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1. Introduction

All graphs considered in this paper are finite, undirected and simple. For
terminology and notation not defined here we follow those in Bondy and Murty [1]. In [2],
Zhou and Trinajstic first introduced the sum-connectivity index in 2008, and it is found
that the sum-connectivity index and the product connectivity index correlate well among
themselves and with the n-electronic energy of Benzenoid hydro carbons [3]. It is defined

as

X(G) = Ze:uueE(G) \/ﬁ 1

One of the best known and widely used Topological index is the product connectivity index
or Randic index introduced by RandiX in [4]. The product connectivity index of a graph G

is defined as

1
R(G) = ZquE(G)W @

The Harmonic index gives somewhat better correlations with Physical and Chemical
properties comparing with the well known Randic index.The harmonic index H(G) of a

graph G was first appeared in [5] and it is defined as

2
H(G) = Yuver @ q,+a, (3)

where d,, denotes the degree of the vertex u and the summation is taken over all pairs of

adjacent vertices of the graph G.
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Motivated by the definition of the Product connectivity index, the multiplicative Sum
connectivity index and multiplicative Product connectivity index was proposed by Kulli in
[6]. They are defined as follows:

The multiplicative sum connectivity index of a graph G is defined as

1
Xn(G) = Hpuuéﬂ@ﬁ W

The multiplicative product connectivity index of a graph G is defined as

1
RT[(G) = HezquE(G) \/ﬁ (5)
Now we define, the multiplicative Harmonic index H T[(G) of a graph G and is defined
as
2
Hr(G) = He:quE(G)m ©

2. Nanostar Dendrimers
Nano biotechnology is a rapidly advancing area of scientific and technological
opportunity that applies the tools and processes of nano fabrication build devices for
studying biosystems. Dendrimers are one of the main objects of this new area of science. A
dendrimer is an artificially manufactured or synthesized molecule built up from branched
units called monomers using a nano scale fabrication process. Dendrimers are recognized
as one of the major commercially available nano scale building blocks, large and complex
molecules with very well defined chemical structure. From a polymer chemistry point of
view, dendrimers are nearly perfect mono disperse macromolecules with are regular and
highly branched three dimensional architecture. They consist of three major architectural
components: core, branches and end groups. The Nanostar dendrimer is a part of a new
group of macro particles that appear to be photon funnels just like artificial antennas. These
macro molecules and more precisely those containing phosphorus are used in the formation
of nano tubes, micro and macro capsules, nanola-tex, colored glasses, chemical sensors,
modified electrodes and soon[8,9]. A k-polyomino system is a finite 2-connected plane
graph such that each interior face (also called cell) is surrounded by a regular 4k-cycle of
length one. In other words, it is an edge-connected union of cells[10].
Dendrimer is a synthetic 3-dimensional macromolecule that is prepared in a step-wise
fashion from simple branched monomer units see[11]. The Nanostar dendrimer is a part of

a new group of macro molecules that appear to photon funnels just like artificial antennas.
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Figure.2 NS,[1] and NS,[n] Polypropylenimine octaamin dendrimer
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Figure.3 The nanostar dendrimer D, forn = 1.

3. Main results and discussion

The Multiplicative Sum connectivity (X7 (G)) index, Multiplicative RandiC (RT(G)) index
and Multiplicative Harmonic index (HTt(G)) of some special graphs:

Lemma 3.1: Consider the complete graph K, of order n.

