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Abstract: Let G be a connected graph. Let 3, ¥, ¥ Y. and y, denote respectively the domination
number, the independent domination number, the total domination number, the connected
domination number and the perfect domination number of G. The n-cube Q, is the graph, whose
vertex set is the set of all n-dimensional Boolean vectors with two vertices being joined if and only if
they differ in exactly one coordinate. Hamming proved that Q, bas a perfect dominating set if and only
if n = 2*—1. Here, it is proved that ©(Q,) = 2"* for n = 2* Bounds for y(Q,), 7(Q.), w(Q,) and y,(Q,)
are also found out. Finally, it is conjectured thar  1(Q,) = Q1) + [+ —NQ,-1))/ (n—1) / for 2841
<n <212 where [x [denote the least integer not less than x.

1. Introduction
Let G be a finite, connected, undirected, simple graph with vertex set V(G) and edge set

E(G). A vertex u is said to dominate the vertex v if E(G) contains an edge from u to v or if

u=v. Aset D C V(G) is a dominating set, if every vertex in V(G) is either an element of
D or is adjacent to an element of D; that is every vertex of G is dominated by at least one
member of D. A dominating set D is an independent dominating set, if no two vertices in
<D> are adjacent, that is, D is an independent set. A dominating set D is a connected
dominating set, if < D > is a connected subgraph of G. A dominating set D is a perfect
dominating set, if each vertex of G is dominated by exactly one element of D. Clearly every

perfect dominating set is independent dominating set. A dominating set D is a total
dominating set, if < D > has no isolated vertex. The domination number Y of G is defined
to be the minimum cardinality of a dominating set in G. Similarly, we can define the
perfect domination number Yo connected domination number Y, total domination

number 7Y,, independent domination number V; for a graph G. It is clear that a perfect

dominating set for a graph is necessarily a minimum dominating set. A dominating set

with cardinality Y(G) is known as a Y-dominating set. The domatic number d(G) of a
graph G is the maximum number of elements in a partition of V(G) into dominating sets.
The distance d(u, v) between two vertices u and v in G is the minimum length of a path

joining them. Let D, and D, be two subsets of V(G). Distance between the two sets D, D,
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is defined as the minimum of {d(u, v) : u € D,, v € D, }. The definitions and details not
furnished here may be found in [2] and [5]. The hypercube or n-cube Q, is the graph
whose vertex set is the set of all n-dimensional Boolean vectors in which two vertices are

joined if and only if they differ in exactly one coordinate. We observe that Q= K, and Q,
=Q,—, XK, ifn > 2.

A communication network can be represented by a connected graph G, where the
vertices of G represent processors and edges represent bi-directional communication
channels. The hypercube Q, of dimension n is one of the most versatile and powerful
interconnection networks. It has been successfully employed in the architecture of
massively parallel computers. A dominating set in Q, can be interpreted as a set of
processors from which information can be passed on to all the other processors. Hence,

the determination of the domination parameters of Q, is a significant problem.

The notion of perfect dominating set in a hypercube is same as that of a single-
error correcting binary code, which is due to R:-W.Hamming[4]. Jha [6] has proved the

following theorem:

Theorem 1.1[6] Let Y(Q,) denote the domination number of Q,. Then
[2"/(n+1)] < Y(Q,) < [2%/2"], where h = |_log2(n+l)J. If n = 25-1, then the two bounds

coincide and hence Y(Q,) = 27k These bounds are correct also for Yi(Qy).

R.W.Hamming [4] proved the following theorem,
Theorem 1.2 [4] Q, has a perfect single-error correcting code if and only if n = 2*-1.

Arumugam et al [1] have independently proved the same theorem.

Zelinka [8] has proved the following theorem:

Theorem 1.3[8] Let k be a positive integer. Then the graph of the cube of dimension 2—1

and the graph of the cube of dimension 2* have both the domatic number 2".

Jaeun Lee has proved the following:

Theorem 1.4[7] Let n be a natural number. Then the following are equivalent. (1) The

hypercube Q, has an independent perfect dominating set. (2) n = 2™"—1 for a natural

number m.
Here, we independently prove that Y(Q,) = 2"~ when n = 2%, and we obtain

bounds for Y, ¥;, Y» and Y, whenever 2 < n £ 2%!'—2, We also conjecture that, Y(Q,) =
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Y(Q,) + |_(2“’1—’Y(Qn,1))/(n—l)—| for 2541 < n < 2%1-2, where |—x—| denote the least
integer not less than x.

