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Abstract: Rosa [14] introduced the notion of graceful labelings. The concept of magic, antimagic and
conservative labelings have been extended to directed graphs [12]. Bloom and Hsu [3, 4, 5] extended
the notion of graceful labeling to directed graph. In 1985, Lo [13] introduced the notion of edge -
graceful graphs. We introduced [8] the concept of edge - graceful labelings to directed graphs and
Sfurther studied in [9,10]. In this paper we investigate directed edge - graceful labeling of T.,,,., graph.
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1. Introduction

All graphs in this paper are finite and directed. Terms not defined here are used
in the sense of Harary [11]. The symbols V(G) and E(G) will denote the vertex set and
edge set of a graph G. The cardinality of the vertex set is called the order of G denoted by
p- The cardinality of the edge set is called the size of G denoted by g. A graph with p
vertices and q edges is called a (p, q) graph.

A graph labeling is an assignment of integers to the vertices or edges or both
subject to certain conditions. Labeled graphs serve as useful models for a broad range of
applications such as coding theory, X-ray crystallography, radar, astronomy, circuit
design, communication network addressing, database management etc. [1, 2]. A good
account on graceful labeling problems and other types of graph labeling problems can be
found in the dynamic survey of J.A. Gallian [6].

A graph G is called a graceful labeling if fis an injection from the vertices of G to
the set {0, 1, 2, ..., g} such that, when each edge xy is assigned the label | f{x) - f(y) |, the
resulting edge labels are distinct.

A graph G(V, E) is said to be edge - graceful if there exists a bijection f from E to
{1, 2, ..., |E|} such that the induced mapping f* from Vto {0, 1, ..., |V] - 1} given by,

fr (X) = (Zf(xy)) mod(|V]) taken overall edges xy incident at x is a bijection.
A necessary condition for a graph G with p vertices and g edges to be edge -

graceful is q(q + 1) = M(mod p)- Bloom and Hsu [3, 4, 5] extended the notion of
2

graceful labelling to directed graph. The concept of magic, antimagic and conservative
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labelings have been extended to directed graphs [12]. In [8] we extended the concept of
edge - graceful labelings to directed graphs and further studied in [9, 10]. In this paper we
investigate directed edge - graceful labeling of T, ,, graph.

A (p, q) graph G is said to be directed edge - graceful if there exists an
orientation of G and a labeling f of the arcs A of G with {1, 2, ..., g} such that induced

mapping g on V defined by, g(v) = [f+(V)— ff(V):| (mod p) is a bijection where,
f 7(V) = the sum of the labels of all arcs with head v and f (V) = the sum of the labels
of all arcs with v as tail.

A graph G is said to be directed edge - graceful graph if it has directed edge-
graceful labelings. Here, we investigate directed edge - graceful labeling of some trees and
cycle related graphs.

2. Prior Results

Theorem 2.1: [8] The path P,,,, is directed edge - graceful for all n > 1.

Theorem 2.2: [8] The cycle graph C,,,, is directed edge - graceful for all n > 1.

Theorem 2.3: [8] The Butterfly graph B, is directed edge - graceful if n is odd.
Theorem 2.4: [8] The Butterfly graph B, is directed edge - graceful if 7 is even and n 4.
Theorem 2.5: [8] The snail graph SN(2n + 1) is directed edge - graceful for all n > 1.

Theorem 2.6: [8] <K1’n : Kl’n> is directed edge - graceful if n is even and n >4,

Theorem 2.7: [9] The graph P, \U K, ,,,, is directed edge - graceful for all n > 1.

Theorem 2.8: [9] The graph P,,, @ K, ,,,, is directed edge-graceful for all m =2 and n > 1.
Theorem 2.9: [9] The graph P,,,,, @ K, ,, is directed edge-graceful for all m = 1 and n = 1.
Theorem 2.10: [10] The fan F,, is directed edge - graceful for all n = 2.

Theorem 2.11: [10] The star graph K, ,, is directed edge - graceful for all n > 1.

Theorem 2.12: [10] The wheel graph W,, directed edge - graceful for all n = 2.

Theorem 2.13: [10] The tortoise graph T,,,,, is directed edge - graceful for all n = 2.