(1) The multiplicative Sum connectivity Index
n(n-1)
1 2
) = |7 7
(ii) The multiplicative RandiC Index
n(n-1)
Rn(K) = [—5] (8)
(iii) The multiplicative Harmonic Index of
n(n-1)
_[A] e
Hr(K,) = [-=] ©)

Proof. The degree of all the vertices of a complete graph K, of order n is n —
1 and the number of edges for K,, is equal to %n(n —1) ie, [E(Ky)| =
% n(n — 1). Then

) 1
() Xn(Ky,) = HquE(Kn) \/ﬁ

n(n-1) n(n-1)

=l s
(ii) Ru(K,) = HuveE(Kn)ﬁ

nn-1) n(n-1)
el el
(n—-1)? (n-1)
i 2
(iii) Hr(Ky) = [luver,) Tt
n(n-1) n(n-1)

- [2(712—1)] ’ =[ﬁ ’



On Multiplicative K-Eccentric Indices and Multiplicative K Hyper- Eccentric Indices of Graphs

Lemma 3.2:

Suppose C, is a cycle of length n labeled by 1,2, ...,nn. Then

(1) The multiplicative Sum connectivity Index of this cycle is
1 n
Xm(Cy) = 3] (10)
(ii) The multiplicative RandiC Index
1 n
R(C,) = [3] (11)
(iii) The multiplicative Harmonic Index of
1 n
Hr(C,) = [3] (12
Proof. Here |V (C,)| = n = |E(C,,)| and all the vertices have the degrees 2.Hence
. 1
() X (Kyn) = [luver(c,) Toa
1 " 1"
- [\/2+2]1 B [2_]
(ii) RnC, = HuveE(Cn)m

- [ -

(iii) Hre (Cp) = HuVEE(Cn) dy+d,
2 1" "
= [m = [E]

Lemma 3.1.3:

Suppose Sy, is the Star graph on n vertices,

(1) The multiplicative Sum connectivity Index of Star graph is
1 -1
Xn(Sy) = | =] (13)
(ii) The multiplicative RandiC Index
n-1
1
Re(sn) = | ] 9
(iii) The multiplicative Harmonic Index of
,qn—1
Hn(s,) = [3] (15)

Proof :
In a star S), all the leaves are of degree 1 and the degree of internal node
is m — 1.Also the number of edges for S, isn — 1i.e., |[E(S,)| = (n — 1). Then

. 1
(D) Xn(Sy) = HuveE(sn)m

1 n-1 1 -1
- [1/1+(n—1)] - [\/_H]

.y 1
(i) R (Sy) = HuVEE(Sn)\/ﬁ

- sl -l
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cre 2
(@20) He(Sn) = uveresn g o

= [l =["

Lemma 3.1.4:
If Wy, n =5 is the wheel graph on n vertices, then

(1) The multiplicative Sum connectivity Index is
1 (n-1)
Xn(W,) = [—m] (16)
(ii) The multiplicative RandiC Index
1 (n-1)
RT[(Wn) = [m] 17)
(iii) The multiplicative Harmonic Index of
_ 2 (n-1)
Hr(Wy) = [3(n+2) (18)

Proof : The wheel graph IW,, may denote the n-vertex graph with an (n — 1)-cycle
on its rim. For a wheel graph W,,,n > 5, it has |[V(W,,)| = nand |E(W,)| =

2(n—1).
Also the degree of end vertices of (n — 1) edges of a wheel graph W, is given by

[3, (n — 1) ] and the end vertices of the remaining (n — 1) edges has the degree as
[3,3]. Then

, 1
O XeW) = Mwverwn Toae

1 (n-1) 1 1(n-1) 1 -1
N [W T>] % [ﬁ] = [m]

.. 1
(ii) RT[(Wn) = HuVEE(Wn)\/ﬁ
R R N T
- [,/3x(n—1)] X [\/3><3] - [3\/3(71—1)

s 2
(iii) H”(Wn) = HquE(Wn)m

el X -

3+(n—-1) _ 3+3 -
n—1 n-1
==l =l

Lemma 3.1.5:
If F,,n = 2 is the fan graph on n vertices, then
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(1) The multiplicative Sum connectivity Index is
1/ 1 n-2 1 -3
Xm(Fn) =3 (m) \/3+n] [\/3+3] (19)

(ii) The multiplicative RandiC Index

R =2 () [ B C0)
(iii) The multiplicative Harmonic Index of
2 2 n-2 1 n-3
H(E) = 5 (o) i) %[5 @1