For brevity, take m = 2* throughout this paper. Thus 2m = 2!

2.Structure of the Hypercubes Q,

The n-cube Q, is the graph whose vertex set is the set of all n-dimensional Boolean

vectors; two vectors being joined if and only if they differ in exactly one coordinate. We
observe that Q, = K,, Q,= Q,_, X K,, if n = 2. Now, Q, can be viewed as follows:
Let t = 2" and let (Q,;)% (Q,_,)' be two copies of Q,_, with vertex sets V((Q,_;)°) = {u,’,
w., )l VIQ, )Y = {u)h w)le.., u'}, whereu; € Q.
Then V(Q,) = V((Q,.)") Y V((Q..)Y),
E(Q,) = E((Q,..)”) Y E(Q,.)") Y { v’u: i =1, 2,..., t}. Similarly,
Qui = Qu X K; = (Qu X Ky) X Ky Let (Qu)™s (Qu)™ (Qun)™s (Quon)'! be 2 copies of
Qi with V((Qu)*) = { 0", %, 0}, V((Qu)™) = { w0, w0 u'* ) V((Q,)™) =
{w 0", uhL VIQu)'™) ={u'", v, v}, and
V(Qu) = V((Qu)™) Y V(Q.)™ U V(I(Q,)'™) U V((Q,)"),
E (Qu.) = E((Qu)™) Y E((Q,-1)") Y E((Q, 1)) Y E((Q, ")
Uy q € Qi YU {uuy":u € Q)
Uy vy € Qyt YU {nuy" 'y € Q)
That is, edges of Q,,,’s are just the union of edges of (Q,_;)*, (Q..1)"% (Qu1)”, (Qu1)" and

the edges joining u” and w9, where (x,y) , (p,q) are two dimensional Boolean vectors
differing exactly in one place. Let (Q,_)" (Q,-)"" (Qu)”% (Qu)™% (Qu )™, (Qu)™,
Q)™ (Qu)'M be 2° copies of Q,, and V((Q,.) ™) = {u,*% w,*, ..., u?*}. Then
V(Qu2) = U V((Qu)™ ), E(Qud) = U E((Qu)™) Y {u™uf* :(xy,2), (p,q,r) denote
Boolean vectors differing at exactly one place}. Similarly, we can view Q,,; ,...etc, in
terms of Q,_;or Q,,3, Q,,4... etc in terms of Q,, etc.
Q, consists of 2 pairwise vertex-disjoint copies of Q, .

For each binary k-tuple x in Q, and for each binary (n-k)-tuple y in Q,,, let
f(x, y) = xy, the concatenation of x and y. Clearly f is a 1-1 correspondance between the
Cartesian product Q. X Q,_, and Q,, and it is easy to see that f is in fact edge preserving
and therefore a graph isomorphism. Define (Q,,)* to be {xy | y € Quu}. The family

Q"

x € Q} gives the desired vertex partition of Q, into 2" copies of Q, .

Proposition 2.1 Let S be any collection of k-dimensional Boolean vectors with k > 4 such

that any two of them differ in exactly two places. Then S contains exactly k elements.
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Proof: .Let x be any vertex of Q,, and let S, be the set of all neighbors of x. Then |S,| = k,

and if y,z € S;, then d(y, z) = 2 (since y,x,z is a path). Therefore, S, is a collection of
k-dimensional Boolean vectors such that any two of them differ in exactly two places.
Hence [S| =2k — (1)

Suppose S contains more than k elements, S contains at least k+1 elements x;, x,,
eoey Xier1e

Claim: There exists at least one pair x, x;, i, j >, i #j such that x; and x; will not differ in
exactly two places.
Proof of the claim:

Think of the vertices of Q, as the subset of [k] = {1, 2, 3, ..., k}. By the vertex

symmetry of Q,, we may assume that x,,, = 0. Then for 1 < i <k, x; is a 2-subset of [k].
By assumption, x; and x; differ in exactly 2 places, i.e. |x; ij| = 2. Now |x; ij| = x| + [x]
- 25 M x| =2+ 2 -2|x, M x|. Thus |[x; M x| = 1. Without loss of generality, we may

assume that x, = {1, 2}. We claim: either 1 € x,forall2<i<kor2 € x; for all 2 Sj <k

For if not, there exists an i such that x; = {2, a} and there exists a j such that x; = {1, b},
with a, b 2 3. Since |x; M x| = 1,a = b. So x; = {1, 3} and x; = {2, 3}. Since k > 4, there
exists an x; with 1 # 1, i, j.