Theorem 2.14: [10] The graph nC, snake is directed edge - graceful for n = 2.
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3. Main Results

Definition 3.1
T,,. is a graph obtained by joining the centers of K,, and K,,, by a path P, It

consists of t + n + m verticesand t + n + m - 1.

t,n,m

Theorem 3.2
The graph T, ,, is directed edge - graceful if ¢, n and m are odd numbers.

Proof
Let G =T, and V[T, ] = {w, Wy, ..., Wy, Uy, Uy, ..., Uy, V1, ¥, ..., ¥} be the set of

vertices. Now we orient the edges of T, ,, such that the arc set A is given by,

={(w2il,W2i), 1£ist—;1}u{(wm, )1<.<%}U{(Wl,u)1< < U {(wp )

15k<m}
The edges and their orientation of T,,,,, are as in Fig. 1.

Fig.1: T,,, with orientation

We now label the arcs of A as follows:
f ((Wzi—l’ Wzi))" 1<l f ((ng, WZi))= L nimein150S t-1

2 2 2
f((w, u)) =%+n+m ; f((w, v,)) =%
f(wl, uzj)) =t+2m +j,1§j§n7_l; f((w uzjﬂ)):tzm tn-j, 1<< Tl
(W Vy)) =ty 1<k m- f((Wt,VZKH))=%+n+m—k,l£k£
m-1
2

The values of f*(W,), f+(Uj), f7(v,) and f (W), f‘(uj) and f(v,) are

computed as under.
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_ -1
fr(w) =0 ; f(w) :?[n2+n(t+m+1)+m+1]
frwy,) ='len+m+2i1<i<25 fo(w,) =0
2 2
< 1-3 - , —
f+(W2i+1) :O’IS’ST ;o f (W2i+1) :—[%1+n+m+2i}1313%
frw) =05 f (W) =-2pm+m@t+n+1)+264n-1]
2
fru) =1intm ; £7(uy) =0
2
fr(uy) =tmsj1<;<n-d s T (uy;) =0,1<;<n-1
2 2 2
f+(u21+1) :HTm+n‘J’1SanT_1 ; fﬁ(u21+l) =0,1S]Sn7—1
f7(v,) t+1 ; 7 (v) =0
2
fr(v,) =t 1<k M-l s £ (V) =0, 1<k M1
2 2 2
f V) = tenem-k1<e<M=t s f(v,,) =o1<k<s ML
2 2 2
Then the induced vertex labels are,
g(ul) = g.f_n.}_m 5 g(u2j) = t+_m IS] S L_l
2 2 2
g(”2j+1) =t+—m+n—j»1£j£n; > gv) =E
2 2 2
8(vy) 1<k Mol 8Var) -l i mok1 <kl
2 2 2 2
Case (i): ﬂ is odd
2
gwy ) =13 i 1< i< L g(w2i)=%l+n+m+2i,lﬁiﬁ t-3

g(WMJ =0 ; g[wt_l j —ttn+m+1-2,1<;i< L
- —+2i 4
2 2

g[wt+1 } =2i,1<i< 1238

—+2i
2

Case (ii): t-1 js even

8lwyiy) =2 _2i 1< ;g(WZi)=ﬂ+n+m+2i,1Si$ﬂ
2 4 2 4
0

g[WHl] =0 ; g[wtl jzzi-l,lﬁist_‘l
> 7+2i 4
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. =t+n+m—2i,l§i£ﬂ
7+2| 4

Clearly, g(V) =1{0, 1,2, .., t+ n+m-1)} ={0,1,2, ..., p - 1}

So, it follows that all the vertex labels are distinct and g is a bijection. Hence,

alw,

T,,n is a directed edge-graceful graph, if t, n and m are odd. The directed edge-graceful

