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Abstract: Rosa [14] introduced the notion of graceful labelings.  The concept of magic, antimagic and 
conservative labelings have been extended to directed graphs [12].  Bloom and Hsu [3, 4, 5] extended 
the notion of graceful labeling to directed graph.  In 1985, Lo [13] introduced the notion of edge - 
graceful graphs. We introduced [8] the concept of edge - graceful labelings to directed graphs and 
further studied in [9,10]. In this paper we investigate directed edge - graceful labeling of Tt,n,m graph. 
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1. Introduction 
 All graphs in this paper are finite and directed.  Terms not defined here are used 
in the sense of Harary [11].  The symbols V(G) and E(G) will denote the vertex set and 
edge set of a graph G.  The cardinality of the vertex set is called the order of G denoted by 
p.  The cardinality of the edge set is called the size of G denoted by q. A graph with p 
vertices and q edges is called a (p, q) graph. 
 A graph labeling is an assignment of integers to the vertices or edges or both 
subject to certain conditions.  Labeled graphs serve as useful models for a broad range of 
applications such as coding theory, X–ray crystallography, radar, astronomy, circuit 
design, communication network addressing, database management etc. [1, 2].  A good 
account on graceful labeling problems and other types of graph labeling problems can be 
found in the dynamic survey of J.A. Gallian [6]. 

A graph G is called a graceful labeling if f is an injection from the vertices of G to 
the set    {0, 1, 2, ..., q} such that, when each edge xy is assigned the label | f(x) – f(y) |, the 
resulting edge labels are distinct. 
 A graph G(V, E) is said to be edge - graceful if there exists a bijection f from E to                 

{1, 2, ..., |E|} such that the induced mapping f   from V to {0, 1, ..., |V| – 1} given by,                      

( )f x  = (f(xy)) mod(|V|) taken overall edges xy incident at x is a bijection. 
 A necessary condition for a graph G with p vertices and q edges to be edge - 

graceful is q(q + 1)  ( 1)
(mod )

2

p p
p

 .  Bloom and Hsu [3, 4, 5] extended the notion of 

graceful labelling to directed graph.  The concept of magic, antimagic and conservative 
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labelings have been extended to directed graphs [12].  In [8] we extended the concept of 
edge - graceful labelings to directed graphs and further studied in [9, 10].  In this paper we 
investigate directed edge - graceful labeling of Tt,n,m graph. 

A (p, q) graph G is said to be directed edge - graceful if there exists an 
orientation of G and a labeling f of the arcs A of G with {1, 2, ..., q} such that induced 

mapping g on V defined by, g(v) = ( ) ( )f v f v     (mod p) is a bijection where, 

( )f v  = the sum of the labels of all arcs with head v and ( )f v  = the sum of the labels 
of all arcs with v as tail. 
 A graph G is said to be directed edge - graceful graph if it has directed edge–
graceful labelings.  Here, we investigate directed edge - graceful labeling of some trees and 
cycle related graphs. 
 

2. Prior Results 

Theorem 2.1: [8] The path P2n+1 is directed edge - graceful for all n  1. 

Theorem 2.2: [8] The cycle graph C2n+1 is directed edge - graceful for all n  1. 

Theorem 2.3: [8] The Butterfly graph Bn is directed edge - graceful if n is odd. 

Theorem 2.4: [8] The Butterfly graph Bn is directed edge - graceful if n is even and n 4. 

Theorem 2.5: [8] The snail graph SN(2n + 1) is directed edge - graceful for all n  1. 

Theorem 2.6: [8] 1, 1,:n nK K  is directed edge - graceful if n is even and n  4. 

Theorem 2.7: [9] The graph P3  K1,2n+1 is directed edge - graceful for all n  1. 

Theorem 2.8: [9] The graph P2m @ K1,2n+1 is directed edge-graceful for all m  2 and n  1. 

Theorem 2.9: [9] The graph P2m+1 @ K1,2n is directed edge-graceful for all m  1 and n  1. 

Theorem 2.10: [10] The fan F2n is directed edge - graceful for all n  2. 

