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Abstract: In a graph G = (V, E), a set DC V is a weak convex dominating(WCD) set if each vertex
of V-D is adjacent to at least one vertex in D and d.p.(u,v) = da(u,v) for any two vertices u, v in D. A
weak convex domination set D is said to be odd(even) W.C.D set, if for any vertex ueV-D, there exists

veD at odd(even) distance from u. The domination number Y . (G) is the smallest order of a odd

weak convex dominating ser of G and the domination number Y o (G) is the smallest order of a odd
weak convex dominating set of G. In this paper we study the change in the behaviour of even weak
convex domination number with respect to addition of edges in the respective graph and also the
domatic partition of a graph with respect to even dominating sets of a graph..
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1. Introduction

Graphs discussed in this paper are undirected and simple. Unless otherwise stated the
graphs which we consider are connected graphs only. For a graph G, let V(G) and E(G)
denote its vertex and edge set respectively. The degree of a vertex v in a graph G is denoted
by degs(v). The length of any shortest path between any two vertices u and v of a
connected graph G is called the distance between u and v and is denoted by dg(u, v). The
distance between two vertices in different components of a disconnected graph is defined
to beoo. For a connected graph G, the eccentricity e5(v) = max{ds(u, v): u € V(G)}. If there
is no confusion, we simply use the notion deg(v), d(u, v) and e(v) to denote degree,
distance and eccentricity respectively for the concerned graph. The minimum and
maximum eccentricities are the radius and diameter of G, denoted r(G) and diam(G)
respectively. When these two are equal, the graph is called self-centered graph with radius
r, equivalently is r self-centered. A vertex u is said to be an eccentric vertex of v in a graph
G, if d(u, v) = e(v). In general, u is called an eccentric vertex, if it is an eccentric vertex of
some vertex. For v€ V(G), the neighbourhood N¢(v) of v is the set of all vertices adjacent
to v in G. The set Ng[v] = Ng(v) U {v} is called the closed neighbourhood of v. We define
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the set N[S] = U Ng (u)-S as the open neighbourhood of a set SC V(G). A set S of edges
ueS

in a graph is said to be independent if no two of the edges in S are adjacent. An edge e =
(u, v) is a dominating edge in a graph G if every vertex of G is adjacent to at least one of u
and v.

The concept of domination in graphs was introduced by Ore. A set D C V(G) is called
dominating set of G if every vertex in V(G)-D is adjacent to some vertex in D. D is said to
be a minimal dominating set if D-{v} is not a dominating set for any vE€D. The
domination number ¥ (G) of G is the minimum cardinality of a dominating set. We call a
set of vertices a J -set if it is a dominating set with cardinality » (G). Different types of
dominating sets have been studied by imposing conditions on the dominating sets. A
dominating set D is called connected (independent) dominating set if the induced subgraph
<D> is connected (independent). D is called a total dominating set if every vertex in V(G)
is adjacent to some vertex in D.

A cycle of D of a graph G is called a dominating cycle of G, if every vertex in V - D is
adjacent to some vertex in D. A dominating set D of a graph G is called a clique

dominating set of G if <D> is complete. A set D is called an efficient dominating set of G if

every vertex in V - D is adjacent to exactly one vertex in D. A set D C V is called a global
dominating set if D is a dominating set in G and G. A set D is called a restrained
dominating set if every vertex in V(G)-D is adjacent to a vertex in D and another vertex in
V(G)-D. A set D is a weak convex dominating set if each vertex of V-D is adjacent to at

least one vertex in D and the distance between any two vertices u and v in the induced

graph <D> is equal to that of those vertices u and v in G. By .. 7i: 7>V V> Ver Vs Vr

and ¥,., we mean the minimum cardinality of a connected dominating set, independent
dominating set, total dominating set, cycle dominating set, clique dominating set, efficient
dominating set, global dominating set and restrained dominating set respectively.

In this paper we introduce a new dominating set called acyclic weak convex
dominating set of a graph through which we studied the properties of the graph such as
variation in radius and diameter of the graph. We find upper and lower bounds for the
new domination number in terms of various already known parameters. Also we studied
several interesting properties like Nordhaus-Gaddum type results relating the graph and

its complement.