labeling of Ty, and Tj, 5 , is given in Fig. (2) and Fig. (3) respectively.
23

18
21 23
20, 2 18
o 22 1 27 2 2 3 2 4 30 3 123 13 3 U 40 %
Dy R T T R ) o8 9w unn 187 17
114
2
19 36 3% 17
26)
At
31 36)
25
26
4 5 b
6 10 15
) ¥
32 35Y
2 3
7 s
33 8 34
40 0 1 %9
Fig (2) : T,y 5, with directed edge-graceful labeling
24
22
2 19
N 22 19
e B [ 2 9 3 0 4 31 5 20y B4 g M5 4 I
Tow, s’ 13 w1 @8 9 3% T, " % 8 M0 210 W BRNS
26
Ty 5 6 Al 18
6 11,
a 39 38 17 %
33 37 16
3 4
7 10
41 40
34 36
8 3% 9
! 0 42 2
Fig (3) : Ts, 5, with directed edge-graceful labeling
Theorem 3.3
The graph T, , is directed — edge graceful if t,n are even and m is odd.
Proof
Let G =T,,, and V[T,,,] = {w;, w,, ...... Wy Up Upy vennns Uy, Vi Vasernns Vit De the

set of vertices. Now we orient the edges of T,,,, such that the are set A is given by.

A= {(WZi,W2i+l), 1§i£%} U {(WZi,WZHl), lgis%—l} U {wy, ), 15 <} U {(wp 1),

15k<m}

The edges and their orientation of T, ,, are as in Fig (4).
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Fig. (4): T,,,, with orientation

We now label the arcs of A as follows.

F((Wo, Wai)) =1 1Si§%—1; F((Warr W) = %+n+m—1+i, 1sis%
f((Wl’ “21—1)) = %—1+2L 1Si£g; f((Wl’ Uz;)) = %+n+m+1—2j, 1sjsg
f ((Wt’ Vl)) = % ;o f ((Wn VZK)): %+2+1+2k, 1<k< m-1

f ((Wt’ V2k+1)) = %(t+n+m+3)—2k, 1<k <Mt

2
The values of f*(W.), f*(uj), f*(v,) and f (W), f‘(uj) and f(v,) are

computed as under.

frw) = %+n+m 5 f(w) = _B(Hnﬂn)}
Frwy)  =q, 1$i$%—1 s Fr(wy) = —[;+n+m—1+2i} 1Si£%—1
Fr(wy,) = %+n+m+2i, 1sis%—1 ; f (W) =0, 193%_1

2

F) =05 ) =T ey 12

7 (uy;4) =%-1+2j,1sjsg ; f7(u,) =o 1sjs%
f*(u,;) =%+n+m+1—2j, 1sjgg 5 f(uy;) =o 13132
f+(V1) = % ’ fﬁ(vl) =0
(V) =£+E+1+2k 1<k<m_1 ; f- =0 1<|<<m_1
2 5*3 k<= (Vay ) sk
F*(Vpea) = Ltenemgr2-2 1sk<™ 5 £ (v,,)=0 1sk<™2
2 2 2
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Then the induced vertex labels are,

gluy )=t -1+42, 1SS s gu)=t+n+rm+1-2,1<j<n
2 2 2 2
g)=1t 5 gm)=t,n+1+2k1<5k< M1
2 2 2 2
gy =L+n+m-1)+2-2k1<k< M1
2 2
Case (i): ! iseven
g (wy ) i nem2+2i1<i< g (wy) =ty <igt
2 4 2 4

;g[Wt J=t+n+m+1—2i,1§i§£
E+2i 4

Ead

L eoi
2

g[W ]:21-2,1&5

Case (ii) ! is odd
2

tnem-2+2i1<i<H2 0oyt iy 1<K 2

g (Wzi—l) = L
2 4 2 4

g[Wt jzzi—l,lﬁiﬁﬂ ;g[Wt ]:t+n+m—2i,1$i£ﬂ
—+2i 4 E+l+2i 4

2
Clearly, g(V) ={0,1,...,(t+n+m-1)}={0,1,...,p -1}

So, it follows that all the vertex labels are distinct and g is a bijection. Hence, T,,,,,

is a directed edge - graceful graph if t, n are even and m is odd. The directed edge -

graceful labeling of Ty 55 and Ty is given in Fig. (5) and Fig. (6) respectively.

