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Abstract: Ler G(V, E) be a nontrivial, simple, finite and undirected graph. A dominating set of the
graph G is a subset D of V such that every vertex not in D is adjacent to some vertex in D. The
minimum cardinality of a dominating set is the domination number Y(G). A dominating set D is
called a complementary tree dominating set if the subgraph <V - D> induced by V - D is a tree. The
minimum cardinality of a complementary tree dominating set is called the complementary tree
domination number of G and is denoted by ¥..(G).

In this paper, we determine the complementary tree domination numbers of some grid

graphs (Cartesian product of two paths P,, and P,).
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1. Introduction

The graphs considered here are nontrivial, simple, finite and undirected. Let G be a

graph with vertex set V(G) and edge set E(G). The concept of domination was first

studied by Ore [7] and Berge [1]. A set D C V is said to be a dominating set of G, if

every vertex in V- D is adjacent to some vertex in D. The minimum cardinality of a

dominating set is called the domination number of G and is denoted by Y(G). The concept

of complementary tree domination was introduced by S. Muthammai, M. Bhanumathi

and P. Vidhya in [6]. A dominating set D C V is called a complementary tree dominating
(ctd) set, if the subgraph <V - D> induced by V - D is a tree. The minimum cardinality of

a complementary tree dominating set is called the complementary tree domination
number of G and is denoted by Y 4(G).

The Cartesian product of two graphs G, and G, is the graph, denoted by G,XG,, with
V(G,XG,) = V(G))XV(G,) (where X denotes the Cartesian product of sets) and two

vertices u = (u,, u,) and v = (v, v,) in V(G,XG,) are adjacent in G,XG, whenever [ u, = v,
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and (u, v,) €E(G,)] or [u, =v,and (u,, v;) EE(G))]. If each G, and G, is a path P and
P, (respectively), then we will call P, XP_, a mXn Grid graph. For notational convenience,
we denote P, XP, by P, .. The reader is referred to [4] for survey of results on

domination. The inverse domination number for the grid graphs P,, XP, (1 < m < 5) was
determined by T. Tamizh Chelvam and G.S. Grace Prema [8]
In this paper, we determine the complementary tree domination numbers of P, |

where m = 2, 3, 4, 5 and 6. P, , is nothing but the path P, on n vertices. S. Muthammai,
M. Bhanumathi and P. Vidhya [6] have established ¥ 4(P,) =n -2, n > 4.

Notation:
Let 1, ..., m and 1, ..., n be the vertices of P, and P, respectively. Then the

vertices of P, , are denoted x;;, wheni=1,..,mandj=1,...,n

i,j>

Theorem 1.1. [6]

A complementary tree dominating set D of G is minimal if and only if for each
vertex vE D, one of the following conditions is satisfied

6 there exists a vertex u€V(G) - D such that N(u)MD = {v}

(ii) v is an isolated vertex in <D>
(i) NN (V(G)-D) =
(iv)  The subgraph <(V(G)-D)U{v}> of G induced by (V(G)-D)\U{v} either contains a

cycle or is disconnected.

2. Complementary Tree Domination Numbers of P, , , n = 1

In this section, we give the complementary tree domination numbers of 2Xn grid

graphs P,

Theorem 2.1: Foralln > 1, Yea(Pa, ) ={n+2J
2

Proof:

A minimal complementary tree dominating set of P, , is given as follows.
Let n = 4q + 1, where 1 < r < 4. We split the set of columns of P, , into blocks B, = P, ,

fori=1, ..., q. The vertices ® enclosed within the round symbol in each of the blocks in

the figures represent the vertices to be included for a minimal complementary tree

dominating set D. The vertices ® with symbol X in the blocks indicate those vertices that
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are not dominated by a complementary tree dominating set D constructed upto this stage
and to be considered while concatenation.

Let P, = {X; 4.3 X, 41} 1= 1, ..., q. (Figure 1)

q
LetD = U

Pi . Therefore, |D| = ZLnJ.
|

1 4

Figure 1

Case i: n = 1(mod 4)

Consider the set D, = D U {x, ,}. (Figure 2(a)). This set is a minimal complementary

tree dominating set of P, .