2. Odd and Even Weak Convex Critical Graph

Definition 2.1:
A graph is said to be k - EW.C.D critical graph if Y.(G+e) < Y. (G) and
Y..(G) =k, for any edge e ZE(G).



Odd and Even Weak Convex Critical Graph and Domatic Partition of Graphs

A graph is said to be k - O.W.C.D critical graph if Yo(G+e) < Y, (G) and
Yo(G) =k, for any edge e ZE(G).

Proposition 2.1:
There cannot be any 2-E.W.C.D critical graph.

Proof:
Since the only graph for which Y, = 1 is K, and 2- E-W.C.D critical means if we

join any two non-adjacent vertices will yield Y, = 1. Thus there cannot be any 2-
E.W.C.D critical graph.

Proposition 2.2:

A graph G is 3-E.W.C.D critical < any one of the following holds good for any

non-adjacent vertices u and v
(1) N(u) U N(v) = V(G) - {u,v} and N[u] " N[v] = (I)
(ii) There exists a vertex w such that N(u) U N(w) = V(G) - {v} and
N(u) N N(W) = ¢ (or) N(v) U N(w) = V(G) - {u} and N()NN(w)= ¢.

Proposition 2.3:

Any two pendant vertices cannot have a same support in a k-E.-W.C.D critical

graph.
Proof:

Since, if we join those pendant vertices, it will not reduce the domination number
of the graph.

Proposition 2.4:

Any 3-E.W.C.D critical graph has at the most 2 pendant vertices.
Proof:

Let G be a 3- EW.C.D critical graph. Let x, y and z be the pendant vertices of G
and u, v and w be the supports of them respectively. Then clearly {u, v, w} is the only

dominating set of G. If we join x and y then still G + xy have a 3-dominating set which is

either {u, v, w} or {x, u, w} or {y, v, w}. Thus 7Y.(G + xy) = 3 only, which is a

contradiction to G is 3-E.W.C.D critical. Hence G has at most 2 pendant vertices only.

Proposition 2.5:

The diameter of 3-E.W.C.D critical graph is at most 3.
Proof:

Let G be a 3-E.W.C.D critical graph.

104




105

International Journal of Engineering Science, Advanced Computing and Bio-Technology

Let u and v be any two non-adjacent vertices of G. Then the graph G+uv has a
two dominating set, which contains any one of the vertex u or v. Without loss of

generality assume that {u, w} dominates G+uv. If u dominates N,(v), then d(u, v) = 2. If

w dominates N, (v), then d(u, v)<3. Hence the proof.

Proposition 2.6:

Any 3-E.W.C.D critical graph is a block.
Proof:

Let G be a 3-E.W.C.D critical graph. Let u be a cut vertex of G.

Let C,,C,,...... ,C, be the components of G — u. Clearly all the vertices of C;s are
not adjacent to u. Therefore, there exists a vertex v in some component say C,, which is of
distance greater than or equal to 2. Also we have no vertex of distance greater than 3
from u, otherwise distance between that vertex and any other vertex will become greater
than 4, which is a contradiction to the previous proposition. Thus we have d(u,v) = 2 in
G. Also we have no other vertex in C,,....... C, is of distance greater than or equal to 2
from u, otherwise distance between v and those vertices will become more than 4. Hence
all the vertices of C,,..., C, are adjacent to u. Now each of the components forms a clique,
otherwise if we join any two non-adjacent vertices of any of the components C,,..., C,
they will not reduce the domination number, which is a contradiction to G is critical.
Therefore, each of the components C,,..., C, forms a clique. Now if we join any two
vertices each from one of the components C,,..., C, will not affect the domination. Hence

C,..., C, form a single component only. Therefore, we have only two components C, and
C, in which C,\U{u} form a clique.

Now join any two vertices vE C, (N,(u) and wE€C,. Either v or w must be in
the 2-dominating set of G+uw. Clearly {vx/x#w} cannot be a dominating set for G+vw.

If x # u then vx cannot dominate C,. Also, if uv dominate G+vw it can dominate G also.
Clearly uw also cannot form an even weak convex dominating set for G+vw, since there
exists a vertex in C,, which is at distance 2 from u (by previous arguments) as well as from
w also. Clearly, {v, w} also cannot form an even dominating set as they are both adjacent
to u. Hence there exists no 2-dominating set exist for G+vw. Also any singleton vertex
cannot form an even dominating set for G+vw. Hence there cannot be two component C,

and C, in G. Hence u will not be a cut vertex. Thus, G is a block.