Proof: For a fan graph F;,n > 2 ,|V(FE)| = n+1and |[E(F)| =2n—-1.
Also in F,, the degrees of end vertices of n — 2 edges are [3,n], 2 edges have
the degrees of the end vertices as [3,2], 2 edges have the degrees of the end vertices

as [n, 2]and the end vertices of the remaining n — 3 edges has the degree [3,3]
. Then

. 1
(D) Xn(F,) = HquE(Fn)m

[l ] ] <l
171 1 =21 1 "3

=) el

(ii) Rn(F,) = HuveE(Fn)\/ﬁ

= [ <l <l x =

=G
(iii) HT[(Fn) = HuVEE(Fn)ﬁ
2 2 -3
[2+3] [3+Tl " [2+Tl [3+3 "

= (@) el B

Lemma 3.1.6:
If Kypn,n,m = 2 is the Complete bipartite graph, then
(1) The multiplicative Sum connectivity Index is
mn
XTL'(Km’n) - [\/ni-m] 22)
(ii) The multiplicative RandiC Index
1 mn
R‘lT(Km'n) = [\/ﬁ] (23)

(iii) The multiplicative Harmonic Index of
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2 ] mn (24)

n+m

Ht(Kyn) = |

Proof :For a Complete bipartite graph K, ,, n,m = 2 ,ithas |V(Km‘n)| =m+
n and |E ( Km‘n)l = mn. Also the degrees of end vertices of all the edges of a
wheel graph K, , is given by [n,m]. Then
: 1
) Xnt(Kppp) = HuveE(Km,n)m

-

_[ 1
~ Wntm

.y 1
(ii) R”(Km,n) = HuveE(Km‘n)m

1 mn
= =]
(iii) Hn(Kpnp) = Huve}z(xm,n)ﬁ
_ [L]mn
n+m

Lemma 3.1.7:
If P,,n = 2 is the Path on n vertices, then

The multiplicative Sum connectivity Index is

111173
Xn(B,) = 3 [5] (25)
) The multiplicative RandiC Index
112
Ru(P) = [3] (26)
(ii) The multiplicative Harmonic Index of
471173
Hr(R) =3 3] 27)
Proof: A path graph P, has vertices Vq, V3, V3, ... Uy

and edges ey, e, e;, ... e,_1 such that edge ey, joins vertices Uy andvk+1 .
For a Path graph B,,n = 2, ithas [V(B,)| = n and |E(B)| =n— 1.
Also in P, the degrees of end vertices of 2 edges are [2,1] and the end

vertices of the remaining 71 — 3 edges has the degree [2,2]. Then
. 1
(@) X (P,) = [Nuver(r,y) N

- [ =] =l
(i) R (R,) = HuveE(Pn)ﬁ
ol [l =B

2
(iii) He(P,) = [luverce,) Tt

T L2+l L2+2 T ol2
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Lemma 3.1.8:

If G is a regular graph of degree v > 0, then

(1) The multiplicative Sum connectivity Index is
nr
xn(@) = [=]* (25)
(ii) The multiplicative RandiC Index
Rn(G) = [%]7 (26)
(iii) The multiplicative Harmonic Index of
Hm(G) = [}]7 (27)

Proof. A regular graph G on n vertices, having degree r, possesses % edges.Thus

. 1
(DX (G) = HuVEE(G)m

- [ r1+r]7 - [\/%]7
(ii) R (G) =

— [L]z = []=
R -]
(iii) Hn(G) = HuVEE(G)m

_[2]E i
= [ =[]
4. On X7, Rnt,and Hn of Nanostar Dendrimers

Consider a graph G on n vertices, where n > 2. The maximum possible vertex degree
in such a graph is n — 1. Suppose d;; denotes the number of edges of G connecting vertices
of degrees i and j. Clearly, d;; =dj;. We now consider two infinite classes
NS;[n] and NS,[n] of Nano star dendrimers as in Figure.l and Figure.2. In this paper

our aim is to compute the Multiplicative Sum connectivity Xm(G)) index, Multiplicative

RandiC (Rm(G)) index and multiplicative Harmonic index (HTt(G)) of for two classes of
these Nanostar dendrimers Figure.3.
We consider the molecular graph of NS;[n] with four similar branches and three extra
edges, where n denotes the steps of growth as shown in the Figure.l.