Theorem 2.11: [10] The star graph K1,2n is directed edge - graceful for all n  1. 

Theorem 2.12: [10] The wheel graph W2n directed edge - graceful for all n  2. 

Theorem 2.13: [10] The tortoise graph T2n+1 is directed edge - graceful for all n  2. 

Theorem 2.14: [10] The graph nC3 snake is directed edge - graceful for n  2. 
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3. Main Results 
Definition 3.1 
 Tt,n,m is a graph obtained by joining the centers of K1,n and K1,m by a path Pt.  It 
consists of t + n + m vertices and t + n + m – 1.  
 
Theorem 3.2  
 The graph Tt,n,m is directed edge - graceful if t, n and m are odd numbers.  
 
Proof  
 Let G = Tt,n,m and V[Tt,n,m] = {w1, w2, ..., wt, u1, u2, …, un, v1, v2 …, vm} be the set of 
vertices. Now we orient the edges of Tt,n,m such that the arc set A is given by,  

A = 
2 1 2 2 1 2

1 1
( ,  ),  1 ( ,  ),  1

2 2i i i i

t t
w w i w w i 

           
   

  {(w1, uj), 1  j  n}  {(wt, vk),    

1  k  m} 
The edges and their orientation of Tt,n,m are as in Fig. 1.  

un

w1 w2 . . . wt

u2

u1

  .
.
  .

vm

v2

v1

.
  .
.

 
Fig. 1:    Tt,n,m with orientation 

We now label the arcs of A as follows: 

  2 1 2,  i if w w = i, 1  i  1

2

t   ;   2 1 2,  i if w w = 1

2

t
n m i


   , 1  i  1

2

t   

  1 1,  f w u   = 1

2

t  + n + m  ;   1,  tf w v   = 1

2

t   

  1 2,  jf w u  = 
2

t m  + j, 1  j  1

2

n  ;   1 2 1,  jf w u 
 = 

2

t m  + n – j,  1  j  1

2

n  

  2,  t kf w v  = 1

2

t
k


 , 1  k  1

2

m    ;   2 1,  t kf w v   = 1

2

t   + n + m – k, 1  k  

1

2

m   

The values of ( )if w , ( )jf u , ( )kf v  and ( )if w , ( )jf u  and ( )kf v  are 

computed as under. 
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1( )f w      = 0 ; 1( )f w  = 
1

2


[n2 + n (t + m + 1) + m + 1] 

2( )if w     = 1

2

t  + n + m + 2i, 1  i  1

2

t   ; 2( )if w  = 0  

2 1( )if w
   = 0, 1  i  3

2

t    ;    2 1( )if w
  = 1

2
2

t
n m i

      
, 1  i  3

2

t   

( )tf w      = 0 ;  ( )tf w  = – 1

2
[m2 + m(t + n + 1) + 2t + n – 1] 

1( )f u       = 1

2

t   + n + m   ; 1( )f u  = 0 

2( )jf u      = 
2

t m + j, 1  j  1

2

n    ; 2( )jf u  = 0, 1  j  1

2

n   

2 1( )jf u
    = 

2

t m + n – j, 1  j  1

2

n    ; 2 1( )jf u
  = 0, 1  j  1

2

n  

1( )f v        = 1

2

t      ; 1( )f v  = 0 

2( )kf v      = 1

2

t
k


 , 1  k  1

2

m    ; 2( )kf v  = 0, 1  k  1

2

m   

2 1( )kf v
    = 1

2

t  + n + m – k, 1 k  1

2

m   ; 2 1( )kf v
  = 0, 1  k  1

2

m   

Then the induced vertex labels are, 

g(u1) = 1

2

t
n m


     ; g(u2j) = 

2

t m
j


 , 1 j  1

2

n   

g(u2j+1) = 
2

t m
n j


  , 1  j  1

2

n   ; g(v1) = 1

2

t    

g(v2k) = 1

2

t  + k, 1  k  1

2

m   ; g(v2k+1) = 1

2

t  +n + m – k, 1  k  1

2

m   

Case (i):   -1

2

t  is odd  

g(w2i–1)       = 3

2

t   – 2i,  1  i  1

4

t  ; g(w2i) = 1
2

2

t
n m i


   , 1  i  3

4

t   

1

2

tg w 

 
 