- {2
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Figure 2

Case ii: n = 2(mod 4)

Here the set D, =D U {x; , 1, X, ,} (Figure 2(b)) is a minimal complementary tree

dominating set of P, ,. Hence,
ID,|= 2[N|+2=|N+2
4 2

Case iii: n = 3(mod 4)

In this case, the set D; = D \U {x, ,_,, X, ,}. (Figure 2(c)) is a minimal complementary

tree dominating set of P, , and
ID,|= 2|N|+2=|N*2
4 2

Case iv: n = 0(mod 4)
Letn=4q+4,q=0,1, ....
In this case, the set D, = D U {x; .3 X, 4 .» X;, o} (Figure 2(d)) is a minimal

complementary tree dominating set of P, ..
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ID,| = 2{”'1J+3: n+2
4 2

From all the cases, ¥ 4(P, ,) = Ln + ZJ foralln > 1.
2

3. Complementary Tree Domination Numbers of P; ,, , n = 4.

In this section, we give complementary tree domination numbers of 3Xn grid

graphs P, ., n 2 4. Here we split the columns of P, , into blocks P, ,.

Theorem 3.1: Forn =>4,V (P;,)=n+iforn=i(mod4),i=0,1,2,3
Proof:

We give a minimal complementary tree dominating (ctd) set D of P,  as follows.
Letn 2> 4.
Case i: For n = 4q, ¥.4(P; ,) = n.

We split the set of columns of P, , into blocks B, = P, ,fori=1,2,..., q.

Let P, = { X; 4 1» X\ 4 X5 41 - 3 X3 4 1)- P; dominates all the four columns of B; such that

<B—P>isatreefori=1,...,q. LetD = U Flgure 3).
- 1

234

17\ I\
T/ | N\ 1
1 1

Figure 3
(a) (b) (©)
Figure 4

Then D is a minimal dominating set. Moreover <V(P, ;) — D> is a tree and hence D is a

n
minimal complementary tree dominating set of P, , and Y 4(P; ) = 4 LZJ =n.
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Case ii: For n =1 (mod 4), ¥ (P5,) =n + L.

Consider D, = D U {x; ,}. D, is a minimal ctd set of P, , and |D1|: n + 1. (To

obtain the minimal ctd set we need the vertices of D together with the vertex x; ). (Figure

4(a)). Hence, ¥V (P;,) =n+ 1.

Case iii: For n = 2 (mod 4), ¥ 4(P; ,) =n + 2.
Consider D, = D U { x, ,, X; , 4}. (Figure 4(b)).This D, is a minimal ctd set of P; ,
and |D2| =n + 2 and hence ¥ 4(P; ,) =n + 2.

Case iv: For n = 3 (mod 4), ¥.4(P, ) =n + 3.

Consider D, = D U {x; 1, X3 1.2 X3 o} (Figure 4(c)). This D, is a minimal ctd set of
P,, and |D3| =n + 3 and hence Y 4(P; ,) = n + 3.

From all the four cases, we conclude that for n > 4,

Yea(Ps ) =n +1i, forn=i(mod 4),i=0,1,2,3.

Remark 3.2:

thd(Ps, 1) =2
Yeua(Ps,n) =3 ifn=2,3.

4. Complementary Tree Domination Numbers of P, ,, n 2> 5

In this section, we give complementary tree domination numbers of 4Xn grid
graphs P, ., n = 5. Here we split the columns of P, , into blocks P, s.
It is to be noted that Y 4(P, ¢) = Vea(Ps) X Vera(Pe)

Theorem 4.1:  Forn = 5, YeaadPy ) = LmJ .
5

Proof:
A minimal complementary tree dominating set of P, , (n = 5) is presented as follows.

Case i: For n = 5q, ¥ 4(P, ) = VnJ
5

Here we split the set of columns of P, , into blocks B;, where B, =P, ; fori=1, ..., q.
Let P, = {X1,51 - Xy, 50 Xp 512 X5, 500 X3, 51 -3 Xy, 51 40 Xy, st (i=1,..,9).

This set dominates all the five columns of each block B, such that <B,— P,> is a tree for i =

1, ..., q. (Figure 5).