Define d,3 to be the number of edges connecting a vertex of degree 2 with a vertex
of degree 3, dq3 to be the number of edges connecting a vertex of degreel with a vertex of
degree3, d,, to be the number of edges connecting two vertices of degree 2 and d;, to be

the number of edges connecting a vertex of degreel with a vertex of degree 2. Also
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d’;jdenotes the number of edges connecting vertices of degrees i and j in each branch (I,
j <4). It is obvious that d;, = 4d'1,,dyy =4d'5; +1,dy3 = 4d'13.dy3 = 4d 53 + 2,
On the other hand a simple calculation shows that 'y, = 2™ 1. Therefore d;, = 4d’{, =
2™, Using a similar argument, one can see that d',, = 3n — 3 then dyp = 12 X 271 —
11,d'13 =2"—1,thendy3 = 4d'13 =4 X 2" — 4, and finally d’',3 = 3(2" - 1) +
("1 — 1)=302n-1)+(2n-1-1), then dy3 = 4d' 53 + 2 = 14 X 2" — 14.

Figure.4 The nanostar dendrimer D, for n = 2.

We compute the Multiplicative Sum connectivity (X7 (G)) index, Multiplicative RandiC
(RTt(G)) index and Multiplicative Harmonic index (HT(G)) for NS;[n] in the following

theorem.

Theorem4.1

Let NS; [n] be a nanostar dendrimer. Then
_ 112" 174(2™"-1) 1712:2"-11

Oxe(Ns ) = [Z] x[] H

]14-2"—14

%

X
2

(28)

4(2™-1)  qq12:2"-11
HIE

(ii) Re(NS;[n]) = [\/%]zn 1 X [%]
[1 14-2"—14

2

NG (29)
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(iii) Ht( NS, [n]) = L/%]Znﬂ E]4(271—1) o [%]12.271_11 o
5 114214
= o

Proof:

Let G be a NS;[n]nanostar dendrimer. The edge set E(NS;[n]) divided into four edge
partitions based on degrees of end vertices. The first edge partition E; (NS;[n]) contains
21 edges uv, where deg(u) = 1,deg(v) = 2. The second edge partition E,(NS; [n])
contains 4(2"™ — 1) edges uv, where deg(u) = 1,deg(v) = 3. The third edge partition
E3(NS;[n]) contains 12 - 2™ — 11 edges uv, where deg(u) = deg(v) = 2. The fourth
edge partition E,(NSi[n]) contains 14-2"™ — 14 edges uv, where deg(u) =
2,deg(v) =3. It is easy to see that |E;(NSi[n])|=dqz |E;(NSi[n])| =
dq3, |[E3(NS1[n])| = dyy, |[E4(NS1[n])| = dy3. Now using Egs.(4)-(6), we have

. 1
(DXm(NSi[n]) = HuveE(zvsl[n])m

1 1
= [Tuver, (s, ) Tz X [Tuver,vs, D) Newrate

—1 1
HuVEE3(NS1[n])W X HUVEE4(N51[n])m,
= IEl(NSl[n])lzn+1 X |E, (NS [n])[*@"~D x
|E3(NSy [n])['22" 711 x |Ey (NS, [n])[1+2" 14
[ 1 ]4(2n_1) [ 1 ]12'2"—11 [ 1 ]14-2"—14

o e * 7= o Nees
n+1 (2"-1) n_
_ [%]2 ) Zn[%l]:- 27-1 y [%]122 11 y
&

.. 1
(@) Re(NSi[n]) = [Tuvees, ) e
= [luver, (s, ) ad, X [luver, s, [dydy, x.

