International Journal of Engineering Science, Advanced Computing and Bio-Technology

Just Excellent Graphs

M. Yamunal!, N. Sridharan?

184S, VIT Uniwversity, Vellore, India — 632 014
ZDeparz‘menz‘ of Mathematics, Alagappa University, Karaikudi, India—630 003

Email: 'myamuna@vit.ac.in; *math_sridhar@yahoo.co.in

Abstract: A graph G is said to be excellent, if every vertex of G belongs to a y - set. In this paper, we
introduce a new class of graphs, called just excellent graphs and initiate a study on this class. A graph G
is said to be just excellent if to each u €V, there is a unique y - set of G containing u. We obtain a
necessary and sufficient condition for a graph to be just excellent. We find an upper bound for the
domination number of a just excellent graph. If' G is just excellent and y (G) attains this upper bound,
then we show that G is Hamiltonian. We show that every just excellent graph contains no cut vertex.
We also prove that every graph is an induced subgraph of a just excellent graph.
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Introduction

We consider only simple undirected graphs. For graph theoretic terminologies we
refer to [ 1 ]. Let G = (V, E) be a graph. A set D C V is a dominating set if every vertex in
V - D is adjacent to some vertex in D. The domination number ) ( G ) of G is the
minimum cardinality of a dominating set. A dominating set with cardinality Y ( G ) is
called 7Y - set of G. For information on domination refer to [2] and [3].

A graph G is said to be excellent, if every vertex of G belongs to a Y - set. The
domatic number d (G) of a graph G is defined to be the maximum number of elements in

a partition of V ( G ) into dominating sets.

Let u € V (G). Then (G, u ) =min {|S|:S C V, S dominates G — u }. By a
Y( G, u) - set we mean a set S C V, with | § | = }#( S, G ), which dominates G — u. For a
vertexu € V(G)

1. IfY» (G u)=Y(G),then uissaid to be ay - level vertex of G, or simply a level

vertex of G.

2. If (G,u)=)(G) -1, then uis said to be a Yy - no level vertex of G, or simply

a nonlevel vertex of G.
The private neighbor set of a vertex v in a }/ - set S, denoted by PN(v, S) is N(v)-N[S-{v}]

and each u € PN (v, §) is called the private neighbor of v with respect to S.
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Definition:

A graph G is said to be just excellent if to each u € V, there is a unique ) - set of

G containing u.

Remarks:

1. Every just excellent graph is excellent.

2. If G is just excellent and G # K,, there is no vertex u, such that N [ u | is a clique.
Proof:

If there exist a vertex u such that N [ u | is complete, then consider the set
Y - set S of G that contains u. Then (S —u ) U {v}isalsoa }-setofG, for
every v € N (u ). Hence there are atleast two ) - sets of G containing elements
of S — u, which is a contradiction.

3. If G is just excellent, then s5(y)> n_ 4
7(G)

Proof:
Let V=5 US, U..US, be the partition of V into } - sets of G. Fix
one u € V. Assume that u € §;. Since each S;isa /- set, u is adjacent to atleast

one vertex of S, i # j. Hence §(u)> m-1= n__,.
7(G)

4. If G#K,, K, is just excellent, then O ( G) 2 2. [ In particular any tree T #K, is

not just excellent.]

Proof:
Assume that G # K,, K, and u be a pendant vertex of G. Let N(u) = { v }.
Since G is just excellent, there exists a - set D of G containing u. As u € D,
v& D.AsG#K,andu € D,|D|22.So (D-u) U {v}isa }- set of G, which
is a contradiction as G is just excellent.
5. Every just excellent graph G # K, is connected.

Proof:

If G is not connected, (and as G # K7n ), one of the connected

components G;, of G contains more than one vertex. As G, is also just excellent,

and 7(Gy) < Gl G, has more than one )/ - set. Select two } - sets S, and S, of
2

G,. Fix one J/- set D for G — G,. Then both D \U S, and DU §, are )/ - sets of
G, which is a contradiction as G is just excellent. Hence every just excellent graph

is connected.



6.

7.

Just Excellent Graphs

If G# K, is just excellent, then | PN (u, D) | 2 2 for all u € D, where D is any

V- set of G.