Proposition 2.7:
A graph G is k-weak convex domination critical graph if and only if G is k-odd

weak convex domination critical graph.
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3. Even Weak Convex Domatic Number

Definition:

An Even Weak Convex Domatic Number d. of a graph G is the maximum

partition { V,, V,,..., V,} of V(G) such that each V, 1 < i < n is an EEW.C.D. set of G.

Observations:

3.1: d.(K) = 1.

3.2: Ifd,(G) = 2, then G is a block
3.3: For any tree T, d(T) = 1.

lifmorn=20
34: d.(K,,) =
2 otherwise

lifp#4
3.5: d . (C) =
2ifp=4
3.6 : For any 0-W.C.D graph G, d. (G) = 1.
3.7 : For any geodetic block of diameter 2, d,. (G)<2.
3.8: For Petersen graph, d.. = 2, for other geodetic
blocks d.= 1.

Proposition 3.1:

For any graph G, d.(G) < O+1.

Proposition 3.2:

d.(G)=0+1<>G=K,

Proof:
Let G be a graph on p vertices with d,. (G) = O+1.

Let v be a vertex with degree 0. Then the EW.C.D set in the domatic partition containing

v does not contain any vertex other than v. (otherwise degree of v must be increased to

O+1). This implies that v itself form a dominating set for G. Since a EEW.C.D set must

contain at least two vertices, G =K,

Proposition 3.3:

For any graph G with diameter d 2 3, d,. < [n/(d-1)]
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Proposition 3.4:

For any graph G with radius r, d, < [n/(2r-2)]

Proposition 3.5:

For any graph G #K,, d,. < 0.

ec —

Proposition 3.6:

For any graph G, d.(G) + d.. (5) <p+1

Proposition 3.7:

d.(G) +d(G)=p +1<>G =K,

Proposition 3.8:

For any graph G # K, d.(G) + dec(a) <p-1L

Proposition 3.9:

For any cycle C,, n 2 5, d,(C,) + d..(Cn) =2

References

[1] Alphonse P.J.A. (2002). On Distance, Domination and Related Concepts in Graphs and their

Applications. Doctoral Dissertation, Bharathidasan University, Tamilnadu, India.
[2] Cockayne, E.J., and F.D.K. Roberts, Computation of dominating partitions, Infor., 15(1)(1977), 94-106.

[3] Cockayne, E.J., and S.T. Hedetniemi. Towards a theory of domination in graphs. Networks, 7:247-261,
1977.

[4] Janakiraman, T.N., and Alphonse, P.J.A,,, Odd and Even Weak Convex Domination in Graph ,
International Journal of Mathematics and Engineering with Computers., Vol.1, 2010, 53-58.

[5] Janakiraman, T.N., and Alphonse, P.J.A.,, Weak Convex Domination in Graphs, International Journal of

Engineering Science, Advanced Computing and Bio-Technology., Vol.1, 2010, 1-13.

[6] Janakiraman, T.N., Igbalunnisa and N.Srinivasan, Eccentricity preserving spanning trees, J. Indian Math.
Soc., Vol.55, 1990, 67-71.

[7] Janakiraman, T.N., Iqbalunnisa and N.Srinivasan, Note on iterated total graphs, ]. Indian Math. Soc.,
Vol.55, 1990, 73-78.

[8] Janakiraman, T.N., (1991). On some eccentricity properties of the graphs. Thesis, Madras University,

Tamilnadu, India.



[10]

[11]

[12]

Odd and Even Weak Convex Critical Graph and Domatic Partition of Graphs 108

P. Kys, Diameter strongly critical graphs, Univ, Comen, Acta, Math, Univ, Come. XXXVII-1980, 71-84.
Mulder, H.M., (1980). Interval function of a graph. Thesis, Verije University, Amsterdam.

Teresa W. Haynes, Stephen T. Hedetniemi, Peter J. Slater: Fundamentals of domination in graphs.
Marcel Dekker, New York 1998.

O. Ore: Theory of Graphs, Amer. Soc. Colloq. Publ. vol. 38. Amer. Math. Soc., Providence, RI 1962.