1 1
[Tuves, s, D) T [Tuver, (s, [n) Tia

= |E (NS; [nD)[Z"" X |E, (NS [n])[*3"~D x
|Es (NS [n])[*22" 1 X |E (NS, [n])| 42"~ 14

n+1 ( n_ ) on_
:[\/%]2142;1[;/%]42 1X[\/%]122 11><
1 on_
[\1?22]"“ 1 74(2™-1) 1712-2"-11
-5 ~[F I

[%]142”—14

2
(iii) Hr( NSy [n]) = [luvervs, )

dy+dy
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2 2
= HquEl(N.S'l[TL]) dytd, X HuVEEz(N51 D 4, +a, X
2
HuveE3(N51[n]) dy+d, X HuVEE4(N51[n]) dy+dy
= |Ey (NS [n]) > x | B, (NS, [n])|*@"~1)
|[Es(NS [n])[72 71 X |E4(NSy [n]) |42~

2n+1

]4(2"—1) 8

2n+1
[
1+2 1+3
2 12-2™-11 2 14-2™"-14
S
[

n+1 (2"-1) on_
_ [\/_5]214 ; 1[1%]4 2"-1 y E]lz 2"-11 y
=

We consider the second class of Nanostar dendrimers NS,[n], where n is steps of
growth. Since the molecular graph of G has four similar branches and five extra edges (see
Figure.2), in which we have that d;, = 4d'1,, dy, = 4d',; + 3, and dy3 = 4d' 53 + 2.
By a routine calculation we have d';, = 2" 1, d’,, = 2(2" = 1),d'y3 =3.2" 1 = 2.1t
is easy to compute d;,=2""1,d,, = 8.2" — 5 and d,3 = 6 - 2" — 6. Now we compute
the multiplicative Sum connectivity (X7(G)) index, Multiplicative Randi€ (RT(G)) index
and Multiplicative Harmonic index (HT(G)) for NS;[n]in the following theorem.

Theorem4.2
Let NS, [n] be a nanostar dendrimer. Then

xevs, =[] <[ < [ a1
(ii) R( NS,[n]) = [%]Zw x [%]8'2n_5 x [%]62“6 (32)
(iii) Hn( NS,[n]) = E] " [%]S'Zn_s x E]Mn_ﬁ (33)

Proof:

Let G be a NS,[n] Nanostar dendrimer. The edge set E(NS,[n]) divided into three
edge partitions based on degrees of end vertices. The first edge partition E;(NS,[n])
contains 2™*1 edges uv, where deg(u) = 1,deg(v) = 2.The second edge partition
E;(NS,[n]) contains 8 - 2™ — 5 edges uv, where deg(u) = deg(v) = 2.The third edge
partition E5(NS;[n]) contains 6 - 2™ — 6 edges uv, where deg(u) = 2,deg(v) = 3. It
is easy to see that |E; (NS, [n]| = dq3, |E2(NSy[n])| = dys |, [E3(NS,[n])| = dy3. Now
using Eqs.(4)-(6), we have
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. 1
(DXm(NS,[n]) = HuVEE(NSZ[n])m

1 1
= [Tuver,(vs,[n]) T [Tuver, s, Newrate

1
HUVEE3 (NSz[n]) \/ﬁ
= |Ey(NSy[nD)I?™*" X |E; (NS, [n])[#2"~5 x
|E3 (NS, [n])|>%" ¢

el < <l
1 2n+t 1 8-2"—5 1 6-2"—6
7 A <

‘s 1

(ii) Rre( NS, [n]) = HuveE(NSz[n])m

_ 1 1

= HuveEl(NSZ[n]) m X HuVEEZ(NSZ[n])m X

1
Muvessovs;in) oz
= |E (NS, [n]) 2" x |E5(NS,[n])|B2"~5 x
|15‘73(1\752[Ti])|6'2 -6
112" 1 .
==l x[E x [l

B

8:2"—5 6:2"—6

2

(iii) Hr( NS, [n]) = HuveE(NSz[n])m
2 2
= [Tuver, (ws,[m) dord, X [Tuver, s, dutd, X
2
[Tuver, (s, [n]) Tord,