 

     = 0   ;   1
2

2

t
i

g w 


 
 
 

  = t + n + m + 1 – 2i, 1  i  1

4

t   

1
2

2

t
i

g w 


 
 
 

 = 2i, 1  i  3

4

t   

Case (ii):   -1

2

t  is even  

g(w2i–1)    = 3

2

t   – 2i,  1  i  1

4

t   ;  g(w2i) = 1

2

t  +n + m + 2i, 1  i  1

4

t   

1

2

tg w 

 
 
 

  = 0 ; 1
2

2

t
i

g w 


 
 
 

= 2i – 1, 1  i  1

4

t   
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1
2

2

t
i

g w 


 
 
 

= t + n + m – 2i, 1  i  1

4

t   

Clearly, g(V) = {0, 1, 2, ..., (t + n + m – 1)} = {0, 1, 2, ..., p – 1} 
So, it follows that all the vertex labels are distinct and g is a bijection.  Hence, 

Tt,n,m is a directed edge-graceful graph, if t, n and m are odd.  The directed edge-graceful 
labeling of T29,5,7 and T31, 5, 7 is given in Fig. (2) and Fig. (3) respectively.  

19
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27 2 28 3 29 4 30

5

6

32
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33 8 34
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35
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Fig (2) : T29,5,7 with directed edge-graceful labeling 
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27
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23
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1

15 7

5 42

28

37

 
Fig (3) : T31,5,7 with directed edge-graceful labeling 

Theorem 3.3 
The graph Tt,n,m is directed – edge graceful if t,n are even and m is odd. 

Proof 
 Let G = Tt,n,m and V[Tt,n,m] = {w1, w2, ……wt, u1, u2, …….un, v1, v2,…., vm} be the 
set of vertices. Now we orient the edges of Tt,n,m such that the are set A is given by. 

A =    2 2 1 2 2 1, ,  1   , ,  1 1
2 2i i i i
t t

w w i w w i 
           
   

  {(w1, uj), 1  j  n}  {(wt, vk), 

1  k  m} 
The edges and their orientation of Tt,n,m are as in Fig (4). 
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un

w1 w2 . . . wt-1 wt

un-1

u2

u1

  .
.
  .

vm-1

vm

v2

v1

.
  .
.

 
Fig. (4):   Tt,n,m with orientation 

We now label the arcs of A as follows. 

  2 2 1,  i if w w   = ,  1 1
2

t
i i    ;   2 2 1,  i if w w   = 1 ,  1

2 2

t t
n m i i       

  1 2 1,  jf w u    = 1 2 ,  1
2 2

t n
j j    ;   1 2,  jf w u  = 1 2 ,  1

2 2

t n
n m j j       

  1,  tf w v       = 
2

t   ;     2,  t kf w v = 1
1 2 ,  1

2 2 2

t n m
k k


      

  2 1,  t kf w v    =  1 1
3 2 ,  1

2 2

m
t n m k k


       

The values of ( )if w , ( )jf u , ( )kf v  and ( )if w , ( )jf u  and ( )kf v  are 

computed as under. 

1( )f w        = 
2

t
n m     ; 1( )f w       =  

2

n
t n m     

 

2( )if w       = 0,  1 1
2

t
i    ;  2( )if w      = 1 2 , 1 1

2 2

t t
n m i i          

 

2 1( )if w
    = 2 ,  1 1

2 2

t t
n m i i       ; 2 1( )if w

   = 0,  1 1
2

t
i    

( )tf w       = 0   ; ( )tf w       =  
2

1 1
2 2 2

m m n
t n t

            
 