122
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q
LetD = Pi . Then <V(P, ,) — D> is a tree and D is a minimal ctd set and hence

=1

w32

Case ii: For n =1 (mod 5), ¥.4(P, ) = VnJ
5

Consider the set D, = D U {x, .} is a minimal ctd set of P, .. (Figure 6(a)).
|D1| =7(P | +1 =" | and hence Yea(Py o) = n
5 5 5

(@) (b) (©) (d)

Figure 6

Case iii: For n = 2 (mod 5), Ya(P, ) = V”J
5

Consider the set D, =D U { x, ,, x, .} (Figure 6(b)).
This set D, is a minimal ctd set of P, and |D2|= 7[”J +2 = {mJ and hence
5 5

Vea(Py) = V”J
5

Case iv: For n = 3 (mod 5), ¥.4(P, ) = VnJ
5
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The set D; =D U { X, ;1> X5 1> X4 02> X4 o} 1S @ minimal ctd set of P, .. (Figure 6(c)).
ID,| = 7{"J +4 = VnJ and hence V4(P, ) = VnJ
5 5 5

Case v: For n =4 (mod 5), ¥.4(P, ) = [mJ
5

Here, the set Dy =D \U {X; 1, X35 2> X3.n- 1> X4, 3 X4, o) 18 @ minimal ctd set of P ..

(Figure 6(d)).
|D4| = 7LnJ +5= [mJ and hence 4(P, ) = {mJ
5 5 5

From the above cases, we see that Y 4(P, ) = Lm J , forn > 5.
5

n+1,ifn=1,23

Remark 4.2:  For 1S n<4, Y(P,,) = )
n+2,ifn=4

Remark 4.3: Theorem 4.1. implies the following recurrence relation

YCtd(P4, n) = YCtd(P4,n- S) + 7: n 2 10.

5. Complementary Tree Domination Numbers of P; ,, n > 6

In this section, we give complementary tree domination numbers of 5Xn grid

graphs P, , , n 2 6. Here we split the columns of P; , into blocks P; .

Theorem 5.1: Forn = 6,

5?” ifn = 0,3 (mod 6)
5n+1 .
Yulb,) = |5~ 1fn=1(mod6)

[5“3‘ 1J ifn = 2,4,5 (mod 6).

Proof:

We determine the minimal ctd set of P; , (n 2 6) as follows.

Case i: For n = 6q, ¥ (P5 ) = r’nJ
3

The set of columns of P, , can be split into blocks B, where B, =P, ( fori=1, 2,..., q.
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Consider the set P; = {X1, 6i - 5 X1, 6i-20 X1, 6, X2, 61 - 3 X3, 61 -5 X3,6i-1> X4,6i-3 X4, 60 X5, 6i-5 X5,6i o

This set P; dominates all the six columns of the block B, such that <B, — P,> is a tree
(i=1,2,...,q). (Figure 7).

q
LetD= |J Pi . Then <V(P; ,) — D> is a tree and D is a minimal ctd set of P; , and
i=1

hence ¥ 4(Ps ) = SLnJ = [SHJ =on,
3 3 3

Figure 7

(@) (b) (©) (d) €)

Figure 8

Case ii: For n = 1 (mod 6), Y.u(Ps.,) = Sn+1

Consider the set D, = D U {x; ,, X, , } (Figure 8(a)). This set is a minimal ctd set of

P, , and |D1| = S{nJ +2=2on*1 Hence, Y.4(Ps ) = sn+1
3 3 3

Case iii: For n = 2 (mod 6), Y.4(Ps ) = [Sn - 1J. The set D, =D U {X; ,, X3, 41> X5, 4} IS @
3

minimal ctd set of P .. (Figure 8(b)).
|D2| = SLnJ +3= LMJ Therefore, Y.4(Ps, ) = LMJ
3 3 3
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Case iv: For n = 3 (mod 6), ¥.4(Ps ) = F” - 1J. In this case, the set D; =D U {x, ,, x,,
3

n-2 X301 X5 0 -2 X5 o} is @ minimal ctd set of P; . (Figure 8(c)).
Dy =50 ]+5=|50 |50
3 3 3

Case v: For n = 4 (mod 6), ¥.4(Ps ) = LE’” - 1J. Here, the set D, = D U {X; 2 X; > X35
3

3 X3 0.1 X4 X5 4o} 18 @ minimal ctd set of P, . (Figure 8(d)). |D4| = 5LnJ +6= F” - 1J
3 3

and hence Y 4(P; ) = F” - 1J.
3

Case vi: For n =5 (mod 6), ¥.4(Ps ) = Fn - 1J. In this case, the set D; =D U {x; , 3,
3

Xin-1 X3n-4 X302 X3 1 Xa.n-1 Xg > X5, 3f 1S @ minimal ctd set of P .
ID| =5|N|+8=|5n-1
3 3

From the above cases, we conclude that,

%n ifn = 0, 3 (mod 6)
Vea(Ps,n) = 5n3+ 1 ifn = 1 (mod 6)

f”s‘ 1J ifn = 2,4, 5 (mod 6).

