least two vertices of degree

(p - 2) and hence G has at least four vertices of degree equal to (p - 2).

Theorem 3.6: Let G be a graph on p vertices. G is 4-D.C.D critical and a unique eccentric
point graph if and only if G is a (p - 2) regular graph.
Proof: Let G be a 4-D.C.D critical and a unique eccentric point graph. Then, 0G)<p-2.

If G has a vertex u of degree less than or equal to (p - 3), then N,(u) must contain more
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than two vertices. That is, |[E(u)| = 2 (as G a is self centered graph of diameter 2). This is a
contradiction to the fact that G is unique eccentric point graph. Hence, G is a (p - 2)
regular graph.

Conversely, if G is a (p - 2) regular graph, then clearly G is a 4-D.C.D critical and

a unique eccentric point graph.

Theorem 3.7: Let G be a 4-D.C.D critical graph. Let v be any vertex of degree p - 2 and let
A = {ueNy(v) | deg(u) = p - 2} and B = {ue N,(v) | deg(u) < p - 3}. Then the following
properties hold good.
(i) Any vertex of degree p - 2 in N,(v) must be adjacent to all the vertices of A
and B.

(ii) Any vertex in N,(v) must be adjacent to all the vertices of B.

(iii) Any vertex of degree p - 3 in N,(v) must be non adjacent to exactly one
vertex of A.

(iv) <N,(v)> is complete.

Proof: Let G be a 4 D.C.D critical graph. Let v be any vertex of degree p - 2 and let
A ={ue N|(v) | deg(u) = p - 2} and B = {ue N(v) | deg(u) = p - 3}.

(i) Let w be any vertex in N,(v) such that deg(w) = p - 2. Then, clearly it must be
adjacent to all the vertices of N,(v) and hence to the vertices in both A and B. This proves
property (i).

(ii) Let w& N,(v). Then the following two cases can be considered.

Case 1: deg(w) =p -2

If deg(w) = p - 2, then the property (ii) is clear from case 1.
Case 2: deg(w) =p - 3

If we N,(v) and deg(w) = p - 3, then w must be adjacent to all the vertices of B
and also it is not adjacent to v. Hence, w must be non adjacent to exactly one vertex of A.
This proves property (iii).

(iii) Let x, y € N,(v). If x and y both have degree equal to p - 2, then clearly they
are adjacent (as they non adjacent to v and d(x) = d(y) = p - 2). If any one of them (x or
y) is of degree p - 2, then also x and y are adjacent. If both are of degree less than or equal
to (p - 3), then also x and y are adjacent and hence <N,(v)> is complete. This proves the

property (iv).

Proposition 3.3: Let G be a 4-D.C.D critical graph on p vertices. Let v be any vertex of
degree less than or equal to (p - 3) and let A = {ueN(v), deg(u) = p - 2} and
B = {ueN;(v), deg(u) < p - 3}. Then any vertex of N,(v) must be adjacent to all the
vertices of A and B.

Proof: Let w be any vertex of N,(v). Then clearly, deg (w) = p - 2 (since all the vertices of
degree less than or equal to (p - 3) forms a clique in a 4-D.C.D critical graph and deg(v) <
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p - 3). Hence, v is the unique eccentric point of w and hence w is adjacent to all the

vertices of A and B.

Remark 3.2.: From the above theorems, it is clear that the vertex set of any 4-D.C.D
critical graph is partitioned into three disjoint subsets A, B and C, where A = {ue V(G) |
deg(u) <p -3}, B={veV(G) | deg(v) =p-2and veE(u),ue Aland C=V(G)-A U B
= {we V(G) | deg(w) = p - 2}. Also, the structure of any 4-D.C.D critical graph is same as
that of a 3-D.C.D critical graph (refer Figure 3.1), except the vertex v of degree (p - 1).

Hence, we have the following theorem without proof.

Theorem 3.8: A graph G with p = 5 is 3-D.C.D critical if and only if G - {v} is 4-D.C.D

critical, where v is a vertex of degree p - 1 in G.

Proposition 3.4: Any 4-D.C.D critical graph is Hamiltonian.
Proof: Let G be a 4-D.C.D critical graph. As the structure of any 4-D.C.D critical graph is
same as that of a 3-D.C.D critical graph except that the vertex of degree (p - 1), G is also

Hamiltonian.

Proposition 3.5: There exists no graph G for which both G and G are 4-D.C.D critical.
Proof: Without loss of generality, assume that G is a 4-D.C.D critical graph. Then for any

two non adjacent vertices of G, at least one of them is of degree p - 2 and also A(G)=p -2.

Thus, the degree of that vertex in G is 1. Therefore, S(G) = 1. Hence, G cannot be 4-
D.C.D critical.

1
Proposition 3.6: Let G be a 4-D.C.D critical graph. Then, q < ~p(p-2).
Proof: By lemma 3.8, any 4-D.C.D critical graph has at least four vertices of degree equal
to (p - 2) and 6(G) <p-2

Therefore, 2q = 2 d(u)
uEV(G)

=4(p-2)+ (-4 ©)
<4p-2)+(p-4(p-2)
=p(p-2)
1
Hence,qs—zp(p—Z).

Open Problem

Analyze the structural properties of distance closed domination critical graphs with

respect to edge deletion.
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