2 1( )jf u
    = 1 2 ,  1

2 2

t n
j j      ; 2 1( )jf u

   = 0,  1
2

n
j   

2( )jf u      = 1 2 ,  1
2 2

t n
n m j j       ; 2( )jf u     = 0,  1

2

n
j   

1( )f v        = 
2

t     ; 1( )f v      = 0 

2( )kf v       = 1
1 2 ,  1

2 2 2

t n m
k k


      ;  2

1
  0,  1

2k

m
f v k 

    

2 1( )kf v
    =  1 1

1 2 2 ,  1
2 2

m
t n m k k


       ;  2 1

1
0,  1

2k

m
f v k




    
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Then the induced vertex labels are, 

g (u2j–1) = 
2

t  – 1 + 2j, 1  j  
2

n  ;  g (u2j) = 
2

t + n + m + 1 – 2j, 1  j  
2

n  

g (v1) = 
2

t     ; g (v2k) = 
2 2

t n
  + 1 + 2k, 1  k  1

2

m   

g (v2k+1) = 1

2
(t + n + m – 1) + 2 – 2k, 1  k  1

2

m   

 

Case (i):    
2

t  is even 

g (w2i–1)     = 
2

t + n + m –2 + 2i, 1  i  
4

t  ; g (w2i)      = 
2

t +1–2i, 1  i  
4

t  

g
1 2

2

t
i

w
 

 
 
 

 = 2i –2, 1  i  
4

t  ;  g
2

2

t
i

w


 
 
 

 = t + n + m + 1 – 2i, 1  i  
4

t  

Case (ii)  
2

t  is odd 

g (w2i–1)  = 
2

t + n + m – 2 + 2i, 1  i  2

4

t    ;   g (w2i) = 
2

t  + 1 – 2i, 1  i  2

4

t   

g
2

2

t
i

w


 
 
 

= 2i – 1, 1  i  2

4

t   ;  g
1 2

2

t
i

w
 

 
 
 

= t + n + m – 2i, 1  i  2

4

t   

Clearly, g(V) = {0, 1, …, (t + n + m – 1)} = {0,1,…, p – 1} 
So, it follows that all the vertex labels are distinct and g is a bijection. Hence, Tt,n,m 

is a directed edge - graceful graph if t, n are even and m is odd.  The directed edge - 
graceful labeling of T26,5,5 and T28,6,5 is given in Fig. (5) and Fig. (6) respectively. 

24 1 25 2 26 3 27

4

28

5

29
6 30 7

31

8

32

9

33 10 34 11 35 12 36

15
22
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20
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15
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35
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34

4

32

6
3082810261224

33

14

23

16

21
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21

16

23
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Fig (5) ; T26,6,5 with directed edge-graceful labeling 
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35 11 36 12 37 13 38
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23
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14

16
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14

2612281030832

34

36
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380137

3
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33

73192911271325

415

24

20

20
19

22

17

24

15

29

5
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6

 
Fig (6) ; T28,6,5 with directed edge-graceful labeling 

Theorem 3.4 
The graph Tt,n,m is directed edge-graceful if n and m are even and t is odd. 

Proof 
Let G = Tt,n,m and V[Tt,n,m] = {w1, w2, …, wt, u1, u2, …, un, v1, v2, …, vm} be the set of 

vertices.  Now we orient the edges of Tt,n,m such that the are set A is given by, 

A =    2 1 2 2 1 2

1 1
, ,  1 , ,  1

2 2i i i i

t t
w w i w w i 

           
   

  {(w1, uj), 1  j  n}  {(wt, vk),  

1  k  m} 
The edges and their orientation of Tt,n,m are as in Fig. (7). 

un

w1 w2 . . . wt

u2

u1

  .
.
  .

vm

v2

v1

.
  .
.