Remark 5.2: Forn <5, Vea(Ps,1) =3
thd(Ps, »=2n-1,ifn=2,3,
’thd(PS, n) = 2n - 2) ifn = 4, 5.

Remark 5.3: A recurrence relation in 5Xn grid graphs is.

’thd(PS, n) = thd(PS,n-é) + 10) fOI' n 2 12

6. Complementary Tree Domination Numbers of P ,, n > 7
In this section, we give complementary tree domination numbers of 6Xn grid

graphs P, , n = 7. Here we split the columns of Py , into blocks P ;.
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Theorem 6.1: Letn = 7. Then Yeaa(Ps 0) = 2n.
Proof:

As before, we present a complementary tree dominating (ctd) set of Py , as follows.
Letn > 7.
Case i:n =7q.
We split the set of columns of Py, into blocks B, B, = P, ,fori=1,2, ..., q.
Pi={X17 0 X170 X076 X071 -2 X3,71- 0 X370 1> Xa,71- 60 X4, 7 -5 Xa,71- 3 Xa, 70 X5,71- 2 X671 - 60
X, 7 - » Xe, 7} dominates all the seven columns of each block B, such that <B; — P> is a

tree,i=1, ..., q. (Figure 9).

LetD = Pi . Also <V (P ,)—D> is a tree and D is a minimal ctd set of P; , and
i=1
hence V. 4(Ps,,) = 14 [EJ =2n.
7

I C<a

Caseii: n=1 (mod 7).
Let D, =D U {x; ,,, X¢ o). (Figure 10(a)). This set is a minimal ctd set and

|D1| =14 [QJ +2= [MnJ =2n [To obtain the minimal ctd set, we need the vertices of D
7 7

together with vertices x, , and x4 ,]. Therefore, ¥ 4(Ps ,) = 2n.

7

@)
......ﬂ......
4096990209009
17\ 17\ 17\ 17\
S99900V9999009
7 7N
2800900080890
7N 7N
S09088080NLES
c 7'\ 17 N7\ (@ o
\J &7 N\
I

Figure 9

Case iii: n = 2 (mod 7).
Let D, =D U { X, ,,, X3,—1> X4 X¢—1). This set is a minimal ctd set of P . (Figure

10(b)). |D,| = 14 FJ +4 = L14”J = 2n. Hence, Yq(Ps, ) = 2n.
7 7
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@ (b (©) (d)

Figure 10

Case iv: n = 3 (mod 7).
LetD; =D U {X,, 1 X302 X3 00 Xg.n-1,%6,n- 2 X6 n)-

(Figure 10(c)). This set is a minimal ctd set of Py .. |D3| =14 LEJ +6= Lan =2n
7 7

Hence, VY 4(P,,) = 2n.

Case v: n =4 (mod 7)

Let Dy=D U {X; 4 2 X1 n X505 X501, X402, Xe w0 Xe,n-3 Xe,n-1)- (Figure 10(d)).

This set is a minimal ctd set of P .. D4| =14 [QJ +8= LMHJ =2n
7 7

Hence, VY 4(P,,) = 2n.
Case vi: n =5 (mod 7)

Let D;=D U {Xl,nf?a,xl,nf 1 X3n-4X30-2 %30 Xg,n-3,%X4n-1,%X6,n-0 Xen-2 X6,n}‘
(Figure 10(e)).

This set is a minimal ctd set of P, ..

|D5| =14 LEJ +10 = LM”J = 2n. Therefore, Y 4(Ps ,) = 2n.
7 7
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Case vii: n = 6 (mod 7)

Let Do=D U {Xl,n-4’ X1,n-2 X, X3,0-5X3,0-3 X3, 0- 1 Xgn-2 X4 n-2 Xg0 Xe,n-5

Xe.n-» Xe.n.1)- (Figure 10(f)). This set is a minimal ctd set of P ..

IDy| = 14 PJ Hi2s LMHJ = 2n. Hence, Ya(Ps, ») = 2n.
7 7

Therefore Y 4(Ps, ,) = 2n, for n > 7.

Remark 6.2:
4 ifn=2
For2Sn<6,YuuPsn) = J2n-1 ifn=34,5
12 ifn=26.
Note 6.3:

The above method of splitting the columns of P, , into blocks P, ..., doesn’t work for

m 2> 7. When we concatenate two blocks P,, ,..,, the subgraph induced by the complement

of a minimal dominating set either will contain a cycle or will be disconnected.
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