Proof:

Let Dbea J/-setof G.If PN(u, D) = ¢,(D—u)U{w}isalsoa]/- set,
for any w € N(u). If | PN(u, D) | = 1, let PN(u, D) = {w}. Then (D — u) \U {w}
is a /- set of G. In either case, we get a contradiction as G is just excellent. So
| PN(u,D) | =2,V u € D.
If G, G # K, is just excellent, then A(G)< n—2k+ 1, where k = Y(G).
Proof:

Letu € V(G).Let Sbea J- set for G which contains u. [PN(w, )| 2 2,

¥ w € S. So u is not adjacent to any of the vertices in U PN (w,S)and

w=UeS

deg(u)<(n-1)-2(|S|-1).Asthisistrue forallu € V(G), AL n-2k+1.

Fig. 1 Examples of graphs for which A = n - 2k + 1.

Examples of graphs which are just excellent

1.
2.

3.

Every cycle C,, is just excellent.

Every complete graph K, is just excellent.

Given a graph G with 0>1,a graph denoted by G; is obtained as follows. To
each u € V(G), aclique A, of order deg;( u ) is obtained, and a bijection
¢u :N(u) —>A, is constructed. ¢u( v) is denoted by V',V v EN(u).

Now V (Gy )= JE(A)){u'V|uveE(G),VeA, ueA}

Then | V(G,)|=2|E(G)|and| E(G|)|:1 z (deg(u))Z-The graph G; is
ueV

known as the inflated graph of G. G; is just excellent when G = K, or C;,. Also
Y(G)=n-1ifG=K,(n22)and ¥(G,)=2nif G=C;s,
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4. I, Let O, = uy, uy, ..., U,_;, U, and |n =U0,,U1',...,Un_1’,uol. We combine the
cycles O, and I, and obtain a graph denoted by Y,
where E (Y, ) ={u; U;’,u; Ui 11 |0< i<n-13U E (O, )UE(l,,) . The graphs Y,

Y, Y}s, ... are just excellent.
In the following theorem, we obtain a necessary and sufficient condition for a graph to be

just excellent.

Theorem 1:
The graph G is just excellent if and only if

1. ¥ ( G) divides n.

2.4(G)=—1
7(G)
3. G has exactly __"__ distinct Y - sets.
7(G)

Proof:

Let G be just excellent. Let S, S,, ..., S,, be the collection of distinct )/ - sets of G.

Since G is just excellent, these sets are pair wise disjoint and their union is V ( G ). So
V=S§U § U. U S§,isa partition of V into } - sets of G. Since | S; | = V(G ),

Y i=12, ..,mwehave

1. domatic number of G = m, and
2.mYy(G)=n.

So both ¥ ( G ) and d ( G ) are divisors of n and ¢ (G):L- Also, G has exactly
7(G)

m=—_"__ distinct /- sets. Conversely, assume G to be a graph satisfying the hypothesis of
7(G)

the theorem. Let ,__ "N Let V=S§U S, U.US, be a decomposition of dominating

7(G)
m
sets of G. Now as 7(G)m:n=2|si |>my(G) > for each i, S;is a )/- set of G. Since it is
i=1
given that G has exactly m distinct /- sets, S, S, ..., S,, are the distinct Y - sets of G.

Since V=8, U S, U .U S, is a partition, each vertex of V belongs to exactly one S,

Hence G is just excellent.

Theorem 2:

Let G ZK, be just excellent. Then 7(G)< n.
3
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Proof:

Let D be a ¥ - set of G. Then by remark 6, | PN(u, D) | 22, V u € D. If
G # K, is just excellent, then d( G ) 2 2. If possible assume that d ( G ) = 2. Then
V=8, S, where S, and S, are the distinct - sets of G. As | PN (1, S;) | 22, Y ues,
and as PN(u, S;) & S, we get that | S,| 22| S,|=2Y(G).But|S;|=]S,| Hence
d(G) 2 3. Since G is just excellent, n = L G)d(G). Asd(G) > 3, we get that 7(G)< %

Remark:

The bound in the above theorem is sharp since ' ( C;,) = n, Vn21.

We now prove that the just excellent graphs for which the upper bound for ' ( G ) is
attained are Hamiltonian.