 
Fig. (7):   Tt,n,m  with orientation 

We now label the arcs of A as follows 

f ((w2i+1, w2i)) = i, 1 i  1

2

t    ;   f ((w2i–1,w2i)) = 1

2

t  + n + m + i, 1  i  1

2

t   

f ((w1, u2j–1)) = 1

2

t  – 1 + 2j,  1 j  
2

n   ;    f ((w1, u2j))  = 1

2

t  + n + m + 2 – 2j, 1 j  
2

n  
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f ((wt, v2k–1)) = 1

2

t  + n – 1 + 2k,  1 k  
2

m  ;  f ((wt, v2k))  = 1

2

t  + m + 2 – 2k, 1 

 k  
2

m  

The values of ( )if w , ( )jf u , ( )kf v  and ( )if w , ( )jf u , ( )kf v  are 

computed as under. 

f  (w1)    = 0  ;   1( )f w     =  
2 2 1

2
2 2 2

n n t m
t m

            
 

f  (w2i)   = 1

2

t  + n + m + 2i, 1 i  1

2

t   ; f  (w2i)    = 0, 1  i  1

2

t   

f  (w2i+1) = 0, 1  i  3

2

t    ;  f  (w2i+1)  = – 1
1

2

t
n m

     
+ 2i, 1  i  3

2

t   

f  (wt)     = 0 ;  f  (wt)     = –   1

2 2

m t
t n m

     
 

f  (u2j–1)  = 3

2

t  +2j, 1  j  
2

n    ;  f  (u2j–1)  = 0, 1  j  
2

n  

f  (u2j)     = 3

2

t   + n + m – 2j, 1  j  
2

n   ;  f  (u2j)     = 0, 1  j  
2

n  

f  (v2k–1)  = 3

2

t  + n + 2k, 1  k  
2

m  ;  f  (v2k–1)  = 0, 1  k  
2

m  

f  (v2k)     = 3

2

t  + m – 2k, 1  k  
2

m  ;  f  (v2k)     = 0, 1  k  
2

m  

Then the induced vertex labels are, 

g(u2j–1) = 3

2

t   + 2j, 1  j  
2

n     ;     g(u2j) = 3

2

t   + n + m – 2j, 1  j  
2

n  

g(v2k–1) = 3

2

t   + n + 2k, 1  k  
2

m  ; g(v2k) = 3

2

t   + m – 2k, 1  k  
2

m  

Case (i):   1

2

t   is even   

g(w2i–1)    = 3

2

t   – 2i, 1  i  3

4

t    ;   g(w2i)  = 1

2

t  +n+m+2i, 1  i  1

4

t   

g 1
2

2

t
i

w 


 
 
 

= 2i – 1, 1  i  1

4

t     ;    g 1
2

2

t
i

w 


 
 
 

 = t + n + m – 2i, 1  i  1

4

t   

Case (ii):   1

2

t   is odd 

g(w2i–1)     = 3

2

t   – 2i, 1  i  1

4

t    ;  g(w2i)  = 1

2

t   + n + m + 2i, 1  i  3

4

t   

g 3
2

2

t
i

w 


 
 
 

 = 2i – 2, 1  i  1

4

t      ;  g 1
2

2

t
i

w 


 
 
 

 = t + n + m + 1 – 2i, 1  i  1

4

t   

Clearly, g(V) = {0, 1, …, (t + n + m – 1)} = {0, 1, …, p – 1} 
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 So, it follows that all the vertex labels are distinct and g is a bijection.  Hence, 
Tt,n,m is a directed edge - graceful graph if n and m are even and t is odd.  The directed 
edge - graceful labeling of T27,6,6 and T29,6,6 is given in Fig. (8) and Fig. (9) respectively.   
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Fig (8) : T27,6,6 with directed edge - graceful labeling 
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Fig (9) : T29,6,6 with directed edge - graceful labeling 

 
Theorem 3.5 

The graph Tt,n,m is directed edge - graceful if t, m are even and n is odd.  
Proof 

Let G = Tt,n,m and V[Tt,n,m] = {w1, w2, …, wt, u1, u2, …, un, v1, v2, …, vm} be the set 
of vertices. Now we orient the edges of Tt,n,m such that the arc set A is given by, 

A = 
2 1 2 2 1 2( , ),1 ( , ),1 1

2 2i i i i

t t
w w i w w i 

           
   

  {(w1, uj), 1  j  n}  {(wt, vk), 

1  k  m} 
The edges and their orientation of Tt,n,m are as in Fig. (10). 
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un

w1 w2 . . . wt

u2

u1

  .
.
  .

vm

v2

v1

.
  .
.