18 2
) 2f % 1 2 2 % 3 a 5 33 10 ¥ 1 B 12 36 L.
16, % 12 26 10 28 8 30 31 7 29 9 27 12 20
2 ! ? 13
16 14 32 3 20
23 28 32
14 4 3 13
5 8
34 35
29 31
6 3 7

R I

Fig (5) ; T,65 with directed edge-graceful labeling
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16

Be ) 2 e
. s 1 % 2 21 3 2 I U % 1 37 1B 38 8
7 TR T T B . 6 2 8 3 10 28 12 B[\
Y 215 3 4 N

24 29 34
15 5 4 14

5 9

k3 6
30 33)

3 2
6
a1 7R

3 10 38

Fig (6) ; T,5¢5 with directed edge-graceful labeling

Theorem 3.4

The graph T, , is directed edge-graceful if #n and m are even and t is odd.
Proof

Let G=T,,,and V[T,, ] = {w, Wy, ..., W,, Uy, Uy, ..., Uy, Vi, Vo, ..., V,,} be the set of
vertices. Now we orient the edges of T, ,, such that the are set A is given by,
A= {(WZi_l,WZi), 1<i S%}U{(szwzi): 1<i g%} U {wy, ), 1 < j <} U {(w, ),
15k<m}

The edges and their orientation of T, , are as in Fig. (7).

Un

Fig. (7): T,,,, with orientation

t,n,m

We now label the arcs of A as follows

f Wy w5)) =8, 1S < % 5 f (Wywy) = %+ n+m+i,15i< %

f((wl,uzj,l))=%-1+2j, 1£j£2 s f ((wy ) =%+n+m+2—2j, 1Sj£%
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F((Wy Vo)) =l o142k 1SEST S F(w, va) =t-lim+2-2k1

2 2 2

<k<h
2

The values of f*(W), f*(uj), f'(v,) and f- (W), f‘(uj), f(v,) are

computed as under.

from) =05 f(w) ={n_2 Deeme2)s (t+2m+1ﬂ
2 2

frawy) =lineme2i1<i<t=1; f(w,) =01<i<t-1
2 2 2
1H—(""'2i+1):0r1SiS t=3 ; o (Wain) =~ —1+n+m+1 +2i, 1< S—s
2 2 2
frw) =0 5 f (w) =—[m(t+n+m)+g}
2 2
Fram) = 224251550 5 f () =0,1<<n
2 2 2
7 (uy) =3 i nem-2,1<<n f ) =01<;<n
2 2 2
f o) =18 ns 2k 1<k<SM | f () =0, 1<k<M
2 2 2
f ) =U8im-261<k<M  f (v =01<k<M
2 2 2
Then the induced vertex labels are,
8(uyy) =E+2],1< <n ; g(uzj)zg+n+m—2j,lﬁjgﬂ
2 2 2 2
gvy) =13 ynsok1<k< gvy) =18 im o2k 1<k M
2 2 2 2

1

Case (i): -1 s even

gw,) = % -2i,1<i< t+3 3 glwy) = t21+n+m+21, 1<i<t-l

N

4
g|:th ]—2’-1 1<i< L g[WH1 }=t+n+m—21, 1<ig<t-l
+2i 4 7+2| 4
Case (ii): t_;1 is odd
gwy, ) =3 g <igtHl 5 g(wy) _t-1 tn+m+2i,1<i< =3
2 4 2 4
g W, |=2i-2,1<i<Y sglw, |=teneme1-2i1<i<
7+2| 4 7+| 4
Clearly, g(V) =1{0,1, ..., (¢t + n+m-1)} ={0, 1, ..., p - 1}
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So, it follows that all the vertex labels are distinct and g is a bijection. Hence,
T,,n is a directed edge - graceful graph if n and m are even and t is odd. The directed

edge - graceful labeling of T, and T, is given in Fig. (8) and Fig. (9) respectively.

18 21 15
18 24
o B % 1 2 2 2 3 9 4 6 10 3% u ¥ 1 B/ 13 (.
16 B 27 11 2 9 0 3 71 :» " 2 8 30 10 28 12 26N~z
2 354 19
16
14) 35 34 2 22
25 5 9
14 3 4 20 1
Y31 34
37 36
6 8
32 7 33

Fig (8) : T,, ¢ with directed edge - graceful labeling

16

25
NN B
N 2 71 8 2 33 4 s 10 37 3% 12 3 13 4 14 18
17 14 28 12 30 10 32 8 34 35 7 33 9 31 1 29 13 27 23
5 31 364 »
w 15) 36 37 21 23
o 5 9
15 4 3 us 2
32 35
38 39
6
B 7 U

Fig (9) : T,y with directed edge - graceful labeling

Theorem 3.5
The graph T, is directed edge - graceful if ¢, m are even and » is odd.