Theorem 3:

If G is just excellent and 7(6)22 , then G is Hamiltonian.

Proof:

If 7(G)= N and G is just excellent, the domatic number d ( G) = 3. Let S, S,, S;

3
be the distinct /- sets of G. Then V(G ) =5, US, U S, Let A={e EE(G)|e€E<S>}
for some i = 1, 2, 3}. Then if H= G - A, then }( G) < Y(H). As S, S,, S; are the
dominating sets of H, ¥ ( G) = ¥ ( H). The sets S, S,, S; are the distinct }/- sets of H, and
H is just excellent. If H is Hamiltonian, then G is so. Hence it is enough to prove the result
by assuming that each S, is an independent set in G.
By remark 6, if u € S, then | PN( 4, S;) | >2andasu Zv €S, =>PN(u, S, )
and PN( v, S; ) are disjoint, it follows that U PN (u,S;) 227(G)=|V-S; | [
uesSj
Since | V-§;| =n - Y (G) =3Y(G) - ¥(G) = 2)(G) ]. Hence deg (u) = 2, Yue v (G).

Asy(G) = g G =K, and as G is just excellent, G is connected. Since G is connected and 2

- regular, it is a cycle C,.

Theorem 4:

Every just excellent graph G, contains no cut vertex and hence if G # K,, it
contains no bridge.
Proof:

If possible assume that G has a cut vertex u. Let H, be a component of G — u. Let G, be

the induced subgraph < H; U {u} > of G and let G, = G — H,. Then clearly
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y(G) < Y (G;) + Y(G,). Let S be the - set of G that contains u. Let D be a }/- set of
G not containing u. [As G;:Kin and G is just excellent, there is a ) - set of G not
containing u]. Let S, =S M V (G;) and D, =D M V ( G;), i = 1, 2. Since S; dominates G,
[S:|2 Y(G).Now, Y(G)=|S|=]S|+|S|-12 y(G,)+)(G,) -1

Thus, Y(G,) + Y(G,) - 1< Y(G)S Y(G) + Y(G,) ... (1).

Assume that (G ) = Y(G,) + Y (G,). Then whenever A and B are }/- sets of G, and G,
respectively, A \U B is a dominating set of G. So ¥ (G) S |A UB|<|A |+ B| =
Y(G)) + V(G,). As Y (G) = Y(G,) + YV (G,), it follows that A\ Bisa }- set of G...(2).
Clearly u € A (M B, whenever A and B are } - sets of G, and G, respectively. From ( 2 ) as
G is just excellent, G, and G, have unique ) - sets. Atleast one of D, or D, dominates u.
Assume that D, dominates u. Then D, isa } - set of G,. [If D, is not a /- set of G, let A
bea ¥ - set of G,. Then A (/ D, is a dominating set of Gand | AU D,| < | D, U D,| =
| D| = Y(G) a contradiction |. Either | S;| =) ( G,) or | S,| = Y (G,). [ Otherwise | S | =
[S;|+ |S:|-12Y(G,)+1+Y( G,)+1- 1, which is a contradiction ]. Since D, is a
Y-setof Giand D, # S,, S, is not a /' -set of G,. So S,isa } - set of G, Now D, U S,
and D are }/- sets of G, which is a contradiction as G is just excellent.

Thus, Y(G)# Y(G)) + V(G,) .. (3)

From the relation | S| = ¥ (G)=Y(G,) + Y(G,) —1and | S| > Y ( G;) we get

|S1|=7/(G1)and|82|=7(G2)-
The vertex u cannot be a level vertex of both G, and G,. [ If not as D; dominates G; — u,

|D|=|D;|+|D, =)(G;)+ ¥(G,), which is a contradiction to ( 3 ) ].