 
Fig. (10):   Tt,n,m with orientation 

We now label the arcs of A as follows 

  2 1 2,  i if w w  = i, 1  i  
2

t  ;    2 1 2,  i if w w  = 
2

t +n + m + i, 1  i  
2

t – 1 

  1 1,  f w u   = 
2

t  + n + m   ;    1 2,  jf w u  = 
2

t –1 + 2j, 1  j  1

2

n   

  1 2 1,  jf w u   = 
2

t  + n + m + 1 – 2j, 1  j  1

2

n   

  2 1,  t kf w v   = 
2

t +n–2+2k, 1  k  
2

m  ;   2,  t kf w v = 
2

t + n + 3 – 2k, 1  k  
2

m  

The values of ( )if w , ( )jf u , ( )kf v  and ( )if w , ( )jf u  and ( )kf v  are 

computed as under.  

f  (w1)      = 0 ;   f  (w1)    = 21
( 1) 2

2
n n t m m         

f   (w2i)  = 
2

t  + n + m + 2i, 1  i  
2

t  – 1  ;  f  (w2i)   = 0, 1  i  
2

t  – 1 

f   (w2i+1) = 0, 1  i  1
2

t
   ;   f  (w2i+1) = 1 2

2

t
n m i

       
, 1  i 

2

t –1 

f   (wt)     = 
2

t  ;   f   (wt)    = ( )
2

m
t n m    

f   (u1)      = 
2

t
n m   ;  f   (u1)    = 0 

f   (u2j)     = 1 2
2

t
j  , 1  j  1

2

n    ;  f   (u2j)    = 0, 1  j  1

2

n   

f   (u2j+1)   = 1 2
2

t
n m j      

, 1  j  1

2

n  ; f  (u2j+1)  = 0, 1  j  1

2

n   

f   (v2k–1)  = 2 2
2

t
n k     

, 1  k  
2

m  ; f   (v2k–1) = 0, 1  k  
2

m  

f   (v2k)     = 3 2
2

t
n k   , 1  k  

2

m  ; f   (v2k)   = 0, 1  k  
2

m  
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Then the induced vertex labels are,  

g(u1) = 
2

t
n m    ; g(u2j)  = 2

2
2

t
j


 , 1  j  1

2

n   

g(u2j+1) = 1 2
2

t
n m j    , 1  j  1

2

n   ;   g(v2k–1) = 2 2
2

t
n k   , 1  k  

2

m  

g(v2k) = 3 2
2

t
n k   , 1  k  

2

m  

Case (i):   
2

t  is even  

g(w2i–1)       = 
2

t  + 1 – 2i, 1  i  
4

t   ; g(w2i)  = 
2

t  + n + m + 2i, 1  i  
4

t  – 1 

4
2

2

t
i

g w 


 
 
 

 = 2i – 2, 1  i  
4

t  + 1  ; 
2

2
2

t
i

g w 


 
 
 

 = t + n + m + 1 – 2i, 1  i  
4

t  

Case (ii):  
2

t  is odd  

g(w2i–1)   = 
2

t +1 – 2i, 1  i  2

4

t    ;  g(w2i)  = 
2

t  + n + m + 2i, 1  i  2

4

t   

2
2

2

t
i

g w 


 
 
 

 = 2i – 1, 1  i  2

4

t    ;
2

2

t
i

g w


 
 
 

= t + n + m –2i, 1  i  2

4

t   

Clearly, g(V) = {0, 1, …, (t + n + m – 1)} = {0, 1, …, p – 1} 

 So, it follows that all the vertex labels are distinct and g is a bijection. Hence, Tt,n,m 
is a directed edge - graceful graph if t, m are even and n is odd.  The directed edge - 
graceful labeling of T28,5,6 and T30,5,6 is given in Fig. (11) and Fig. (12) respectively. 
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Fig (11) : T28,5,6 with directed edge-graceful labeling 
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Fig (12) : T30,5,6 with directed edge-graceful labeling 
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