2n+1

= IE, (NS, [nD) 7™ X |E, (NS, [m]) |25 x
[E5 (NS, [n]) 2"~

n+1 n_ opn_
_[22 X[Z]s-z 5X[2626
T li+2 242 2+3
27’l+1
= [
T3

11825  [,162"-6
<G <[
2 5

Next we compute the multiplicative Sum connectivity (X7 (G )) index, multiplicative RandiC

(Rm(G)) index and multiplicative Harmonic index (HT(G)) for nanostar dendrimer D,,
in the following theorem.

Theorem4.3
Let D,, be a nanostar dendrimer. Then
] 1724x2"1 1 730x2™""1-24 1 712x2""1-9
Oxn( D) =[] x| <[l G4
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(il) R( D) = E]Zz;xzn‘1 y [%]30><2n—1—24 y [ﬂlzxzn—l—9 (35)

30x21"1-24
] (36)

iy 2
(iii) Hr( Dy) = [\/_g
Proof.
Let Gbe a D, Nanostar dendrimer. One can see that the Nanostar dendrimer graph is

2"=1 _ 38 vertices and

a partial cube. It is easy to see that this graph G = D, has 57 X
33 X 2™ — 45 edges. The edge set E( D,) divides into three edge partitions based on
degrees of end vertices. The first edge partition E; (Dy) contains 24 X 271 — 12 edges uv,
where deg(u) = deg(v) = 2. The second edge partition E,( D,,) contains 30 X 2™"~1 —
24 edges uv, where deg(u) = 2,deg(v) = 3. The third edge partition E3( D},) contains

12 x 2"1 — 9 edges uv, where deg(u) = deg(v) = 3. Now using Egs.(4)-(6), we have

. 1
(DXm( Dy) = HUVEE(Dn)\/ﬁ

1 1
= HuVEEl(Dn) 0 td. X HuVEEz(Dn) [d td. X
u v u v
1
HuVEE3(Dn)m

= |Ey( Dn)|24x2n—1—12 X |E,( Dn)|30x2n—1—24 x
-1
|E5(Dy)|'22" -0
1 724x2nt 1 730%x2"71-24
- [\/2+2] x [\/2+3]
[ 1 ]12x2”‘1—9

X

V3+3
1724 30x2""1-24
A

* |5l x

1 712x2"" -9
rd

.. 1
(i) Rm( Dy) = HuveE(Dn)m

x2n~1

1 1

= HuVEEl(Dn) T X HuVEEz(Dn) [ . X
u“v u“v
1

HuveE3(Dn)m
= 1B (Dy)[P2" 12 x| By (D) P24
|E3( Dn)llzxzn—1—9
_[ 1 ]24><2n—1 [ 1 ]30><2"‘1—24
= 72z o Nox: %
1 712x2™" -9
[

1724%2"71 1 730x2™""1-24
o R
[2] V6

1 12x2"" 19
H

(ii)) Hn( Dy) = [uver(py) —

n) g, +d,
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2 2
= [Tuver, D) 7ra, X [Tuver,(p,) o X
HuVEEs(Dn)m

|E1( Dn)|24><2"—1—12 % |E2( Dn)|3o><2"—1—24 %

n—-1_
|E3(Dy)[12*27 72
[ 2 ]24><2n—1 [ 2 ]30><2n—1—24 [ 2 ]12><2"—1—9

V2+2 V2+3 V3+3
12x20"1-9
n-1
_ [ 2 ]30)(2 —24 % 2
~ Lvs 3

5. Conclusion
In this paper we worked on a chemical structure Nanostar dendrimers and studied

their Multiplicative topological indices. We determined the multiplicative Sum connectivity

(X (G)) index, multiplicative Randi€ (RT(G)) index and multiplicative Harmonic index
(Hm(G)) for Nanostar dendrimers.In future, we are interested to study their higher orders

of Multiplicative topological indices
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