Also u cannot be a nonlevel vertex of both G,. [ If so select A;, C V ( G;) such that A,
dominates G, —uand | A;| = Y (G;) - 1.Clearly u & A,and A, U A, U {w}isa }-set
of G for any w € N [ u ] which is a contradiction as G is just excellent ]. Let u be a level
vertex of G, and a non level vertex of G,. Let BC V( G,) such that B dominates G, — u,
and |B|= Y(G,)-1.As|S|=Y(G,), S isa ¥- set of G,. Since D, dominates
G, - uand u is a level vertex of G, | D;| 2 ¥ (G,),| D,|< ¥(G,)-1and D,isnota
- set of G,. Therefore D, dominates u and D, isa } - set of G,. Now S, U B and D, U B

are ) - sets of G, which is a contradiction. In all cases we get a contradiction. Thus G has

no cut vertex.
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Theorem 5:

In a just excellent graph, G Z K|, every vertex u is a level vertex, and also
Y(G-u)=7(G).

Proof:

Let u be a vertex in G. Then there exist a /- set of G not containing u. Hence
Y(G-u)< Y(G). Weclaim that ¥ ( G - u ) = ¥ ( G ). If possible assume that
Y(G-u)< Y(G).SoG#K,. Let Sbea ) -setfor G—u Then S\ {v}isa }J/-set
for G,V v€ N [ u]. As, G is connected, N [u] contains atleast two vertices. So S \U { u }
and S U { v } are }/- sets for G for all v € N( u ), a contradiction as G is just excellent. So
Y(G-u)= y(G)UYP(Gu)<Y(G),let Sbea }(G, u) -set.If u €S, then Sis
also a dominating set for G, which is a contradiction. If u & S, then Sisa J/- set for G — u

and (G -u) < Y(G) which is also a contradiction. Thus, }*( G, u ) = /(G ).
The converse of the above theorem need not be true. For example in C,,,,, every

vertex is a level vertex, but C,,,, is not just excellent.

Theorem 6:
Let S, S,, S; be the distinct Y - sets of C,,. Then
1. If AC(E(g)such that for every edge e € A, e has both the end vertices in S,
then G = C,, + A is just excellent. Further d (G ) = 3.

2. Ifu € S;andv € S;, j #Zi, then C;, + uv is not just excellent, where uv & E ( C,).
Proof:

Let {vy V5 ..., V5, _; } be the vertices taken in clockwise order on the cycle C;,.

Without loss of generality let S; = { vy, ;| k=0, I, .., n - 1 } where i = 1, 2, 3 ( under

addition modulo 3n ). Let Dbea }/-setof G.If D (M §, = ¢, then D is a /- set of C;,
also. So in this case (G ) =Y (Cs,) =nand D =S,or S;. If DM §, # ¢, we claim that
D=8,

Assume that v;, € D, but vy,,;, £ D. D must contain atleast one vertex from each
of the subsets { v; | j=3t + 1,3t + 2}, {u; | j=3(t+k), 3(t+k)+1,3(t+k)+2}

where k = 1, 2, ..., n — 1 in order to dominate the vertices v;, , x),; and v;, , ,. As D also
contains vy, | D | > n a contradictionas ¥(G) < ¥(Cs,) =n.Sovy, € D =>vy,,,, € D

and hence S, C D. As J(G) < Y(Cs,), D=S, Then S,, S,, S; are the only }/ - sets of G
and hence G is just excellent and d (G ) = 3.
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Letu € S;andv € S, i Zjanduv € E(C,). Letj=i+ 1(mod3). Let u=v,,,

and v =v;, ;. Then §;and (S; - v, ;) U {v5,,,,}are }-sets of G=C, + uv. Hence G

is not just excellent.

Theorem 7:

Every graph is an induced subgraph of a just excellent graph.
Proof:

Let G be the given graph. If G is just excellent, then there is nothing to prove.
Assume that G is not just excellent. Let V ( G ) = { v, v, ..., v, }. Consider the cycle C,,. It

is just excellent. Let S}, S,, S; be the distinct /- sets of C;,. Label the vertices of S; by u,, u,,
. » U,. Now in C;, we add edges u;u; if and only if v,v; is an edge in G. Let the resulting

graph be H. Then the induced subgraph < §; > in H is isomorphic to G. By theorem 3, H

is just excellent and ) ( H ) = n. Thus, the given graph G is an induced subgraph of a just
excellent graph H. For example consider the tree in Fig. 2( a ). It is not just excellent. This

tree can be imbedded in a just excellent graph G as seen in Fig. 2( b ).

u

1

V2 V3

V4 Vg Vi

(a) Fig. 2 (h)
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