Case 1: 1€ x,. Hence 2 & xl (or else xI = x1). Then since |x; Mxj| = 1, x; Mx; = {1} and
3 & x. Then x; M x; = (I), a contradiction.

Case 2: 2 € x. Hence 1 € x, Also, 3 € x; since otherwise x, = x;. Then since |x; M x| = 1,
X (X = (I), again a contradiction.

This proves our claim. Without loss of generality, assume 1 € x; foralli=1, 2, ..., k. But

there are only k-1 2-subsets of [k] which contain 1 as a member. This contradiction

proves that S cannot have k+1 elements. Hence, |S| < k.
From (1) and (2), we see that |S| = k..

Remark 2.1 We know Q,= Q,, X K,. V(Q,) = V(Q,—)") U V(Q,.)") and E(Q,) =

E(Qu)") Y E(Q,)) U {ufui=1,2,3, ., 2", v’ € V(Q,)") » w' € V((Q..))}
Let D be a dominating set of Q,_,. Let D°, D' be the corresponding dominating sets of

(Qu.)’ (Q,.)" Then (i) D°U D' is a total dominating set for Q,,,

(ii) DU {V((Q,.1)")-D'} is a dominating set for Q,. Also if S' C V((Q,_,)"), then D°U §'
isa dominating set for Q, if and only if $' dominates <V ((Q,_,)") -D'>.

Proposition 2.2 If n = 2"-1, vertices of Q, can be partitioned into 2 (= m) perfect

2m—k—1

dominating sets D,, D,, D;, ..., D, each containing exactly elements.
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Proof: For if D, is the perfect single-error correcting Hamming code on Q,, D, is linear,
i.e. a subgroup of Q, under vector addition. We take D,, D,, ..., D, to be the other cosets
of D, in Q,, thereby giving a partition of Q, into perfect dominating sets, all translates of

D, under addition. Thus all are perfect dominating sets, and have the same size.

Remark 2.2 Consider Q,,,; = (Q,_; X Q,). It contains four disjoint copies of Q,_; as

subgraphs: (Q, )" (Qun)" (Qu1)" (Qu)". We know Y(Q, 1) = Yi(Qu1) = Vp(Qu)-
Let D;, D, be any two disjoint perfect dominating sets of Q,, ; which exist since by the
standing hypothesis m = 25 Let (D,)%, (D,)" be the corresponding dominating sets of
(Qu)™ (Qu.1)'" respectively. Clearly, distance between (Q,_;)*, (Qu.)" is two, and

distance between (D,)*, (D,)!" is three. Therefore, (D,)® U (D,)" is an independent,
perfect subset of V(Q,,,,). Similarly, (D,)* U (D,)" is an independent perfect subset of

V(Qyu,1)- Note that neither of these is a dominating set since m+1 = 2"+1 # 29 - 1 for any
q.

3.Domination of Q, when n = 2~

Theorem 3. 1 If m = 2, then Y(Qn) = 2mk,

Proof: Wehave Q,_Q, XK,

Let Q,.,° Q,.," be two copies of Q,, ;. Then V(Q,)) = V(Q,..,Y) U V(Q,._,") and E(Q,,) =
E(Qu.") U EQ, ) U {u’y' iy € V(Q, ) andi = 1,2, ...t } wheret=2""

We know that Y(Q,, ) = V,(Qu.1) = gm-k-1

Therefore, Y(Q,) < 2Y(Quy) = 25 —ommes oo (1)

Claim: Y(Q,) =2™*.

Let D = §° U §' be a minimum dominating set of Q, where, $° C V(Q,_,") and

§' C V(Qu.)-
Case 1: S’is a minimum dominating set of Q,,_,.

| s° | = 2™*" and distance between any two vertices of S’ is greater than or equal
to 3. S° dominate all the vertices of Q,,_,° and 2™ ! vertices of Q,,_,'. Hence S° dominates
2m-1 4 omkl yertices of Q...