Proof
Let G = T,,,, and V[T,,,] = {wy, wy, ..., Wy Uy, Uy, ...y Uy, Vi, ¥y, ..o, ¥, De the set

of vertices. Now we orient the edges of T, ,, such that the arc set A is given by,

A= {(WZil,WZi),lﬁi s%}u{(wﬁﬂ,wﬂ),ls i g%—l} U {(wy, ), 15 < np U {(wy, ),

1< k< m}

The edges and their orientation of T,,, are as in Fig. (10).
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Vm

Up

Us V2
Ug
Vi
Fig. (10): T,,,, with orientation

We now label the arcs of A as follows

f((Wy s, WZi))zi,ISiS% s f (Wory Wy ) :%+n+m+i,1SiS%—l
(( )) %+n+m; ( s ) 2—1+2],1SanT_1
((Wl, u21+1))=£+n+m+1—2], S]S_l
2
f (W, vy 1))2%+n—2+2k,1§k§%; f((Wt,VZK)):%+n+3—2k,1SkS%

The values of ' (W), f*(uj), f'(v,) and f (W), f’(uj) and f(v,) are

computed as under.

frw) =05 f (w) =—%[n2+n(t+m+l)+m+2]
f"wy) =L vn+m+2i1<i<Y 215 f @y =0,1<5i<t
2 2 2
5 ) =0,1<i<t 15 fw)= |t nimataoib 15i<toa
2 2 2
frw =L 7w = Dginim)
2 2
f* () =%+n+m s 7w =0
fr (1)) :£_1+21,1S]Sn__l ; f () = S]S_l
2 2 2
() —B+n+m+l 2]} 1G22 7 () =015 STl

f (v) =B+n_2+2k}13k3g  f (1) =0,1<k<

IA

f" ) = %+n+3—2k’ 15k
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Then the induced vertex labels are,

‘ N

8(uy) =%+n+m > g(uz,-) = 1= +2ja1SanT_:l'

]
N
[y

1<

IA

gy, = %+n+m+1—2j’ ; gvy) = %+n—2+2k’ 1<k< %

N ‘

8(vy) =£+n+3—2k,1Sk£m
2 2
Case (i): U s even
gowy) =1 41-201<i<t 5 gw) =l anim+2,1<i<t -1
2 4 2 4

=2i- <i<'t . = —2i1<i<t
g(wwmj 2i 2’1_1_4+1’9(Wt_z ] t+n+m+1 21,1_1_Z
Case (ii): ! js odd

2

gwyiy) =l 2i1<i<t+2 5 g(wy) =l vnima2i1<i<t-2
2 2

S
»|

g[w‘;mj =2i-11SiS 12 ;g[wtmj: enem 20 1<i< 12
Clearly, g(V) =1{0,1, ..., (¢t + n+m-1)} ={0, 1, ..., p - 1}
So, it follows that all the vertex labels are distinct and g is a bijection. Hence, T,,,,,
is a directed edge - graceful graph if ¢, m are even and n is odd. The directed edge -
graceful labeling of T, 5, and Ty, s is given in Fig. (11) and Fig. (12) respectively.

22

17 2 16

9 23
2 1 2 2 27 3 8 4 1 3% 2 3 13 38 14 18
MY 13 27 11 29 9 1 7 33 2 8 30 10 28 12 26 14 21
29 35 »
15 2 5 6 19
5 10
2 a5t M 19 2
30 3
3 4
6 9
37 36
31 33
7 3 8

Fig (11) : T,5 5, with directed edge-graceful labeling
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23
23 17 24
B &8 2
re 25 L a2 08 3 » - s 12 38 13 39 14 4 15 LR
1 14 28 12 30 10 32 8 9 31 11 29 13 27 15 22
30 37
16 ) . ; 28 22
" 5 114
36 35 0 A
31 36
4 5
6 10
38 37
32 35
2 3
7 9
3 8
40 s 39
Fig (12) : T 5, with directed edge-graceful labeling
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