Let 8 = {v¥ i=12 .., 2", v, € V(Q,,) and d(v, v) = 3}. Let
S = {vil/ i=12,..2"%" vy’ e SO} C V(Q,.,"). Then S° dominates Q,,_,° and S.
V(Q,..,") - S contains 2™ - 2™ vertices each one is of degree m-2 in V(Q,,_,") - S.
Hence minimum number of vertices needed to dominate these vertices are
(™' - 2™ )/ (m-1) = (2™*!(2"-1))/(m-1)

=2m k1 gince m = 2K
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Hence | St | > 2mkl g, | D | = | s° | + | St | > 2. 2mkl - pmk
Hence Y(Q,,) > omk

Note: If S' is a minimum dominating set of Q,,_,' then we can prove | s’ | 2> pmkl,

Case 2(a): $°, S' are not minimum dominating sets of Q,,_,°, Q,,,' respectively , but

| SO | — szkfl‘

S° is not a minimum dominating set of Q,,_,° and hence it is not a dominating set
of Q" That is S’ is not dominating Q,,_,° and | S0 | = 2! This implies that there exist
at least (m-2) elements of Q,,_,° which are not dominated by S°.

To dominate these vertices in Q,, (m-2) vertices must be included in S'. These
(m-2) vertices dominate at most (m-1)(m-2) other vertices in Q,, ,'. Hence remaining
vertices in Q,,_,' = 2™ - (m-2) - (m-1)(m-2) = 2™ - (m-2)m
To dominate these vertices at least (2™ - (m(m-2)))/m vertices must be included in S'.

Hence | St | 2 (m-2) + ™' - (m(m-2)))/m

— (szl)/m — 2m7k71

Hence |D|= |S°|+|Sl|22.2"“k‘1=2m‘k

Y(Qn) 227
Case 2(b): S°, S' are not minimum dominating sets of Q,,_,°, Q,,,' respectively and either

| S° | < 2kl oy | st | < Qmokel
Let us assume that | S° | < gmkt
Subcase 1: | s | =mkl_q,
Since Y(Qu1) = Vp(Qu)) = 2mk1 " there exist at least one u’ € V(Q,,_,°) such that

elements of N[u’] is not dominated by any vertex of S’ and | N[u’] | =m.

So to dominate these vertices of N[u’] in Q,, m vertices of V(Q,, ;') must be
included in D and hence in S'.

These vertices are nothing but u' and neighbours of u' in Q,,,_,".

These m elements dominate at most (m-1)(m-2) vertices of Q,,_,' other than

elements of N[u']. (u'dominate (m-1) elements which are elements of N[u'] only and an

element v € N[u'], v # u' dominate (m-2) elements which are not in N[u']).
So, remaining vertices of Q,,_;' is 2™ - m - (m-1)(m-2)
=2"'"_m-m’+3m-2
=2"'"_m’+2m - 2.
To dominate these vertices, at least (2™' - m”> + 2m - 2)/m vertices of Q,,_,' are needed.
Therefore, | St | Zm+ Q™' -m?’+2m - 2)/m
=2™Y/m+2-2/m
=2™Y/m+ 1+ (1 -2/m)
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> omkelyg,

D | = | s° | + | St | > (20 Io1) + (2™ )
=2.2m = pmk

Hence,

Therefore Y(Q,,) > omk,
Subcase 2: (general case) | S0 | =2mkl_prr>0

We know Y(Q,_,) = 2™*! and any minimum dominating set of Q,_; contain

2™ elements and is also perfect.

So,
V(Q,,") with d(u?, u) 2 3, such that elements of N[u,"] U N[u,°] ...\U N[u,’] are not

dominated by any element of S° in Q,,,°. So to dominate these vertices in Q,,, rm vertices

S°| = 2™%! _ ¢ implies that, there exists at least r elements u,’, u,’, ..., u’ in

of N[u,°] U N[u,”] ...\U N[u,°] must be included in D and hence in S

These rm elements dominate at most r(m-1)(m-2) vertices of Q,,_,' other than
the elements of N[u,'] U N[u,'] ...U N[u,'].

So remaining vertices in Q,,_," are 2™ - rm - r(m-1)(m-2)

=2""'—rm*+ 3rm - rm -2r = 2™ - rm®+ 2rm - 2r.
To dominate these vertices at least (2™ - rm? + 2rm - 2r)/m vertices are needed.
Hence | St | 2 rm + (2™Y/m - rm + 2r(m-1)/m

= 2™k} p(2-2/m) = 2" %+ r(1+1-2/m) = 2™ 4

Hence in this case also, | D | = | s° | + | St | > (2™ o) + (2™ Ky p) = 2, oMkl — pmek
Therefore, Y(Q,,) > 2mk
Hence in all cases Y(Q,,) = 2% —oommmmmmeem e (1II)
From (I)and (II), Y(Q,) = om-k,
Note: Let D,, D, be two disjoint perfect dominating sets of Q, ;. Let D,°, D,' be the

corresponding dominating sets of (Q,,)’ (Q,.;)". Then D, U D,' is an independent

minimum dominating set for Q, with cardinality 2" ™.

Theorem 3.2 Y,(Q,) = 2mk = Yp(Qu) = Yi(Q,), where m = 2k,

Proof: Q= Q,_; X K,. We can view Q_, as V(Q,,) = V((Q,..))%) U V((Q,._.)H.

E(Q,) = E((Qu-)”) Y E((Qu)) Y { vy’ : v € V(Qu)”)s w' € V((Qu))} 1=1,2,
..., m-1. Let D be a Y-dominating set of Q,_,. Let D’ D' be the corresponding
dominating sets of Q,,_,° Q,,_,' respectively. DU D' is a Y-dominating set of Q,, and is

total. Therefore, ¥,(Q,,) = 2X2™*"' = 2™* We know that, V(Q,, ;) can be partitioned

2m7k71

into 2* sets each of which is the dominating set of Q,,_, containing elements and

each of those dominating set is perfect in Q,,_; Let (D)’ and (D,)" be two disjoint

m-1.
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dominating sets in the domatic partition of (Q,,_;)". Let (D,)' = {u,': v’ € (D,)°} then (D,)"
is a dominating set of (Q,,.;)' and (D,)’U (D,)" is a minimum dominating set of Q,, and is

independent. Therefore, ¥,(Q,,) = 2X2™*" =2™X This proves the theorem.

Theorem 3.3 If n = 2"+s with 0 < s < 2"-1, then 2" < Y(Q,) < 2"~

Proof: n = 2%+s, 0 < s < 2¥~1. We have Y(Q,) < 2Y(Q,.) for all n. As m = 2% we have
Y(Qui) S 2Y(Quist) S 2V (Quisn) Seee S 25Y(Q,) = 28 X 2mF = gmek = pnok
Also, Y(Q,) = 2"/(n+1).

Hence, Y(Q,.) = 2™/(m+s+1) > 2™%/(2m) =2m/(2%") = 2m**1 = 221 Therefore,
2" < Y(Q,) £ 2% Buts > 0 and s < 2*-1. Hence, 2"*'< Y(Q,) <ok

4. Independent Domination of Q,
Theorem 4.1 ¥,(Q,) < 2™ for all n such that 2-1 < n < 252,
Proof: When n = 2*-1 = m-1, we know V(Qut) = Vi(Quoy) = yp(Qm_J —pm-k-l _ gnk g

V(Q,,.,) can be partitioned into m = 2 dominating sets of cardinality 2. Therefore,
V(Qu.1) =D, U D, U...U D,, where each D; is a perfect dominating set for Q,,_, and
DN D, = D fori# j. Let (D)) (D,)" be dominating sets of Q,,_,’and Q,,_,' respectively

corresponding to the dominating sets D,, D, of Q,, ;.

In general, if n = 2%s for 0 < s < 2*-2, then Q, has a vertex partition into 2**'copies
of Q,._, and the degree of each vertex in Q, is n = 2"+s = m+s. Therefore only s+1 vertex
disjoint copies of Q,,_, are at distance one from a particular vertex x of Q, Hence we can

take copies of an independent dominating set of Q,,_; in such a way that their union is an

independent dominating set for Q,,,,. (since s < 22 = m-2 and there are 2" independent

m+s*®

mutually disjoint dominating sets for Q,,_,, this is always possible). Thus, ¥;(Q,) = Vi(Q...s)
< 27Yi(Quy) = 28712 = 27K that s, Y,(Q,) < 2™* for all n such that 2°-1 < n < 2412,

5.Connected and Total domination of Q,

Theorem 5.1

If 2%-1 < n < 2922, then Y(Q,) < 2"* + 2™* -2, where m = 2~

Proof:

Case :n=2-1=m- 1.

Let D be a Y-dominating set of Q,,_,. We know Y =¥, =7,= | D‘ = 2™*! The distance
between any two elements in D is at least 3 and if u € D, then there exists v € D such
that d(u, v) = 3in Q,,_, Let D = {v,, V,, V3, ..., v}, where t = 221,
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Let D be the graph with vertex set D and whose edge set is defined by

<x,y> € E(D) if and only if d(x, y) = 3 in Q,,_;. We claim that D is connected. If not
V(D) can be partitioned into non-empty subsets D, and D, such that there is no edge in D

between D, and D,. This means that for any x € D, and anyy € D,, d(x,y) = 4in Q,,_,.
Let d(D,, D,) = d(u,, vy) = dyp, uy € D}, v, € D,. Let u,, x;, X5, ..., X4y = V, be a ug, v,
path of length d,. If x, € N(u) for some u € D, then u, x,, X3, ..., X4 = V, is a path from
D, to D, of length d, -1, contradicting the minimality of d,. If x, € N(v) for some v €
D,, then u, X,, X,, v is a D;, D, path of length 3 < d(D,, D,) in Q,_,. Thus x, &
N(D,)UN(D,) = N(D), contradicting the fact that D is a dominating set . Thus D must be
connected. Hence it has a spanning tree, with |D | -1 edges. Now each edge <x,y > € D
corresponds to an x, y path of length 3 in Q,,_,. So by adjoining to D two vertices per edge
of D we obtain a connected dominating set S, of size ‘ D| +2(| D‘ —1) = (2™ faxomkhy_
2 = (3X2™ 12 = 3X2"*_2, This proves case 1.

Case 2:n=2"=m.

Let D be a dominating set of Q,,_;. Let D’ = {x* € Q,, | x € D}and D'= {x'€ Q, | X €
D}, and for each x € D, x’ and x' are adjacent in Q,,. We have seen in the proof of part
(1) above that there is a connected dominating set S of (Q,,_;)° which contains D’ and
whose size is (3X2™*!)-2. Since each vertex of D' is adjacent to vertex of D* C S, SUD!
is connected. Since for i = 0, 1 D' dominates (Q,,_,)}, D°UD,dominates Qm. Hence so does
SUD', which is thus a connected dominating set for Q,. Its size is |S | + |D1 |:
(3X2m* Ny p 4pm Rt = 22Xxpm Rl g = pmkHl_) = 20 ) Thus Y(Q,) < 272,

Case 3:n = 25 +i = m+i = (m-1) + (i+1)

Consider Q,, where n = 2+i = m+i = (m-1)+(i+1), where 1 < i < 25-2. Q, has 2! vertex
disjoint copies of Q,,_;. Name them (Q,,_,)* for each i+1 dimensional Boolean vector x.

Let D be a perfect dominating set of Q,,_;. Let D* be the corresponding dominating sets of

(Qu_1) As in the proof of case 1, we can find a connected dominating set D of (Q,,_,)°

with cardinality (3X2™*" -2). Therefore, D \U, D* is a connected dominating set of Q,,
where x ranges over all i+1 dimensional Boolean vectors.
Hence, Y(Q,) < (3X2m )2 4+ 32m ! = (3x2m K1) 2 + (27-1) 2m !
= (2"142) 2™ 2 = [2nR2m K2,
Thus the result is true for n = 25+i, where 1 < i < 2%-2.

This proves the theorem.
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Theorem 5.2
(1) Ifn= 2k_1, then Yt(Qn) < pnkel

(2) If 28<n<2%'-2, then ¥(Q,) < 2™~
Proof of (1): n = 25-1.

Let D be a Y-dominating set of Q,. Then | D‘ =2"%= Y(Q,). Let D'=D+ e,, where e, =

100...0. Then DU D’ is a total dominating set and so Y,(Q,) < | DU D’ | =2X | D| =
2n—k+1'

Proof of (2): 28 < n < 2K1-2,

Let n = 2%i = m+i = (m-1)+(i+1), where 1 <i < 25-2. Q, has 2! vertex disjoint copies of
Q.._;- Each can be denoted by (Q,,_,)*, where x is any i+1 dimensional Boolean vector. Let

D be a perfect dominating set of Q,,_; and let D* be the corresponding dominating sets of

(Qu.1)". Therefore, \UJ, D* is a total dominating set of Q,. Hence, Y,(Q,) < oiixomkel =
2"k This completes the proof of the theorem.

Conjecture: We have Q, = Q,; X K,. Any dominating set D of Q,,° dominates

| Dl elements in Q,_,' and the remaining vertices form a subgraph of Q,_,' whose highest

degree is n-2. Using the fact that the size of a minimum dominating set D of a graph G is
bounded above by H G | / (A+1)—|, we conjecture that when 25+1 < n < 2122,
Q) =@ +] @ =@, )y - .
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